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PREFACE 


This volume completes the plan of a course in mathematics out- 
lined in the preface to the first volume. 

The subject of integration of functions of a single variable is 
treated in the first eight chapters. Emphasis is here laid upon the 
fundamental processes, and the conception of the definite integral 
and its numerous applications are early introduced. Only after the 
student is well grounded in these matters are the more special 
methods of evaluating integrals discussed. In this way the student’s 
interest is early aroused in the use of the subject, and he is drilled 
in those processes which occur in subsequent practice. A new 
feature of this part of the book is a chapter on simple differential 
equations in close connection with integration and long before the 
formal study of differential equations. 

With the ninth chapter the study of functions of two or more 
variables is begun. This is introduced and accompanied by the use 
of the elements of solid analytic geometry, and the treatment of 
partial differentiation and of multiple integrals is careful and rea- 
sonably complete. A special feature here is the chapter on line 
integrals. This subject, though generally omitted from elementary 
texts, is needed by most.engineering students in their later work. 

The latter part of the work consists of chapters on series, the 
complex number, and differential equations. In the treatment of 
differential equations many things properly belonging to an ex- 
tended treatise on the subject are omitted in order to give the 
student a concise working knowledge of the types of equations 


which occur most often in practice. 
iii 


iv PREFACE 


In conclusion the authors wish to renew their thanks to the 
mombors of the mathematical department of the Massachusetts 
Institute of Technology, and especially to Professor H. W. Tyler, 
for continued helpful suggestion and criticism, and to extend 
thanks to their former colleague, Professor W. H. Roever of 
Washington University, for the construction of the more diftioult 
drawings particularly in space geometry. 
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A COURSE IN MATHEMATICS 


CHAPTER I 
INFINITESIMALS AND DIFFERENTIALS 


1. Order of infinitesimals. An infinitesimal is a variable which 
approaches zero as a limit. The word “infinitesimal” in the mathe- 
matical sense must not be considered as meaning “very minute.” 
For example, the size of an atom of matter is not a mathematical 
infinitesimal, since that size is regarded as perfectly definite. That 
a quantity should be infinitesimal it is essential that it can be 
made smaller than any assigned quantity. In operating with in- 
finitesimals it is not, however, necessary to think of them as 
microscopic or of negligible size. They are finite quantities and 
obey all the laws of multiplication, division, etc., like finite 
quantities. It is generally the last step in a problem involving 
infinitesimals to determine the limit of some expression, usually 
a quotient or a sum, when the infinitesimals contained in it 
approach. zero. 


Ex. 1. To find the velocity of a moving body (I, § 106)* it is necessary to 
find the limit of the quotient ~ as As and At approach zero as a limit, where 


As is the space traversed in the time At. Here As and Aft are infinitesimals and 
the velocity is the limit of the quotient of two infinitesimals. 

Ex. 2. To find the area of a circle it is customary to inscribe in the 
circle a regular polygon of n sides and to divide the polygon into n tri- 
angles by radii of the circle drawn to the vertices of the polygon. When 
nm is increased without limit, the area of each triangle is infinitesimal, and 
the area of the circle is the limit of the sum of the infinitesimal areas of 
an indefinitely great number of triangles. 


* References preceded by I refer to Vol. I. 
1 


2 INFINITESIMALS AND DIFFERENTIALS 


In a mathematical discussion involving infinitesimals there will 
usually be two or more infinitesimals so related that as one ap- 
proaches zero the others do also. Any two of these may be com- 
pared by determining the limit of their ratio. We have accordingly 
the following definitions: 

Two infinitesimals are of the same order when the limit of their 


ratio is a finite quantity not zero. 
An infinitesimal 8 is of higher order than an infinitesimal a 


uf the limit of the ratio A is zero. 


Ex. 8. Let 8=sina@ and y =1— cosa, where a is an infinitesimal angle. 


Then Lim e eine es 
Lan ee 0, (I, § 151) 
a a 


Hence £ is of the same order as a, and y is of higher order. 
Ex. 4, Let the arc AB (fig. 1) be an are of a 
B D circle of radius a with center at O, the chord AB 
the side of an inscribed regular polygon of n 
sides, and CD the side of a regular circumscribed 
polygon. Also let 


O F a = the area of the triangle A OB, 
B = the area of the triangle COD, 
= the area of the trapezoid ABDC. 


7 Then if n is indefinitely increased, a, 8, and y are 
C infinitesimal. To compute their values, draw OF 
Fie. 1 perpendicular to AB and CD. Then 


2 
ZAOB ==) YROR=—, OE =acos~, EB=asin~, FD =atan~. 
n n n n n 


From this it follows that 


GOR = On BR ence 
Pe nN n 


@= OF = OR FD at on 
2 n 
AB+CD 
we ane . EF = (EB + FD) (OF — OB) 


Te 
sin? — 


Sue ti Tv Tv 
= a* (sin — + tan —)({1— cos—)= a? 
n n n T 
cos — 


ORDER OF INFINITESIMALS ~ 3 


Hence Lim is = Lim ks =e 
(od 
cos? — 
n 
sin? Li 
Tage ine an, 
a 


Tv 
cos? — 
n 
Therefore is of the same order as a, and ¥ is of higher order. 


2. Particular importance attaches to the case in which the limit 
of the ratio of two infinitesimals is unity. Suppose, for example, that 


Lim i =i, 
a 
Then, by the definition of a limit (I, § 53), 
is =l1+e, 


where ¢ approaches zero as a approaches zero. Hence 
B=a-+ ae. 
Now the term ae is an infinitesimal of higher order than a, for 
fer lim 6 = 0, so that 8 and a differ by an infinitesimal of 


higher order than each of them. 
Conversely, let @ and a@ differ by an infinitesimal of higher 
order than either of them, ie. let 


B=a+y, 


where, by hypothesis, Lim z =. Then 


Tne Lim(1 fs 7) = 1. 
[oad a 

We have accordingly proved that the two statements, “Two 
infinitesimals 8 and a differ by an infinitesimal of higher order” 


and “Lim =1” are equivalent. 


Ex. 1. The infinitesimals a and sina differ by an infinitesimal of higher 
order (I, § 151). 

Ex. 2. The areas of the triangles AOB and COD (Ex. 4, §1) differ by an 
infinitesimal of higher order, namely, the area of the trapezoid ABDC. 


4 INFINITESIMALS AND DIFFERENTIALS 


3. Fundamental theorems on infinitesimals. There are two im- 
portant problems which arise in the use of infinitesimals, namely: 

1. A quotient problem: to find the limit of the quotient of two 
infinitesimals as each approaches zero. 

2. A sum problem: to find the limit of the sum of a number of 
infinitesimals as the number increases without limit and each in- 
finitesimal approaches zero. 

Each of these problems has been illustrated in $1; for each 
there is a fundamental theorem as follows: 

1. If the quotient of two infinitesimals has a limit, that limit is 
unaltered by replacing each infinitesimal by another which differs 
from it by an infinitesimal of higher order. 

2. If the sum of n positive infinitesimals has a limit, as n increases 
indefinitely, that limit is unaltered by replacing each infinitesimal 
by another which differs from it by an infinitesimal of higher order. 

To prove theorem 1, let a and 8 be two infinitesimals and let 
a, and 8, be two others which differ from @ and § respectively by 
infinitesimals of higher order. Then we have (§ 2) 


Lim ee ie Lim ia =1, 
B, 
whence a@=a,+€,c,, 8 == B, ar Gets 


where e, and €, approach zero as @ and 8 approach zero. Then 


B_&, +68, 8, ltrs 


@* @+ea,  @, 1l+e, 


Therefore 


sd 2s . {By 1+e : . Ite ; 
Lim — = Lim( —.- 2 many Lim eye 
a a, L-+€, a, le, a, 
Ex. 1, Since the sine of an angle differs from the angle by an infinitesimal 
of higher order, 


sinda@ Ae G2 
a tap == 
sin 2a 2a 


To show this directly, we may write 


sn38a 38sina— 4sina 3 2 sin? a 
sin2a@ 2 sina cosa 2 cosa COS a@ 


sin8a_ 3 


Therefore 


sin2a 2 


FUNDAMENTAL THEOREMS ON INFINITESIMALS 5 


To prove theorem 2, let a, @,, @,---, a, be m positive infini- 
tesimals so related that, as ” increases indefinitely, each of the 
infinitesimals approaches zero and their sum approaches a limit; 
and let 8,, B,, 8;,---, 8, be other infinitesimals such that 


Tecan ey ieeiy Seng ome, Ta eT 
a, a, a, a, 

We wish to show that 
Lim (8,+ 8,+ 8,+-+-+8,)=Lim(a,+@,+4@,+---+4,). 


Now (§ 2) B,= @,+ €a,, 
B= A, + €,%,, 


B,= A, + €,Q5, 


B= @,+ 6,0, 5 
whence Lim(8,+ 8,+ 8,+---+8,) 
ae = Lim (@,+ @,+4@,+--++4,) 
tiene Lim (€,@, + €,@, + €,%,-+--- + €,a,). 


Now let y be a positive quantity which is equal to the largest 
numerical value of the quantities e€,, €,, €,, +++, €. 
Then = OY SS Gj =. 
whence — 0, = 6,0,= 74, 
since by hypothesis @, is positive and may multiply the inequality 
without change of sign. Similarly, 


— 7%, = 6,0, = Y%,, 
— YR, = €,0, = 43, 
— 7a, = 60, = 7%; 
whence 
a y (a+ Aa,+ A,r *:: = a,)= €,a,+ €,0, + €,%, + °°: + €,a,, 
= y(@,+ 0,1 0,+---+¢@,). 


6 INFINITESIMALS AND DIFFERENTIALS 


As n increases indefinitely, a, + @,+a,+---+4, approaches a 
finite limit by hypothesis, and y approaches zero. 
Therefore Lim (€,a,+ €,@, + €,@,+ +--+ €,@,) = 0, and hence 


n=O 


Lim (8, + B,+ B,+++++8,)= Lim (@, + a, + @, + +++ +4). 


The theorem is thus proved for positive infinitesimals. 


Ex. 2. The limit of the sum of the areas of n triangles such as A OB (fig. 1) 
is the same as the limit of the sum of the areas of n triangles such as COD, 
when n is indefinitely increased. 


The theorem is also true if the infinitesimals are all negative, 
since to change the sign of each infinitesimal is simply to change 
the sign of the limit of the sum. If the infinitesimals are not all 
of the same sign, however, the theorem is not necessarily true. 


Ex. 8. Let 


1 i 1 
Oe 0 a CL Ce a etc., 


Vn Va Vn Vn 


1 1 1 1 
Br Ora Pr= Gets Bo ers By = aa t+—, ete. 


Then a + a + ag +--+ a,—0, or = nay 
Vin 
1 
61+ Bo + Bs +---+ Br=1, or =1+—, 
Vian 


according as n is even or odd; and 


Lim (a1 + @ + ag +---++ an) =0, 


n=O 


Lim (61 + Ba + Bs +--+ + Bn) = 1. 


4. Differentials. The process of differentiation is an illus- 
tration of the quotient problem of §3. For if y=/(z) is a 
continuous function of « which has the derivative /"(x), and 
Az and Ay are the corresponding infinitesimal increments of 
x and y, then, by definition, 


Lim — = f'(2). (1) 


DIFFERENTIALS if 


It appears from (1) that Aw and Ay are infinitesimals of the same 
order, except in the cases in which (x) is 0 or co. Moreover, (1) 
may be written 


Ay _ 17, 
Re ES 


where Lim e = 0, and hence 
Azx=0 
Ay = f'(a) Aw + eAx. (2) 


It appears, then, that /’(w)Aw differs from Ay by an infinitesimal 
of higher order than Az, and /"(z)Azv may therefore be used in 
place of Ay in problems involving limits of quotients and sums. 
The quantity /’(x)Az is called the differential of y, and is rep- 
resented by the symbol dy. Accordingly 


dy = f"(u)e. (3) 
Now in the special case in which y = a, formula (3) reduces to 
da = Az. (4) 


Hence we may write (3) as 
dy = f' (x) da, (5) 

To sum this up: Zhe differential of the independent variable is 
equal to the imerement of the variable; the differential of the 
Junction is equal to the differential of the independent variable 
multiplied by the derwative of the function, and differs from the 
increment of the function by an infinitesimal of higher order. 

From this point of view the derivative is called the differential 
coefficient. 

The use of differentials instead of increments is justified by the 
fundamental theorems of § 3 in many problems which are eventu- 
ally to involve the limit of a quotient or the limit of a sum. 

It is to be emphasized that dz and dy are finite quantities, sub- 
ject to all the laws governing such quantities, and are not to be 
thought of as exceedingly minute. Consequently both sides of (5) 
may be divided by dz, with the result 

dy 
1 4 A 
se ae 
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That is, the derivative is the quotient of two differentials. This 
explains the notation already chosen for the derivative. 


Bx, 1, Let y =a: 
We may increase x by an increment Az equal to dz. Then 
Ay = (a + dx)? — «3 = 8 a%dx + 3x (da)? + (da)? 
On the other hand, by definition, 
dy = 3 22dz. 
It appears that Ay and dy differ by the expression 3 (da)? + (dx), which is 


an infinitesimal of higher order than dz. 
Ex. 2. If a volume v of a perfect gas at a constant temperature is under 


the pressure p, then v =5 where & is a constant. Now let the pressure be 


increased by an amount Ap =dp. The actual change in the volume of the 
gas is then the increment 


hh k aa kdp ___kdp il 
pt+dp p P(p + ap) Pp ere 
Pp 
The differential of v is, however, 
Pnpeod ee 
Pp? 


which differs from Av by an infinitesimal of higher order. The differential dv 
may, accordingly, be used in place of Av in problems which involve the limit 
of quotients or sums of this and other infinitesimals. ~ 


0% 5. Graphical representation. The 
distinction between the increment 
and the differential may be illus- 
trated graphically as follows: 


Let the function be represented 
by the curve y=/(2) (fig. 2). Let 
P(x, y) be any point of the curve, 
and Q(% + Aw, y + Ay) a neighboring 
point. Draw the lines PR and RQ 
parallel to the axes, the chord PQ, 
Fic. 2 and the tangent PZ. Then 


Az=dr=PR, Ay=RQ, f'(xz)=tan RPT, 
and dy = f'(x) da = (tan RPT) PR = RT. 


GRAPHICAL REPRESENTATION 4) 


Hence the increment and the differential differ by QT. That Q7 is 
an infinitesimal of higher order than PR may be shown as follows: 


Mo eT —ROs RT. ORO 
Lim —— ‘le ——<———<—— SS ae 
io Gers ae ae 
= tan RPT — Lim (tan £PQ) = 0. 
6. The formula 
dy = f'(x)dx (1) 


has been obtained on the hypothesis that 2 is the independent 
variable and y = f(z). 

Consider now the case y=/(x), where x =¢(t) and ¢ is the 
independent variable. By substitution we have | 


y =f (2) =f[¢ ()] =F. 
Thensby (1); dy = F(t) at. (2) 
But by 1, $96, (7), FW =S"(a) (0. 


Substituting in (2), we have 


dy = f'(o) (iat (3) 
But since ¢ is the independent variable and «= ¢(¢), we have, 
1 
st) da = $!(t) dt. 


Substituting in (3), we have 
dy = f' (x) dx. 


This is the same form as (1). Therefore (1) is always true 
whether z is the independent variable or not. 

7%. Formulas for differentials. By virtue of the results of the 
preceding article, the formulas for differentials can be derived 
from the formulas for the corresponding derivatives. 

For example, since the derivative of w” with respect to w is nw 


n—1 
’ 


d(u") = nu"*du, 


whether w be an independent variable or the function of another 


variable. 


\ 
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Proceeding as in the above example, we derive the following 
formulas : 


d(u+c)= du, (L) cee WEE du i (14) 
d (cw) = ¢ du, (2) View 
d(u+v)= du + dv, OO Feeney 2 (15) 
d(uv)=udv+vdu, (A) I+ ‘ 
d (*) _? du 5 u dv a) dctnu =— a (16) 
d (w") =n du, (6) d sec*u = SE oe (17) 
d sin wu = cos u du, (7) o 
dcosu=—sinudu, (8) desc*w= = (18) 
2 9 UV? —1 
d tan u = sec’ u du, (9) pe apie (19) 
dctnu=—cse’?udu, (10) ee 
dsecu=secutanudu, (11) d log u = a (20) 
d csc wu =— escw ctnu du, (12) da" =a" loga du, (21) 
Sie dea du du 
he ae 
d sin C Ceoia aan (13) d log, wu = loge of (22) 
8. Differentials of higher orders. By definition 
dy = f'(x) da. (1) 


But dy is itself a function of 2, and may, accordingly, have a 
differential, which will be denoted by d’y; ie. d(dy) = dy, and, 
in general, d(d"~*y) =d"y. The differentials d’y, dy, ---, d’y are 
called differentials of the second, the third, ---, the nth order 
respectively. 

When ~ is the independent variable, its increment dz may be 
taken as independent of x With this assumption, applying our 
definition of a differential to (1), we have 


dy = dL f(x) de] = Lf") da']de = f"(a) de’, 


where da” is written for convenience instead of (dz)*. 
In like manner, 
d°y ay U(r) dx’, 
and, in general, Ty = f(x) dx. 


DIFFERENTIALS OF HIGHER ORDERS al 


The reason for the notation used for derivatives of the second, 
the third, ---, the mth orders is now apparent. 

If ~ is not the independent variable, the expressions for the 
differentials become more complex, since dz cannot be assumed as 
independent of z. We have, then, 


dy = d[ f(a) da = f(a) da? + f(a) da, (by (4), §7) 


where, if a= p(t), dx = $'(t) dt, and d’z = $'(t) dt’, t being the in- 
dependent variable. It appears, then, that the formula for the 
second differential is not the same when written in terms of the 
independent variable as it is when written in terms of a function 
of that variable. This is true of all differentials except the first 
(see § 6). 

Hence the higher differentials are not as convenient as the first, 
and the student is advised to avoid their use at present. 


CHAPTER II 
ELEMENTARY FORMULAS OF INTEGRATION 


9. Definition of integration. The process of finding a function 
when its differential is known is called integration. This is evi- 
dently the same as the process of finding a function when its 
derivative is known, called integration in I, § 110. 

In that place integration was performed by rewriting the deriv- 
ative in such a manner that we could recognize, by the formulas of 
differentiation, the function of which it is the derivative. But this 
method can be applied only in the simpler cases. For the more 
complex cases it is necessary to have formulas of integration, which 
can evidently be derived from the formulas for differentials (§ 7). 


Using the symbol i to denote integration, it is evident from the 
definition that if f(o)dn= dF (2), 


then iP J (2) dz = F(a). 


The expression f(x) dz is said to be wnder the sign of integration, 
and f(x) is called the integrand. F(x) is called the integral of f(x) dx. 

10. Constant of integration. Two functions which differ only 
by a constant have the same derivative and hence the same differ- 
ential; and conversely, if two functions have the same differential, 
they differ only by a constant (I, § 110; IT, § 30). 

Hence if J (x) dz = dF (x), (1) 
it follows that J (x) du = d[ F(x) + C], (2) 
where C is any constant. 

Rewriting (1) and (2) as formulas of integration, we have 


fFo@ae= 70) (3) 
and ip J (a) da = F(x)+ C. (4) 
12 
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It is evident that (3) is but a special case of (4), and hence that 
all integrals ought to be written in the latter form. The constant C 
is called the constant of integration and is independent of the form 
of the integrand. For the sake of brevity it will be omitted from 
the formulas of integration, but must be added in all integrals 
evaluated by means of them. As noted in I, § 110, its value is 
determined by the special conditions of the problem in which the 
integral occurs. 

11. Fundamental formulas. The two formulas 


fedu=ef du (1) 
and fut dot dwt )=fdus fio fdw ts (2) 


are of fundamental importance, one or both of them being used in 
the course of almost every integration. Stated in words, they are 
as follows: 

(1) A constant factor may be changed from one side of the sign 
of integration to the other. 

(2) The integral of a sum of a finite number of functions is the 
sum of the integrals of the separate functions. 


To prove (1), we note that since ¢du = d(cw), it follows that 


fedu= fae =cu=e f dr 


In like manner, to prove (2), since 


du+dv+dw+-.-=d(u+v+t+we:::), 
we have 
fut dot dw+--)=fdurotut--) 
=uUutvu+wt+-::- 


= faut fdvt fawt-- 


The application of these formulas is illustrated in the following 
articles. 


14. ELEMENTARY FORMULAS OF INTEGRATION 


12. Integral of u”. Since 


a (u™") = mu"~* du, 
it follows that a mu"™—*du =u™. 


But by § 11 (1), if m# 0, 


m i udu = Ht mu"-du =u", 
ee 
or u™—"du = —- 
m 


Placing m =n +1, we have the formula 


es 
"du = 1 
i Ca Pails (1) 
for all values of m except n =—1. 
If n =—1, the differential under the integral sign in (1) becomes 


d 
—, which is recognized as d (log 1). 


; du 
Therefore i a log w. (2) 


In applying these formulas, the problem is to choose for w some 
function of # which will bring the given integral, if possible, under 
one of the formulas. The form of the integrand often suggests the 
function of « which should be chosen for w. 

Ex. 1. Find the value of {(@ + bx +- f + *) da. 

OF 

Applying § 11 (2) and then § 11 (1), we have 


Jf (cot + bn + E+ 5) de = fartde+ fords + f Lae+ f Sac 
aafede +d fede tof @ +e fr-tac. 


The first, the second, and the fourth of these integrals may be evaluated 
by formula (1), and the third by formula (2), where w=, the results being 


respectively oe Lit, _ ee and ¢ log a. 
3 2 x 


Therefore 


f (we +0 a ey! «de = 508 + bat + cloga ~2 40, 
Gh hae 3 2 x 
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Ex. 2. Find the value of ik (a2 + 2) a de, 


If the factors of the integrand are multiplied together, we have 


Je + 2)ada SG +22) dz, 
which may be evaluated by the same method as that used in Ex. 1, the result 


being i vt + 22 +0. 
Or, we may let x2 + 2 =u, whence 2%dx = du, so that eda = }du. Hence 


f@t+2)ada= fhudu=} fudu 


Instead of actually writing out the integral in terms of u, we may note that 
xdx = d(x? + 2), and proceed as follows: 


ft+2)ade = fe +2) 4a (a? +2) 
=4 f(a? + 2)d(@? +2) 
=} (a? + 2)2 + €. 


Comparing the two values of the integral. found by the two methods of 
integration, we see that they differ only by the constant unity, which may 
be made a part of the constant of integration. 


Ex. 8. Find the value of i (ax? + 2 bx)3 (aw + b) da. 
Let az?4+2ba=u. Then (2ax +2b)da = du, so that (ax+6b)d~=}du. Hence 
f (ae + 2 bx)8 (ax + b) dx =f puwdu 
n} foom= tse 
= } (aa? + 2b2x)* +C. 
Or, the last part of the work may be arranged as follows : 
Jf (ae + 2 ba) (ax + b) dx = { (aa? + 2bx)® 4 d (ax? + 2 ba) 


=} f (aa? + 202)8d (aa? + 2b2) 
(ax? + 2 bx)* + C. 


1 
8 


‘i 
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4 (ax + b) dx 
ax? + 2 ba 
As in Ex, 3, let az?4+2ba=u. Then (2 az+2b)dx=du, so that (ax+b)da=} du. 


Hence b) de oe i 
(aw + wu _ uU 
fe aw + 2 be =f 2, 
= 2logu+C 
= 2 log (ax? + 2bx) + C 
= log (aw? + 2 bx)? + C. 
4(aa+b)dx 7 2d(ax? + 2 bz) 
ee i} ax? + 2 bx =f ax? + 2 bx 
2 
=2 f He + 2 bz) 
ax? + 2 bx 
= 2 log (ax? + 2bx) +C 
= log (ax? + 2 bx)? + C. 


Ex. 4. Find the value of is 


Ex. 5. Find the value of Hits + b)%e% da. 


Let e+ b=u. Then e“adx =du. Hence 
ke + pprewde = feet 
a 
1 
= 2 
= itt du 
1 
= VP ce 
3a, C3 


= (ex + 0840, 
3a 


Or, fe + b)2ee da i “(ew + b)2d (ee + b) 
1 
a AX 2 AX 
== [le + b)2d (ee + b) 


it 
— —_ (eax b)3 if 
aq tO ee 


2( 
Ex, 6. Find the value of es 
an (axe IL g 


Let tan(az+b)+c=u. Then sec?(ax + b)adxz = du. Hence 


if sec? (aw + b) dx Se du 
tan (ax + b) +c 


du 
OO! Yi 
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= Flogu+C 


= “log [tan (ax +b) + ¢] +C, 


Or ae 
: tan(ax+b)+¢ a tan(ax+b)+e 
jf ee nes 


~ @ tan (ax + b) + ¢ 


= : log [tan (az + 6) + c] + C. 


The student is advised to use more and more the second method, 
illustrated in the preceding problems, as he acquires facility in 
integration. 

13. Integrals of trigonometric functions. By rewriting the 
formulas (§ 7) for the differentiation of the trigonometric func- 


tions, we derive the formulas 
1 


feos udu =sin wu, (1) 
fain udu =— Cos u, (2) 
i sec’u du = tan u, (3) 
iF esc?u du =— ctn u, (4) 
[eee u tan udu = secu, (5) 
ose wu ctn udu =— csc u. (6) 
In addition to the above are the four following formulas: 
fin w du = log sec u, (7) 
fen u du = log sin u, (8) 


w 
cse wu du = log (ese « — ctn w) = log tan ae (10) 


a 


fee u du = log (see u + tan wv) = log tan (7 + *) , (9) 


“\ 
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and that — sin udu 


, sin. wu 
To derive (7) we note that tanw= 
COS w 
=d(cosu). Then 


d (cos #) 
fanny |) 
COs U 


=— log cos u 
= log sec wu. 
In like manner, 


cos u du : 
etn udu = = log sin ¥. 
sin 


Direct proofs of (9) and (10) are given in § 68. At present they 
may be verified by differentiation. For example, (9) 3 is evidently 


true since 
d log (sec w + tan w) = sec wu du. 


The second form of the integral may be found by making a 
trigonometric transformation of secw-+ tan w to tan C a8 a 
Formula (10) may be treated in the same manner. 


Ex. 1. Find the value of f cos (ax? + bax) (2 ax + b) dx. 
Let az? + br =u. Then (2 ax + b)dx = du. 


Therefore ip cos (ax? + bx) (2 ax + b) dx = if cos (ax? + bax) d (ax? + ba) 
= sin (az? + bx) + C. 

Ex. 2. Find the value of f see (eo + b) tan (e% + b) etx da. 

Let e+ b=u. Then e®2axdx = du. 

Therefore ip sec (ee + b) tan (et + b) et" x dx 


= 26 f see (eo + b) tan (e% + b) d (ee + b) 
= ie (em? + b) +0. 
2a 


The integral may often be brought under one or more of the 
fundamental formulas by a trigonometric transformation of the 
integrand. 
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Ex. 8. Find the value of f costa de, 


Since cos?#% = }(1+ cos2a), we have 
f costa de = s fat cos 2 x) dx 
= 4 [de +} foosra d (22) 
=}t2+1sin2¢+C. 
Ex. 4. Find the value of if sec’ 2 x dx. 


Ii we let sec62% = sect2a%-sec?2x, and place sect2%= (1+ tan?2 2)? = 
1+ 2 tan?2a-+ tant2a, the original integral becomes 


fa + 2 tan?2%-+ tan*2 @) sec?2 ada. 


Place tan2% =u. Then sec?2¢-2dx=du. Making this substitution and 
simplifying, we have 
fsect2a de = sfa + 2u? + ut) du 
=$(u+2u+iuw)4+C 
}tan2a” + 4 tan?2e2 + +) tamb2e2+C. 


14. Integrals leading to the inverse trigonometric functions. 
From the formulas (§ 7) for the differentiation of the inverse trig- 
onometric functions we derive the following corresponding formulas 
of integration : 


du =a 
——. = gin~*w or — cos? 4, 
vin 
du 
5 =tan-*w or —ctn7*u, 
1+uw 


du 5} -1 
—____—. = sec™!uw or — csc 4%, 
uve —1 


These formulas are much more serviceable, however, if w is 
replaced by - (a>0). Making this substitution and evident 


reductions, we have as our required formulas: 


du : w u 
in = sin7*— or —cos*-, (1) 
Vo? — uy? a & 
du 1 w 1 u 
——, = - tan"*- or —-ctn™”-» (2) 
a+u a a a a 
du J uw 1 w 
5 eat] -—1 
—_———. = — sec = or —— csc — (3) 
UVy2—qi a a a 


\ 
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Referring to I, § 153, we see that in (1) sin“? = must be taken 
in the first or the fourth quadrant and that cos~* - must be taken in 
the first or the second quadrant. In like manner in (3) sec™* ; and 
Co : must be taken in the first or the third quadrant. 

It is to be noted that the two results in (1) differ only by a 
constant. For let sin~* - = ¢ and cos~* - =v, where ¢ is in the 


first or the fourth quadrant and yf is in the first or the second 
quadrant. Then 


ur 2 
cos@¢=4/l—— snw=4/1-——- 
$ a a a 


Therefore cos(¢+ W)=0, whence 6+ w=(2k+ 1) 5 —» where 
k is any integer or zero. 


Hence ¢ = (2k +1) 7, or 


Similarly, the results'in (2) or (3) may be shown to differ by 
constants. 


Ex. 1. Find the value of ——— 
V9 — 432 


Letting 2% =u, we have du =2da, and 


d d (2 x) Le 20 1 2% 
=-=—sin-1 C or ——cos-1— a 
{= sl peas 2 3 a pa 3 oi 


Ex. 2. Find the value of tt 


x TS x — 4 
If we let V3.2 = u, then du = V3 da, and we may write 
d(V32) il a V3 1 a V3 
= ==—sec—1 C or ——cse-1 
(= “Sie 2D 2 al: Oe 5 o8e 5 iC. 
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Ex. 8. Find the value of feS 
4x — x3 


Since V4a — a2 = V4 — (x — 2)?, we have 


{=f Me d(a — 2) 
V4a—a2 ¥ V4—(@—2)2 4 V4— (2 —2)2 
gineie 2 a o or Loe es 
Ex. 4. Find the value of i 
207+ 382745 
To avoid fractions and radicals, we place 
dx = 8 dx Se 4da 
2a2+32+5 16224242440 (4¢+48)2?481 
Therefore 
if i 4 dx 5 d(4a + 38) 
2a2?+8a+6 J (4¢48)2?4+381 J (4048)24 31 
2 47+3 2 42+3 
= —— tan-1 S66) @2 =] — nite p= 
V31 V31 V81 V31 


The methods used in Exs. 3 and 4 are often of value in dealing with 
functions involving aa? + be +c. 


8 
Ex. 5. Find the value of I eae : 
5 x 


Separating the integrand into two fractions, i.e. 
a 4 x 
5+4at 54428’ 


and using § 11 (2) we have 


foe ) da =f x dx x dx 
4+4at Br rae 5+ 424 


23 da 1 16 «3 dx 1 
es = — log (5 + 424); 
oe Ree au ig UCeaoaG Tee 
ede _ 1 4xudx 
and 


6+4a4 4/54 (202)? 


2 1 2x2 
= ue ie or — — ctn—-1—_.. 


4v5 V5 4V5 V5 


(+a)de_ 1, 1 e228 
ee eS 5+ 4a — tan-1__ + 0 
Therefore if Ve? eee og (5 + ret See 


1 2 
or 5g 0+ 408) etn +0. 


\ 
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15. Closely resembling formulas (1) and (2) of the last article 
in the form of the integrand are the following two formulas: 


du 


——— = log (w+ Vu? + a’) (1) 
Viet @ 
du 1 uw— a i a—uU 
= — o log . D 
ane ile Den C Wi ae J 


To derive (1) we place w=atan¢. Then du =a sec*¢d¢, and 
Vw+a?=asecd. Therefore 


= log (sec ¢ + tan ¢) (by (9), § 13) 
UutVvu? +a 
ee ear 


= log (u + Vu? + a”) — log a. 


But log a is a constant, and may accordingly be omitted from 
the formula of integration. If retained, it would affect the con- 
stant of integration only. 


Formula (2) is derived by means of the fact that the fraction — . 
w— a 


may be separated into two fractions, the denominators of which 
are respectively w—a and w+a; le. 


il arril oe HM ) (§ 53) 


w—a 2a\u—a uta 


Then ji ee = il ad | il r 1 Jer 
Ui — a 2a wU—-a uta 
rls du b4 
== flier is 


= = [log (w — a) — log (wu + a)] 


i 8 Ce 
Dis ea 
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The second form of (2) is derived by noting that 


du — du 
Jacana e— 4. 


The two results differ only by a constant, for 


Cee | es Se 

fee uta 

a— —a. 
and hence log- = log(—1)+ log 


and log(—1) is a constant complex ae which can be ex- 
pressed in terms of 7 (§ 170). 


Ex. 1. Find the value of {—== 


V3027+42¢ 
To avoid fractions we multiply both numerator and denominator by V3. 
V3 V3 
Then da if: 3 dx 38 dx 


V3ai+4a VOat+122 V(8x+2)?—4 
Letting 8%2+2=u, we have du = 8dz, and 


fl 4) NS 3 dx 
V8et+4e V8" V8x+42)2—4 


= alos (8a +2 + VGa +2) SVR 
3 


= Slog (82+ 2+ VOa? + Ba) +0. 
3 


. ad 
Ex. 2. Find the value of ff eee oes 
22 + 


a2 —15 
Multiplying the numerator and the denominator by 8, we have 
ane 4 dx 
Sears" (4% + 1)? — (11)? 
ie @Get1)-11 
- ' °(4e+1)4+11 
2a — 1 2a — i 
aa g C, or — log log2 +0, 
This may be reduced to i og pare has i ) aa Saas 3F 


and the term — +), log 2, being independent of «, may be omitted, as it will 
only affect the value of the constant of integration. 
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Tf in the formulas for the differentiation of 


sinh-!w, cosh~?w, and tanh~* wu (I, § 161) 


we replace w by = they become 


du 
Capra ak oS 
d a Viu+ a? 
du 
dx 
= het ’ 
he We SOP Se 
at 
d SHO HUES 
and qa anh aE 


The corresponding formulas of integration are evidently 


du ; w 
ee sine 
Vurt a? 
du w 
= cosh7?-; 
Vila WES OF a 
du 1 U 
and . 5=- Gane == 
FSU a a 


These forms of the integrals are often of advantage in problems 
where the resulting equation has to be solved for the value of w in 
terms of the other quantities in the equation. 

By formulas (2), § 14, and (2) of oe article we can find the value 
of any integral of the form ie —,—.———: We can also find the 

ae = +e 
value of any integral of the form i ea ES, 
ax + bx +e 

P(x) dx 
ax’ +bae+e 
polynomial, can always be found, since by division the integrand is 
equal to a polynomial plus a fraction of the form just mentioned. 


as shown in Ex. 3. 


Finally, we note that the value of if » where P() is a 
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Ex. 38. Find the value of fk ees 
2027+ %—15 

Ii 2274+ %-—15 =u, du= (4x + 1) dz. 

Now 3% + 4 may be written as 3 (4a + 1) +413. 


Therefore 


(3a + 4) da (PEARL oe: 13] dx 
202+ %—15 202+ 2% —15 

Le (4a + 1) dx wee dx : 

4J/ 2927+ ¢7-—15 4/ 2924+ 4-15 


The first integral is 3 log(2a2+ 2 er by § 12 (2), and the last integral is 


of the form solved in Ex. 2, and is ae log Bees 
44 z+3 


Hence the complete integral is 


+ C. 


3 13 2x%—5 
— log (2a? +  — 15) + —1 
Re Vg ee es 
(2% + 5) dx 
V38e27+42 
The value of this integral may be made to depend upon that of Ex. 1 in the 
same way that the solution of Ex. 8 was made to depend upon the solution of 
Ex. 2. For let 32?+42= 4; then du = (6a + 4) dz. 
Now2%+5=23(62+44)+4} 


Ex. 4. Find the value of (i 


6 4 1171¢. 
Therefore f{ (2% + 5) da =p w+ 4) + 41) da 


V302+4+4a V3 02+ 4a 
dx 
(8a? 4+ 42a)~ 3r( 62+ 4)dx]+ 2 
=f V3a+ 4a. 


The first integral is 2 V3 22+42, by §12 (1), and the second integral is 
ae log(8”+2+V9a%+122), by Ex.1. Hence the complete integral is 
3 


—log (8a +2+V9a%+ 122)+4 C. 


2V3a2+ 4a 


16. Integrals of exponential functions. The formulas 


fea = ¢" (1) 


and [ode= : a" (2) 
lov a 


fo) 


are derived immediately from the corresponding formulas of differ- 
entiation. The proof is left to the student. 
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17. Collected formulas. 


fae = ae , (1) 
n+1 
. i uae log u, (2) 
wu 
i cos udu = sin u, (3) 
i sin udu =— cos u, (4) 


f sec’u du = tan wu, (5) 


I esc’'u du = — ctn u, (6) 
i sec uw tan udu = sec u, (7) 
fee wu ctn udu =— csc u, (8) 
fi tan wu du = log sec u, (9) 

ctn wu du = log sin u, (10) 


T 


foe u du = log (sec wu + tan w) = log tan(4 + “), (11) 


fee u du = log (csc uw — ctn w) = log tan 5 , (12) 
du cee ae 
Sy ee ae or — GOs sie (13) 
gus — = L tan-?” or — : etn, (14) 
G+u «@ a a a 
ae = i sec or ba ence. (15) 
uvw—q & a a a 
Lie log (u+Vu?+ a’) or sinh _ (16) 
Vit a? s a 
l 
ieee = log (wu +Vu*— a’) or cosh - , (17) 
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du i U—a L a—wU 1 
| Sen eae i kerry Oren tanh’ =: » (18) 


fou =e (19) 


i 
heal oe pe 
fe Noes (20) 


18. Integration by substitution. In order to evaluate a given 
integral it is necessary to reduce it to one of the foregoing standard 
forms. A very important method by which this may be done is 
that of the substitution of a new variable. In fact, the work thus 
far has been of this nature, in that by inspection we have taken 
some function of z as w. 

In many cases where the substitution is not so obvious as in the 
previous examples, it is still possible by the proper choice of a 
new variable to reduce the integral to a known form. The choice 
of the new variable depends largely upon the skill and the experi- 
ence of the worker, and no rules can be given to cover all cases. A 
systematic discussion of some types of desirable substitution will 
be taken up in later chapters, but we shall in this chapter work a 
few illustrative examples. 


x? dx 
V22+3 


Let 24}+38= 2%. Then # = } (2*— 8) and dx =zdz. Substituting these val- 
ues in the original integral, we have 


Ex. 1. Find the value of ip 


4 f 6224 9)dz =} (p25 — 2284 92) + C. 
Replacing z by its value in terms of 7, we have 


a? da L ong 
———— = — V274+3(2? 2274 6)+C. 
V2e+3 5 


Vak 1 ge 
Ex. 2. Find the value of fe a 


de z dz 
Let 2? 4+ a2= 22. Then edz = zdz, and —=—-2dt= eye 
Then, after substitution, we have tn tee 
2 
(= =f(i+5% 3) de=e+s log mre 
g2 — q2 Z+a 
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Replacing z by its value in terms of 2, we have 


2 V x2 PY. 
fee ose epee act 
© Ver+at+a 


Ex. 3. Find the value of {ve — x dx. 
Let «= asinzg. Then dt = acoszdz and Va? — #2=acosz. 


Therefore [ ¥@- eds = a® { cos?z dz = gar (1+ cos 2 2) dz 
= 4ta?(z+ }sin2z)4+C. 


x 
But z wae’ and sin2z = 2sinzcosz = 2S Va? — 2. 
a 


Finally, by pibatioacion: we have 


[Veda = 5 (a a Va? — 22 + a2 sin- a7) 46. 


Ex. 4, Find the value of ik a8 Va? — a2da. 


Let e=asecz. Then dz = asecz tanzdz, and Vx? — a27=a tanz. 
Therefore | #V2?—a?dz = a’ f tantz sect z dz 


SO i (tan?z + tan*z) sec?z dz 


= a°(4 tan?z + } tanéz) + C. 
x x? — a? Peis 
But sec z = me whence tanz = Srey eh eeO that, by substitution, we have 
fe Vat — atda = te V (a2 — a?)3 (2 a? + 8x?) + C, 
: dx 
Ex. 5. Find the value of fay 
(x? + a?)8 


Let =atanz. Then dz = asec?zdz and Va? + a2 = asecz. 


; We Ge Ue 
Therefore [ eal Se feosedz =—sinz + C. 


(x? + q@?)2 Sec Z 
L : x 
But tan z = —, whence sin z = —_—__., 0 that, by substitution, 
a x2 + q2 
dz x 
f = eC! 


(a? + a)? = a2 Va2 + gi? 
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Ex. 6. Find the value of ji ae Fi 
(22+1)V5a2+ 8443 
Let 2 jeaae Th Lye Vv 
e e+ =e Op 5 Zz t)) @=— Zee, and 627+ 82743 
a 
oz V2 +6246. 
Therefore 


i dx =~ f- dz - if dz 
(2% +1) Vba2?4+ 8243 V22+ 6245 Viz + 3)2-—4 
=—log(z+3+V22+6z+56)+¢. 


But z= : > and hence 
2x2%+1 
V502+82+3 
OS Ea ve = ly eas Semele S 
2xe2+1 
2 
= los ig — log 2. 
8%~+24+V5e2+ 82438 
ff ee aie 2a+1 aL Gf. 
(22+1)V5e2+ 8243 8a4+24+V5024+82438 


— log 2 having been made a part of the constant of integration. 


The student should refer freely to these examples as possibly 
suggesting a type of substitution desirable in the solution of a new 
problem. From them the following hints for substitution in similar 
cases may be deduced: 

In integrals involving Va + bx try a + ba =2", as in Ex. 1. 

In integrals involving Vz’ + a? try either «+ a’?= 2’, as in Ex. 2, 
or # = @ tan z, as in Ex. 5. 

In integrals involving Va*— a’ try = a sin z, as in Ex. 3. 

In integrals involving Vz’— a? try «=a secz, as in Ex. 4. 


In integrals of the form ih ae tee ae = 1 
as in Ex. 6. (Aw + B)Vaa?+ bate z 


It is not to be supposed that the above substitutions are desir- 
able in all cases. For instance, in Ex. 2 the substitution « = a tan z 
does not simplify the integral; but the substitution «+ a’= 2 is 
of advantage, though it is rare that the substitution of a single 
letter for the square root of a quadratic polynomial leads to any 
simplification. 
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19. Integration by parts. Another method of importance in 
the reduction of a given integral to a known type is that of ate- 
gration by parts, the formula for which is derived from the formula 
for the differential of a product, 


d(uv)=udv+vdu. 


From this formula we derive directly that 


w= fudo+ fodu, 


which is usually written in the form 


frdeauo— fo du. 


In the use of this formula the aim is evidently to make the orig- 
inal integration depend upon the evaluation of a simpler integral. 


Ex. 1. Find the value of f verde. 


If we let x = wu and e*dxz = dv, we have du = dx and v = e*. 
Substituting in our formula, we have 


f verde = rex — fede 


= te™* — eF + C 
= (« — 1l)er™+C. 


It is evident that in selecting the expression for dv it is desirable, if possible, 
to choose an expression that is easily integrated. 


Ex. 2. Find the value of fsin-te dx. 


Here we may let sin~!~ = u and dx = dv, whence du = ae and v=. 
Substituting in our formula, we have Vie 
fsin-tede = xsin-ly — EEA 
V1— 2 


=asin-l¢+V1—2¢2+0C, 
the last integral being evaluated by § 12 (1). 


Ex. 8. Find the value of fe cos? a da. 


Since cos*z = 4 (1+ cos2a), we have 


1 To 
2 COS*2 00 ———= © -+ € cos22)de = —-— = 
ik 5 | ) rt5f eos2edn, 
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Letting = vu and cos 22dz = dv, we have du = dz and » = 4 sin 22. 


Therefore [2 cop 22dn = ? gin 2 _ ; fsin 20 de 
“4 
Rie 1 
=_ inde +7 costa +O, 


We pee id a YE ae ee 
 facotnds =7 +5 (Fsin2e + cos22) +0 


=}(20? 4+ 2xesin2e2 + cos2x)+C. 


_ Sometimes an integral may be evaluated by successive integra- 
tion by parts. 


Ex. 4. Find the value of [eed 


Here we will let 22 =u and edz =dv. Then du=2e2dz and v= &. 
Therefore {p Peds = ve —2 f re dn. 


The integral | ce*dx may be evaluated by integration by parts (see Ex. 1), 
80 that finally 


[eed = oe —2(4 —lhe+C =e (4? —24+42)4+7C. 
Ex, 6. Find the value of if eon sin ba dr. 
Letting sin ba = u and eda = dv, we have 


fo sin beda = 1 ea sin bs — : [2 cos ba dx. 
In the integral i e cos bz dx we let cos ba = u and edz = dv, and have 


1 b ; 
ih e cos bx da = qe 8 bx + . ip ew sin ba dx. 
Substituting this value above, we have 
/ 1 ' b /1 b : 
fo sin be da = — et sin bx — — (= e* cos bx + — [= sin ba dz). 
a a \a a 


Now bringing to the left-hand member of the equation all the terms con- 
taining the integral, we have 


2 
1+ of f eazsin bran = A tain bx — y e cos bx, 
ae a a 


e%(a sin ba — b cos ba) 
a2 + 02 


whence [= sin ba da = 
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Ex. 6. Find the value of Ai e cos ba dx. 
et (a cos bx + 6 sin bx) 
a2 + 62 

it is exactly like that of Ex. 6. 


, the work being left to the student, since 


The result is 


Ex. 7. Find the value of [vo + a? dx. 


Placing Vx? + a?= wand dx = dv, whence du = pe and v = a, we have 
Va? + a2 
f V8 + Pde =a Ve + o —— (1) 
Via? + a? 


Since x? = (x? + a?) — a2, the second integral of (1) may be written as 


fe + a?) dx a? dx 
? 
V 72 + a2 V-a2 + a? 
which equals iE Va2 + a?dx — a — 
v2 + a2 


Evaluating this last integral and substituting in (1), we have 
[v2 + adx=xVa2 + a2 — [ va+ a2 dx + a? log (@ + V2? + a2), 
whence {va + adx = [a Va? + a? + a? log (a + Va? + a?) J. 


20. Possibility of integration. In this chapter we have learned 
how to express the integrals of certain types of functions in terms 
of the elementary functions, and the discussion of methods of inte- 
gration will be continued in Chaps. VI and VII. But it should 
be noted now that it is not always possible to express the integral 
of elementary functions in terms of elementary functions. For 


example, cannot be so expressed; in fact, 
i es = 2”) : 


this integral defines a function of # of an entirely new kind. 
Accordingly when it is said that the integration of certain func- 
tions is not possible, it is meant that the integration is not possible 
for one who knows only the elementary functions, which are in 
fact the functions generally used in applied mathematics. In this 
respect integration differs radically from differentiation, which can 
always be performed upon elementary functions. This fact is not 
surprising, since it is closely analogous to what takes place in 
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connection with other operations which are the inverse of each 
other. For example, the addition of positive numbers can always 
be expressed in terms of positive numbers, but the inverse opera- 
tion of subtraction is made always possible only by the introduc- 
tion of negative numbers; also the involution of rational numbers 
is always possible, but evolution is always possible only after 
‘irrational numbers are introduced. 
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Find the values of the following integrals : 


1. [(Ba2+ 60+ lac. 15. f <——as. 
2. f(e+2+- 5) 16. if fe ane 
2 (a+ za) (@—4a)de 
i Vai ES ee ee 
Var + 5 
yf ie ar eae 
ir Ye 18, fe 3.2)2da 
8-1 2 sin x dx 
5. dx. ef eae 
Vy - 1° Grae 
Le? 
6. Va + 2) de ee, 
3x dx 
7. 1 (w@ —1)22? da. an [eee 
f@e-) Lol aes 
(x? — 18 
8. ( “de. Bon (anes (w + 2) dx 
ad Viedanoe. 
9. {> 
e+2 a+ bx 


23. P ; dx. 
a + 0x 
10. fvi + eter dx. 


e2@ + sec? 2 x 
SSS) 
er da wr Aber + tan 2:0 
11. 
ave da 
BY, - = 
12. (f allel te + a){log (# + a)]” 
xz logz 


( (tan-1a —1) 
ica + x?) tanta Y 1+ #2 


1+ cosx% log « 
. | da. 27. | ——de. 
she fs + sin x) i x 


13, 


\. 
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28. Jf (ce? + bree de. 32. aria 
x a 
29. [ a+ % Vege) sVe_aty 
ie a+ 33, {== Van Va 
30. foo 34. f- poe. 
«[ Vax — Voz}? 


dx 
a ° 8 
SWFFnGa Vw 35, fon x Cos x dx. 


36. f sin (ax + b) + cost (ax + 6)] sin (ax + 6) cos (ax + 6) da. 


31. 


37. f (ese be — ctn ba) esc ba da. 46. f (see 3a — tan 32)?da. 
da ; seca + tan?x 
38. | —____.. fpf bee 
(aie +b) a J seca + tana - 


39 Pe (a? + a?) .adx 
: tan3 (a? + a?) 


sec x2 tan z?-. ada 
40. f 


48. fein mex sin nx dx, (m # n). 


49. feos me cos nx dx, (m # Nn). 


a + sec x 
41. f{ Gece tan x + sec a)2da. 50. fein (aa + b) cos (aa =F b’) da. 
42. sine 20 dx. 51. f (tan 2x + ctn 2x)?2dax. 
43. gos? © Oe LPs, f (see a2 + tan 22)2sec a2. x da. 

sine 
44, focosa sin 2 dns 53. foot (1 — 2) de. 
2 ail cos & 

oe 2 54. sin 

45. f (tan x — ctn?x) dx. fe Oe : ae 


55. foc2a+ tan 2 — 1) (sec 2@ — tan 2a — 1) dz. 


Z dx 
56. Ai [ese @ + ctn © an 61. ih : 
csc x — ctn a 1+ cosa 


57 i cos 26 de 62. = etn x dx 
‘J cos —sing sing —1 
58 f sec 6 dé : 63. fz Oras 
‘J sec é + tané 9x? + 25 
6 dé dx 
59. ii ue 64g (a ee 
1—sing A sare 
G0 eee 65. ——_ 
1+ cosz x V25 22 —1 


66. 


6 


68. 


69. 


70. 


vale 


72. 


73. 


74, 


75 


76 


7 


78. 


79. 


80. 


81 


82. 


83 


f 


ay: 


if 
{f 


J 


J 
J 


i 


dt 
f 
7. f 


fi 
if 
if 


nk 


f 


A 


84. 
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dx 


V1—322 


daz 
2 a2 seta 
dz 
xvba2 ay 
da 
a2 — 2a +10 


a2 dz 
dz 


Ai ot — at 


18-62 +402 
da 
Vi4+2etana—x 
dz 
2 Vata? — 
dx ; 
2+ 2esina+1 


V4a— 2x? 


et dt 


ez 4+ 2ettana+ secta 


dz 
(« —2) Va? — 4242 


V20— 322 
e* da 


V1—2e*ctna — e* 


202—22+1 
da j 
(2a +5)Va2+5a44 
dx 


vsinPt-a+asin2a+1 


adtehy, 
V3 — 6a? — at 


85) || = eee 
S53 
dx 


86. : 
Fe-ayv4e —22—8 


87. 
Sy en Ta +4 


88. [See 


1+ x? 


8x%+2 
207 +1 


le 5. 
sie Ss fe 


dx. 


a—2 
jl + & if 
92. 
ii Wace? 1+¢2 
sing dx 
93. {> 


+ cos? 2 


94. lama 
95. las 

96. Tz 
Eee 

98. a 


daz 
7 —————— 
2 Ihe Sat 


aohe 
02, ee verst 


\e 


dx 
103. ae 
Sa = Oyen syos — il 


35 
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104. lPwerrst 

a 
ie ——_—_iz==a 
106. iPr t 

a. 
107. l= 
108. m=! 
109. —— lw 


dx 
ne Sez —1—232 


eS 
Hepat 
112. (eos +20 4 


113 nT 
"J 20248241 


114. (—— (12@ + 2) da : 


9277-62-38 


2a — 3) dx 
Tide eee 
Se 


8a +7) dx 
1igy (ae 
: Sma 


117. [2 (4a — 2) da ; 
8a2—42+4+4 


118. (= (5% + 4) da 
a? +4241. 


(1— 22) dx 
119. : 
Incte=z 


ee — 242 


x dx 


NAL 
ibe +4zseca-+ tan?a 


122 —— 
‘J V1 22 — 2 


(8% + 5) dx 
ae owe naeare 


124. fz pee 


125. = 
=F 


126. {@ + x%) da. 
127. f (er + e-*)8dz. 
128. fe +a-*)2x da. 
129. fered, 


dx 
130. Ik ae 


131. f come sina cos x dx. 


etan”'x dy 
132. {r a 


133. f eteat+eedz, 
134. i: (ane + bm)? de, 
1356 fea 
V1 — at 
136. se + ctn ©) ay. 


X. 


qctna gcse x 
f at dx 
Vat" 4+ 2az + secta 


x de 
138.42 ee 
lo — azz 


139. i 


140, f 2+ ae, 
e+] 


ex —1 
141. fae 


137. 


142. 
143. 
144, 
145. 
146. 
147. 
148. 

149. 
150. 
151. 


152. 


159. 


ih dx : 
a2 Va2 — 22 
i dx : 
i ee da 
if a de, } 
if da ; 

nV — oP 


if x3 dx j 
(a? aa a2)' 


foVar+ a? dx. 


da 
doe. aa a?)8 ‘ 


i x3 da 
V a2 + we 


ie da 

V ec an 62 
Vi el 
Vz—1 


dz. 


. fovea +3 dz. 


dt Soha 
V a2 + a 
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x dx 
nie ieee 4+ 5at 


62 dx 
161. ros 
3 da 
162 
(ecaery 
a3 dx 
163. i aaa 
164 wede 
V3 4223 


dx 
165. ee ey 
Jie Aaa 


166. ik 


167. [ ey 
(& sae 8a%+138 


Lao ee aa 


168. 3 
lye V2a2—22-—1 


dx 
69. ———— 
l ee 


dx 
170. {- ar 
x dx 
sv Al. (1+ 328)2" 


dx 
172. leerees ue 


x dx 
Bib Cat 


174. frog ac de. 


175. jis log ax dx. 
176. ftan- tax de, 


177. if eee ae 


x 


38 
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178. frog (oe + V2? + a?) da. 186. f asin ax dx. 

179, fe sin ax da. 187. f (log az)? de. 

180. sect axde. 188. fe log ax)? dx. 
181. feseo-? ac de. 189. fosin? as dz, 

182. fe tan—lag da. 190. f ee costa de. 
183. f ter ae. 191. foersin 2a sin x da. 
184. fe + 1)? et dz. 192. f esin 3x cos x da. 


185. fv cos ax dz. 193. fe sin-1lag dz. 


CHAPTER III 
DEFINITE INTEGRALS 


21. Definition. We have said in § 3 that there are two impor- 
tant problems in the use of infinitesimals, the one involving the 
limit of a quotient, the other the limit of a sum. We have also 
noted in § 4 that the derivative of a function is the limit of the 
quotient of two infinitesimal increments, so that the limit of a quo- 
tient is fundamental in the differential calculus and its applications. 

Similarly, there exists a limit of a sum which has fundamental 
connection with the subject of integration. This limit is called a 
definite integral and is defined as follows: 


If f(a) is a function of « which is continuous and one-valued 
Jor al values of « between x=a and «=b inclusive, then the 
definite integral of f(x) dx between a and b is defined as the limit, 
as n increases indefinitely, of the following sum of n terms, 


S (ax + f(x )Ae +f (Aa + ++ f(t, )AX, 


b—a 
where Ax = ANA Hy, Ly, yy ++*, L,_, are values of x between 


a and b such that 
“,=a+Az, 7,=2%,+ Aa, 0, = t, + Ax, --+, b=a,_,+Az. 


The sum in the above definition is expressed concisely by the 
notation 


t=n-1 


LLo)d», 


where >: (sigma), the Greek form of the letter S, stands for the 
word “sum,” and the whole expression indicates that the sum is 
to be taken of all terms obtained from /(#,) Ax by giving to ¢ in 


succession the values 0, 1, 2, 3,---, ~—1, where x= a. 
39 
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Also the definite integral is denoted by the symbol 


if f(a) ae, 


where {| is a modified form of S. Hence the definition of the 


definite integral may be expressed symbolically by the equation 


i=n-—l 


i to) da = Lim > Ff (a)Ax. 


Re Se '0 


The numbers a and 0 are called the lower and the upper limit * 
respectively of the definite integral. 


Ex. The conception of mechanical work gives an illustration of a definite 
integral. By definition, the work done in moving a body against a constant 
force is equal to the force multiplied by the distance through which the body 

is moved. Suppose now that a body is 

O37 7, 7, i, 7, MB ~~ moved along OX (fig. 8) from A ( = a) 

Wa S to B(x = 6) against a force which is 

not constant but a function of x and 

expressed by f(x). Let the line AB be divided into n equal intervals, each 
equal to Ax, by the points My, Me, Ms,---, M,-1. (In fig. 3, n =7.) 

Then the work done in moving the body from A to My would be f(a) Aw if 
the force were constantly equal to f(a) throughout the interval AM. Conse- 
quently, if the interval is small, f(a) Az is approximately equal to the work done 
between A and My. Similarly, the work done between M, and M2 is approxi- 
mately equal to f(z) Av, that between M2: and Ms; approximately equal to 
f (#2) Av, and so on. Hence the work done between A and B is approximately 
equal to 

F(a) Ax + f (1) Av + f (ae) Av + +++ + f(@p_1) Ax. 
The larger the value of n, the better is this approximation. Hence we have, 
if W represents the work done between A and B, 


t=n-1 
b 
W = Lim > (xi) Av = ft F(x) de. 
n=o aaa a 


The use of the word “integral” and of the symbol if suggests a 


connection with the integrals of the previous chapter. This con- 
nection will be shown in § 25 ; for the present, it is to be empha- 
sized that the definition is independent of either differentiation or 
integration as previously known. 


* The student should notice that the word ‘‘limit”’ is here used in a sense quite dif- 
ferent from that in which it is used when a variable is said to approach a limit (I, § 53). 
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In distinction to the definite integral fe (x) dx, the integral 
f. J (x)dz is called the indefinite integral. 


The definition assumes that the limit of > J (@,) Ax always exists. 


A rigorous proof of this will not be given here, but the student 
will find it geometrically obvious from the graphical representation 
of the next article. 

22. Graphical representation. Let LK (fig. 4) be the graph of 
F(x), and let OA =a and OB=6. 

For convenience, we assume in the first place that a<6b and 
that f(a) is positive for all values of x between a and b. We find 


Ag= Del and lay off the 
n 


equal lengths 4M,=M,M,= 
MM, = = M,_,B = Az. 
(In fig. ne n = 9.) 

Leth OMT 2,,-0M, = 2, 

Cy NOW eas ees ie 
ate ordinates AD = f(a), 
MP = f(e,), UR = f (2), 

’ Meee) (La a) and 
BC. Draw also the lines ie 
Dipveli,, bh...) 2, parallel to OX.” Then 


at 


J (a) Ax = the area of the rectangle ADR,M,, 
J (z,) Ax = the area of the rectangle _FA,M,, 
J («,) Mz = the area of the rectangle M,Ph,M,, 


JAE aie ea! the area of the eee IT ees Pp Uibdes 


The sum 
J (@) Aa +f (2) Ax + f (#,) Gitar = “af (taees) Az 


is then the sum of the areas of these rectangles, and equal to the 
area of the polygon ADR, BR, --- k,_,P_,#,B. It is evident that 
the limit of this sum as 1 is crmeinitely increased is the area 


bounded by AD, AB, BC, and the are DC. 


mh 
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b 
Hence f J (#) dx = the area ABCD. 


It is evident that the result is not vitiated if 4D or BC is of 
length zero. 


The area ABCD is exactly the sum of the areas ADP,M1, M,PiP2M2, 
M2P2P3Mz, etc. But one such area, for example M,P1P2M2, differs from 
that of the corresponding 
¢ rectangle M,P,;R2,M, by 
the area of the figure 
P,R2P2, which is less 
than that of the rectangle 
Ax Ay, where Ay = RoPo. 
The area of P,R_2P2 is an 
infinitesimal of higher order 
than M,P,R2M2, since 
MyPyR2Ms z yan oy 
PyRoP. _ 

MiPi\R2M, 
Therefore (§ 3) the areas 
Fic. 5 of the triangular figures 
such as P,R2P_, do not 

affect the limit of the sum used in finding the area of the entire figure. 


whence Lim 


If f(x) is negative for all values of « between a and b(a <b), 
the graphical representation is as in fig. 5. Here 


J (a) Az =— the area of the rectangle AM,_R,D, 
J («,) Ax =— the area of the rectangle .M,R,P, etc., 


b 
so that {i J (x) dx =— the area ABCD, 


In case f(x) is sometimes positive and sometimes negative we 
have a combination of the foregoing results, as follows: 


‘ b 
If a<b, the integral Hi J (2) dx represents the algebraic sum of 


the areas bounded by the curve y= f(x), the axis of x, and the 
ordinates =a and x=b, the areas above the axis of x being 
positive and those below negative. 
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If a>1b, Aw is negative, since Av = a The only change 


necessary in the above statement, however, is in the algebraic 
signs, the areas above the axis of « being now negative and those 
below positive. 


Ex. The work done in moving a body against a force may be represented 
by an area, For if the force is f(z) and W is the work in moving a body along 
the axis of g from = a to x = b, then (Ex., § 21) 


W- {i HEE 


Consequently if the force is represented by the graph DEC (fig. 6), the equation 
of which is y = f(x), the area A BCED represents the work W. 

This fact is taken advantage of in constructing an indicator diagram attached 
to a steam engine. Here AB represents the distance traversed by the piston, and 
the ordinate represents the 
pressure. Then as the piston 
travels from A to B and back 
to A the curve DECFD is 
_ automatically drawn. The 
area ABCHD represents the 
work done by the steam on 
the piston. The area ABCFD 
represents the work done by 
the piston on the steam. The 
difference of these two areas, 
which is the area of the closed 
curve DECFD, represents the net work done by the steam in one stroke of the 
piston. In practice this area can be measured by an instrument, called a plani- 
meter, or the figure is divided into rectangles and the area computed approxi- 
mately. The latter method illustrates the definition of the definite integral. 


Va 


23. Generalization. In the definition of § 21, 
L,— Ly = l,— = 1,— y= +++ = 2,—2,_,= Ag, 
where z,= a and z,=b. The sum 
flayda+ f(a) Sot f(a) dot ++ +f (0,4) Ae 
may accordingly be written 
ST (®) (2, — @o) + f (2) (2 — %) 
+f (Hq) (y= %q) + +++ +P (Gn—1) (Gn Fu —s)s 


i=n-1 


or, more compactly, »3, T (&;) (®e41— %)- (1) 
i=0 
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This sum may be generalized in two ways: 

In the first place, it is a mere matter of convenience to take the 
increments «,,,—%, equal for all values of w, In fact the »—1 
values %,, Zp) %)°**) %—, May be taken at pleasure between the 
values 2 =a and «=0 without altering the limit approached by 
the sum (1), provided all the differences x,,,— 4, are made to 
approach zero as n increases without limit. This is geometrically 
obvious from the graphical representation, for the bases AM,, M,M,, 
M,M,,--+ of the rectangles of fig. 4 may be of unequal length. 


ye CK 


A (Eo) Ma(E1) Mo(Ee) Ms (Es) MaEx) Mo(Es) Mo(Es) IG(E:) Ma(Es) B 
IME, 7 


In the second place, the factor f(#,) in each of the terms of 
the sum (1) may be replaced by /f(&,), where &, is any value of 
« between #, and 2,,,. The effect on the graphical representa- 
tion of fig. 4 is to alter the altitudes of the rectangles without 
altering the limit of their sum, as exemplified in fig. 7. It may 
be noted that the rectangles here differ from those of fig. 4 
by infinitesimals of higher order. Hence the sum theorem of 
§ 3 applies. 

For a rigorous discussion of these points the student is referred 
to advanced treatises.* 


* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IV. 
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24. Properties of definite integrals. The following properties of 
definite integrals are consequences of the definition: 


1. f fode=of fle)ae, 


2, f Tile) + fle) | de = jk Pha) dee + f Sle) da 


3. [ Fado=— [ Fede, 


4 f seas =f sleyae +[ seas, 


5. { sode=0—aF 6, where a<&<6, 


The truth of formulas 1 and 2 follows at once from the defini- 
tion, and that of formula 3 follows at once from § 22. We shall 
show the truth of formulas 4 and 5 graphically. A fully rigorous 


we 


Fie. 8 


proof could be based on the definition of § 21 without the use of 
diagrams, but would follow the outlines of the following graphical 


discussion. 
To prove formula 4, consider fig. 8, where OA = a, OC=¢, OB= b. 


e b 
Then i jf («)dx =the area ACFE, i jf (a)dx =the area CBGF, 


b 
and if J(«x)dx =the area ABGE. The truth of formula 4 is ap- 


parent for any order of the points A, C, B, reference being had, 


if necessary, to formula 3. 


a 
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To prove formula 5, consider fig. 9, where the area ABCD repre- 


sents the value of {- J (x) da, and let m and M respectively be the 


smallest and the largest value assumed by f(z) in the interval AB. 
Construct the rectangle 4BKH with the base 4B and the altitude 
AH=M. Itsareais AB. AH=(b—a)M. Construct also the rec- 
tangle ABLN with the base 4B and the altitude AN=m. Its 
area is AB- AN=(b — a)m. 


Ya 


Fic. 9 


Now it is evident that the area ABCD is greater than the area 
ABLWN and less than the area ABKH. That is, 


d—am< f feyde<G—a) me 


b 
Consequently f J («) dz = (b— a) p, 


where w is some quantity greater than m and less than MW, and is 
represented on fig.9 by AS. But since /(«) is a continuous function, 
there is at least one value € between a and b such that f(&) =p 
and therefore 


f f(a)de =(b—a)f (8). 


Graphically, this says that the area ABCD is equal to a rectangle 
ABTS whose base is AB and whose altitude AS lies between 
AN and AH. 


* A slight modification is here necessary if f(x) = k, a constant. Then M=m=k 


and [ eis Oa 
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25. Evaluation of the definite integral by integration. When 
J (2) is a known function and a and 0 are constants, the value of 
the integral is fully determined. Hence if we replace the upper 
limit 6 by a variable x, the definite integral is a function of « 


Graphically (fig. 10), dt J («)dz=area AMPC, where OA=a, a 


constant, and OM= <x, a variable. Let us place 
d(x) = He f(x)dx =the area AMPC. 
Now we have shown in I, § 109, 6, that 
Lah as Te Yi 
= $(v)=y =f(0). pila 


A new proof of this can be given 
by use of the properties of § 24, and 
this proof has the advantage of being 
really independent of the graphical 
representation, although for conven- “6/4 MEN x 
ience we shall refer to the figure. Fie. 10 

Take MN=h. Then 


ath 


o(e#+h)= J (x) daz = the area ANQC, 


ath 


whence g(x +h)— (2) = J («) dx 
= a area MNQP, (by 3 and 4, § 24) 
=hf(é), (by 5, § 24) 
where w7<&<a+h. Therefore 


Taking now the limit as i: approaches zero, and remembering that 


Lim ser he) £ (0) and Tim & = x, we have 


h=0 


\ 
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Let now F(z) be any known function whose derivative is /(2). 
Then F(z) differs from $(«) by a constant (§ 30), that is, 


[r@ dx = F(x) + C. 


To determine C, place « = a, and notice that f J (x) dx = 0. 


Then 0=F(a)+C, whence C=—F (a). 
Therefore f 72) dz = F (x)— F(a), 
whence ff f (x) dx = F'(b) — F(a). 


This result gives the following rule for evaluating a definite 
integral : 


b 
To find the value of if J (x) dx, evaluate ik J (x) dx, substitute 


z=band e=a successively, and subtract the latter result from the 
JSormer. 


It is to be noticed that in evaluating i J (x) dz the constant of 


integration is to be omitted, since — (a) is that constant. How- 
ever, if the constant is added, it disappears in the subtraction, since 


[FO)+ C]-[F(a) + C]=FW)—F(a). 


In practice it is convenient to express 4'(b)—F'(a) by the sym- 
bol [#(z)]?, so that 


f foae= [Fe 


Bs T 
Bees f ?sinedz = [— cosa]? = — cost + cos0 =1. 
0 © 


Le dlap ae. O: 1 
Ex. Bf Beg tt = Plog? + # +2)Jj = 2 log4 — 2log2 = log, 


V/3 a : 
Ex, 4. i Za [tan-12]¥3 = tan-1 V3 — tan-1(— 1), 
-1 1+ 2? 
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There is here a certain ambiguity, since tan—! V3 and tan-1 (— 1) have each 
an infinite number of values. If, however, we remember that the graph of 
tan~1a is composed of an infinite number of distinct parts, or branches, the 


ambiguity is removed by taking the values of tan—!1 V3 and tan-1(— 1) from 
b 


the same branch of the function. For if we consider i = tan—!1b — tan-la 


alta? 
and select any value of tan-1a, then if b= a, tan-1b must be taken equal to 
tan—1a, since the value of the integral is then zero. As } varies from equality 
with a to its final value, tan—1b will vary from tan—1a@ to the nearest value of 
tan—10. 

The simplest way to choose the proper values of tan-1b and tan—!@q is to take 


them both between — s and a Then we have 


ike dx =F -( =4 
fyi cs 8 yp Se 


a a 
2 dx i als ae S 

Ex. 5. {’—_-= sin-1— |*= sin-11 — sin-10. 
0 V a2 — x2 a 0 


The ambiguity in the values of sin—1} and sin-10.is removed by noticing 


that sin-1= must lie in the fourth or the first quadrant, and that the two 


values must be so chosen that one comes out of the other by continuous 
change. The simplest way to accomplish this is to take both sin~1} and 


sin-10 between - and Zi 
2 2 


Then ee ee 
6 


26. Change of limits. In case it is convenient to evaluate 


Jk J (#) dz by substitution, the limits of uf J (z) dx may be replaced 


by the corresponding values of the variable substituted. To see 


this, suppose that in I. J (z)dx the variable « is replaced by a func- 


tion of a new variable ¢, such that when «x varies continuously 
from a to b, t varies continuously from ¢, to ¢,. Let the work of 
finding the indefinite integral be indicated as follows: 


[re@ae= fp oate=oQ=Fe, 


where F(z) is obtained by replacing ¢ in ®(¢) by its value in 
terms of w Then 
F(b)— F(a) = ® (t,) — P(t,). 


\ 
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But Ff (b) — F(a) = [ seae 
and (4) 4) = [ $(Hae 


Hence {i f() dz = i 2: (¢) dt. 


losx, i, Jabal [ va — edz. 
0 
Place x=asing. Then de = acos¢d¢, and when x varies from 0 to a, @ 
varies from 0 to = Hence 
a ,— 2 2 2 a] 
i; Via Bex =f? a? cos? ¢ dd = Bae 40 Ta, 
In making the substitution care should be taken that to each 
value of « between a and 0 corresponds one and only one value of ¢ 


between ¢, and ¢,, and conversely. Failure to do this may lead to 
error. 


Ex. 2. Consider if 2 cos ¢ dg, which by direct integration is equal to 2. 
T 


= da 


1-27 
depends upon the quadrant in which ¢ is found. We cannot, therefore, make 


Let us place cos¢? = %, whence ¢ = cos—!a and d¢ = » where the sign 


this substitution in if 2 cos pd, since ¢ lies in two different quadrants ; but 
we may write se 


[ieos sas = feos pas + feos 6de, 
2 7B 


and in the first of the integrals on the right-hand side of this equation place 
dx : — dx 


¢ = cos-lz, dp = ————, and in the second $= cos—!a, dp = —_—_—- Then 
V1— 2 Vi-— 2 
m 0 1 
ff 2e0s de = i. x dz x dx a ede 
=a Vi-a@ “1 Vi— 2 9 V1— # 


a5) 
Ex. 3. Consider it dx and place x? = t. 
=i 


Then, when « =—1,t=1, and when  =1, t=1; and the attempt to substi- 
tute without care would lead to error. But « =—¢? and dz =— Lt 4dt when 
x is negative; and « = ¢t? and dz = Le tadt when « is positive. Hence 


fia fia + frde=— f"yokas fyrtar= ("rae =o, 
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27. Integration by parts. If it is desired to integrate by parts, 
and @ and b are values of the independent variable, then 


b b 
{ij udv = [woy.— f v du. 


To prove this, note that it follows at once from the equation 


b b b b 
[w= fi d (wv) =[ (u dv + v du) =f aw dv +f v du. 


ah 
Ex. 1. Find {t ner da. 
0 


Take 2 = wu, e*dx = dv; then 


< eas = qt oh a 1 
i da = (xer]\— f° edn =e — [e*]}=1. 


Tv 
Ex. 2. Discuss f *sinva de. 
0 


Take sin*—17% = u, sinada = dv; then 


us 


Tv Tv 
iF * sinnx dx = [— cosa sin” =1e] +(n —1) (f * sinn—2y cos? a dx 
0 0 
=(n— yf ? (sin - 2a — sin” x) da. 
0 
By transposing we have 


m w 
nf? sinva de = (n—1) f *sinn—*e de, 
0 0 


us 


ar 
whence a * sinna dx = |) ? sin —2a dx. (1) 
0 0 


If, in (1), we place n = 2, we have 


4 ie ee ar 
* sin? dx == { *de=5.F. 
if a 2/0 2 2 


If, in (1), we place n = 3, we have 


Tv T 
2 272 2, 
DH Obed 
sinte da == f singdz = —- 
if ‘ 8d0 3 


If, in (1), we place n = 4, we have 


T 


: 8 rar. Soe | 
2 sintad =< f ?sintads = 7: 
ip sint z dx rake res 


ro} A 


os 
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If, in (1), we place n = 5, we have 


7 4 pe 4.2 
Dene == { 7sin? ihe = a 
jj sind x dx ah sin’ ¢ 5.8 


Continuing in this way, we find 


ie 1.8.5. pes) 7 
2 ingk = 
i sin2*a da OR CET OL 
z 2k 
fPsintt ta de = bs i Be 
0 S055 NORE 


28. Infinite limits. It is possible to have the upper limit <, 
where by definition 


[ro dz = rim f° f() ae. 


The integral, then, is represented by the area bounded by the 
curve y=/(«), the axis of x, and the ordinate «=a, the figure 
being unbounded at the right hand. There is no certainty that 
such an area is either finite or determinate. The tests by which it 


may be sometimes determined whether | /(x)dz has a meaning 
will not be given. In case, however, it is possible to find the in- 


definite integral (x)= | f(a) dz, the definite integral can be found 


y by the formula 
[ @de=F@)-F, 
where F(o) = Lim F'(0). 
b=a 

dx —-p0 
Ex. 1 i jaa Rvel=e© (fig. 11) 

~ de Wye 
Bx. 2. f an7i-z|=2 (fig, 12) 


Ex. 3. fi sinzde =[-cosa]> 
0 


Fic. 18 = indeterminate. (fig. 13) 


Similarly, the lower limit, or both limits, of the definite integral 
may be infinite. 
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29. Infinite integrand. According to the definition of § 21 it is 
6 
unallowable that f(x) in | /(x)dx should become infinite between 


x=aandz=b. Itis, however, possible to admit the case in which 
J () becomes infinite when z= 06 by means of the definition 


f feyde=tim [seas 


and to compute the integral by the formula 


[ (ode =FO-FO), 


where (b) means Lim F'() — jh). 
h=0 


The integral has not, however, necessarily a finite or determinate 
value. Graphically, the integral is represented by the area between 
the curve y =/(x), the axis of x, Y 
the ordinate « = a, and the asymp- 
tote = 0. 


0 da 17° 
Hey | eile | = coc (es 14 
= ths [ “l. mi (fg ) 


42 
ada v 
Ex. 2 a= Selpiee = |) eal 
0 Vq2 — g2 [ si. 
(fig. 15) 


Similarly, /(z) may become in- 
finite at the lower limit or at both 
limits. If it becomes infinite for any value ¢ between the limits, 

Mg the integral should be separated into two inte- 
grals having ¢ for the upper and the lower limit 
respectively. Failure to do this may lead to error. 


Fic. 14 Fic. 15 


Ld 
Ex. 8. Consider f ae 
al 


ae 
Since 2 becomes infinite when « = 0 (fig. 16), we sepa- 
i 


rate the integral into two, thus: 


+1 dz ° da 1dx 
-1 22 Sag 0 a 


ms 
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Had we carelessly applied the incorrect formula 


+1dg | an 
ie wm { ola 
we should have been led to the absurd result — 2. 


30. The mean value of a function. We have seen in § 24 that 


KO=— [ sae (1) 


b—a 


where & lies between a and b. The value 


— [sou 


is called the mean value of f(x) in the interval from a to 6. This is 
in fact an extension of the ordinary meaning of the average, or mean, 
value of n measurements. For let y, ¥,, Y¥.5++ +s Y,—1 correspond 
to m values of x, which divide the interval from a to b into 7 equal 
parts, each equal to Az. Then the average of these 1 values of y is 


Yor Ua Yar ate uy 
Nv 


This fraction is equal to 


(Yo Wxt Yat oat Yn) A® —_ yAatt yAt+ YAe+ eet: TF Yn Ae 
NAL = b—a 


As m is indefinitely increased, this expression approaches as a 


b b 
ii y dz = — f J («)dx. Hence the mean value of a 
a Da a 


function may be considered as the average of an “ infinite number ” 
of values of the function, taken at equal distances between a and 0. 


limit 


Ex. 1. Find the mean velocity of a body falling from rest during the time fy. 
The velocity is gt, where g is the acceleration due to gravity. Hence the mean 


: 0 iE oe dt =3gt;. This is half the final velocity. 
a 

Ex. 2. In using the indicator diagram (§ 22) engineers use the ‘‘ mean effect- 
ive pressure,’’ which is defined as the constant pressure which will do the same 
amount of work per stroke as is done by the varying pressure shown by the 
indicator diagram. It is found by dividing the area of the diagram by b —.a, 
and is accordingly an example of the mean value of a function. 


velocity is ; 
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Formula (1) may be written in another form, not involving the 


integral sign. Let us place ii J(#)dz= F(x); then f(a) = F'(x), 
and (1) becomes 


' 1 
#6) = [F)— F(a), 2) 
or FQ) — F(a) =) F'). (3) 
Formula (2) has a simple graphical meaning. For let LK 


(fig. 17) be the graph of F(x) and let OA=a and OB=b. Then 
b—a=AB, F(b)—F(a)=BE—AD=CE, and 
I (b)— F(a) CE 
La PC 
If now & is any value of «, F’(&) is the slope of the tangent at 
the corresponding point of ZK. Hence (2) asserts that there is 
some point between A and B for which the tangent is parallel 
to the chord DE. This is . 
evidently true if #(z) and 
F(z) are continuous. 
Formula (3) may be used to 
prove the proposition, which 
we have previously used with- 
out proof, namely: Jf the 
deriwwative of a function ws 
always zero, the function is 
a constant. For let F'(x) be 
always zero and let a and 0 be any two values of x. Then, by (3), 
F(b)—F(a)=0. That is, any two values of the function are 
equal; in other words, the function is a constant. 
From this it follows that two functions which have the same 
derivative differ by a constant. For if F'(x) = ®'(«), then 


< [#(x)— P(x)] =0; whence F(a) =® (x)+ C. 
dx 


= the slope of the chord DZ. 


iv 


(é) 
Fie. 17 


31. Taylor’s and Maclaurin’s series. Formula (3), § 30, is a 
special case of a more general relation, which we will now proceed 
to obtain. Let us take the equation 


{re dx = f'(x)—f'(a), 


\ 
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multiply both sides by dw, and integrate between a and x We 


pe [fro 2) de ={7 (ade — f f"(a)aer 


=f (2)—f (a) -(@- Of"). 
Therefore SF (#) =f (a) + (2 — a) f"(a) +f fre) dx 


But if m is the smallest and M the largest value of /’’(x) between 
a and x, then (§ 24), when a >a, 


m(e—a)< f fMa)de<M(e— a), 


— 2 xz Px mM — 2 
whence me ar 2 IE iiore 
x ae as 2 
Hence ff teat =He*, where m<p< WV. 


If /"(x) is a continuous function, there is at least one value of z, 
say &,, between a and 2, for which /(&,) = w (I, § 56). Therefore 
we have, finally, 


F(a) =L(a)+ (@— @ fay + FS 76), (1) 


Again, let us take 


f f(a) de = f(a) — f(a. 


Then fr fre ap = if (ite i f(a) de 


= f(2) — f(a) —(#— a) f(a), 


and 
ff [me da? ={ /@ae— fra ae 


=f (#)—f (4) bea eae (a) — eae "a a), 


whence 
ae . ! (%— a)? tT (2 — “)* , ! 
J (2) =f (a) + (@— a) f(a) + fll (a) + 7 NE) 2) 
D 
where a < &, < a. B : 


* The symbol |2 means 1-2, |3 means 1-2-3, and, in general, |n, read factorial n, 
means the product of the m integers from 1 to 7 inclusive. 
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Similarly, if we start with J fot »(x)dx, we obtain 


f(a) =f(a) + (e—a)f"(a) + an gta) +! oe Tet 


+ ee S°(@)+E8,, (3) 
(e—a)** 


where &, = i +) (£), where a < &<z, the only restrictions 


[et 
being that the n+ 1 derivatives of f() exist and are continuous. 

The value of #, in (3) is not known exactly, since & is unknown, 
but it usually happens that, if « — @ is a sufficiently small quantity, 
Lim &,,= 0. Then the value of f(x) may be expressed approximately 


by the first m +1 terms of (3), omitting £,, and this approximation 
approaches f(a) as a limit as 7 is indefinitely increased. In this 
case we say that f(a) is expanded into the infinite series 


t(a)= OO Eat ale 
eaten (4) 


For larger values of #—a, however, it may happen that the 
value of #, increases without limit as nm increases. Hence the 
omission of &, in (3) leaves n+1 terms, the sum of which 
differs more and more from /(z) the more terms are taken. 
In such a case the series (4) cannot be taken to represent the 
function. 

The determination of the values of «— a for which (4) is valid 
is, in general, a matter involving a knowledge of mathematics which 
lies outside the limits of this course. In the illustrative examples 
and in the problems for the student we shall simply state the facts 
in each case without proof. 

Formula (4) is known as Taylor's series. Here a is a known 
value of x for which f(z) and its derivatives are known. The series 
then enables us to compute the value of f(a) for values of x not 
too remote from a. 


\ 
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Another convenient form of (4) is obtained by placing # — a =h, 
whence z=a+h. We have, then, 
he h? 
Sat hy=fatIfa+ ar) i Br) i Sh a 


Here the remainder is usually expressed as 
Arr 


Pe ee 


A special form of (4) arises when a= 0. We have, then, 


F (0) =f (0) +af"(0) + 57") a. a) rt eh 


ftt'(a+ 0h), where 0<0<1. 


This is known as Maclaurin’s series, and the function is said to 
be expanded into a power series in &. 


Dogs a (Ae 


By Maclaurin’s series (6), we find, since f(x) = e”, f(x) = e*, f(x) = e*, etc., 
emacs) alg Oa i? AO) ay, Cis 


PA pes hc ee Nara 
12 [8 / 

This expansion is valid for all values of «. If we place x=4, we have 
e=1+ 2454 qh5 + roegg = 1.8956, correct to four decimal places. If x 
has a larger value, more terms of the series must be taken in the computation, 
so that the series, while valid, is inconvenient for large values of a. 


Ex. 2. sing. 
By Maclaurin’s series, 


; His eh ah 
snae=27——+ 


Evin 2 
which is valid for all values of a. 


To find sin15°, we first change 15° to circular measure, which is 1.5, 7 
= x5 7 = .2618. Then the first two terms of the series give sin 15° = .2588, cor- 
rect to four decimal places. 


By Taylor’s series (5), we have 


2 3 
sin (a + h) = sina + RON pe ea ee ieee 
|2 [3 
Ex. 3. cos. 
By Maclaurin’s series, 


x2 gt 28 
cos 2 = 1 — = 


2‘ (e* 
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Ex, 4. (a+ 2)". 
By Maclaurin’s series, 
n(n — 1)(n — 2) 
[3 
This is the binomial theorem. If n is a positive integer, the expansion is a 
polynomial of n + 1 terms, since f@+D(x) and all higher derivatives are equal 


to 0. But if n is a negative integer or a fraction, the expansion is an infinite 
series which is valid when « is numerically less than a. 


(at ay = ant marta + MD an-aat + qn—8o3 4... 


Ex. 5. log«. 
The function log# cannot be expanded by Maclaurin’s series, since its 


derivatives are infinite when «=0. We may use Taylor’s series (4), 
placing a=1. We have, then, 


Gait Gay ea) 


log x = (x — 1) 5 3 Z 


Or we may expand log(1+ x) by Maclaurin’s series with the result 


a 98 ot 
log (1+ 2%) =a ——+—— — 
ean?) arn fer 


This expansion is valid when # is numerically less than 1. 


32. Operations with power series. When a function is expressed 
as a power series, it may be integrated or differentiated by integrat- 
ing or differentiating the series term by term. The new series will 
be valid for the same values of the variable for which the original 
series is valid. If the method is applied to a definite integral, the 
limits must be values for which the series is valid. 

Similarly, if two functions are each expressed by a power series, 
their sum, difference, product, or quotient is the sum, the differ- 
ence, the product, or the quotient of the series. 


Ex. 1. Required to expand sin-1a. 


We have 
-1g= = 1 — 22)~4#dzx 
sin-te =f — —— =f i=2) 
=f “(143 es Baye e +) de (by Bx. 4, § 31) 


Les 2 de 356 


rey ia eee ert 
© 2°38 .°2-4 6 BG hii 
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xz 
Ex. 2. To find [ e- da. 
0 


The indefinite integral cannot be found directly. We may expand e-* by 
Ex. 1, §31. Then 


x x ge ot rn ri ge gi 
SCHR = (f= St de =e — = nile 
he if 1p Bo ) 3° 5/2 7|3 
1 
Bx oe Loexpands =e 
(1+ 2)* 
By division, SE ee pet rst eee 
1+¢2 
By successive differentiation, 
— (14 2)-2=—1+4+2x¢—382?+4 403 —5a4+..., 
2(14+2)-§=2—62x+4 1222-2028 +.... 


Therefore (1+ #)-%=1—3824 62? — 1023+.---. 
1+2 
Ex. 4. To expand logs ; 
—% 


log (2 = tog (1 + 2) — log (1 — 2) 
=2(2+ 454... 
Ex. 5. To expand aed 
V1 — 22 
By Ex. 1, sintn =a + SO poe tees 
by Ex. 4, § 31, (aay tay 4S ae pee 


Hence, by multiplication, 
sila e eae e Mae She GN sl 
A ees 3 15 35 


33. By means of Taylor’s theorem we can complete the rule 
given in I, § 62, for the maximum and the minimum values of a 
function of one variable. Let a be a value of « for which the first n 
derivatives of f(x) are zero; ie. let f(a) =0, f""(a) = 0, f'"(a) = 0, 
s+, f(a) =0, but f+?(a)#0. Then, by Taylor's theorem (5), 


§ 31, Jrth fO+D(q 
fa+h)—fa)=" 2 —O + 


PROBLEMS oll 


If h is sufficiently small, the term 


n+1 £(n+1) 
sa ae) will be larger 


[u+1 
numerically than &,,,, since the latter contains h”+? as a factor, 
Hence the sign of f(a+h)—f(a) depends upon the sign of 
Ant fo+D(q) 

|jn+1 

If n is even, n +1 is oda, and the sign of h"** changes with the 
sign of h. Hence the sign of f(a+h)—f(a) changes with that 
of h. Therefore /(a) is neither a maximum nor a minimum value 
of f(z). 

If nm is odd, n + 1 is even and 2"** is always positive. Hence the 
sign of f(a +h)— f(a) is the same as the sign of f(a). There- 
fore if f“t»(a)>0, f(a) is a minimum value of f(x); and if 
S°* (a) <0, f(a) is a maximum value of f(z). 


PROBLEMS 


Find the values of the following definite integrals : 


1 2 ex 5 a dz 
: 343 3) da. 10. da. 18. — 
Hi dx ee 
sa — 4 OA eer a 19. f° Va? — #2 ae. 
3. ie “a — x})4 da. Ont cade 
0 ae ee 2 
; ie ie Mais 20. [ Va? — ade. 
a Ay _ a 
4. [ dx. 
02a-2 A les 
x a f 5422422 Pail f “esing dz. 
5. He (- ja a Da 5 
0 Vx? +1 Z 
6. f'te-# ar. 14. JP sin’ oo. 22. f2 log x da. 
: 3 
3 20 0 He 
: ti dx. 32 23. Im 1 Oat 
7 if an « da 15. f, cost = dd. fsin x dx 
a dx 7 we 
“Ap cosx 16. f°sine cos dd. 24. ri x? sin-12 da. 
0 
9. jee +sin6?cosads. 5 ie de x (eae 
3 “Jo (a2 + a2)? “Jo 


4 
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m m 
26. Prove Jp * siné @ de = a * sint @ do. 
0 0 
= La 
27. Prove ih on sina dt = n {Pant cosa dx, if n> 1. 
) 0 
28. Show that uk . = has a definite value when, and only when, k > 1. 
1 ok ; 


dx 
(b — x)* 


30. If f(— x) =—f (x), show graphically that ie i Cho = 0: 


has a definite value when, and only when, k < 1. 


b 
29. Show that i 


31. If f(— 2) =f(zx), show graphically that ik (Oe = 2 f F(a) dz. 
32. If f(a — 2) =f(x), show graphically that db " f(a) da = 2 if ** (a) de. 


2k 20 
33. Show graphically that ih F (Sin x) da = ke i J (sin 2) dx. 
0 0 


34. If a<b, and f(x), fo(x), fs(x) are three functions such that, for all 
values of x between a and 0 inclusive, fi (7) < fo(x) < fs (x), prove 


[-A@ae < f frla)ae < f f@)ae. 


35, Find the mean value of the lengths of the perpendiculars from a diameter 
of a semicircle to the circumference. 


36. Find the mean value of the ordinates of the curve y = sina between 
v= 0 and c= 71, 


37. A particle describes simple harmonic motion defined by the formula 
s=asinkt. Show that the mean kinetic energy during a complete vibration is 
half the maximum kinetic energy. 


Obtain the following expansions. (The values of # for which the expansion 
is valid are given in each case.) 


38. re es oe (= 9 Sie < <3) 
29 ee (~1<2%<1) 
40. = ince lga tee a (— © <a <a) 
42. tanta =a —4ae8+1e5—L9t4+..., (—1<%<1) 
43. log (e+ Vit maa 5 ee ee, —l<2<1 
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44, sinha = a2 + — a cae 


atari 


Ct+atet 


[4 [6 


45. cosha =1 ees 


46. Compute the ew of tanh 3 to four decimal places. 


63 
(—-0<@< a) 


(—0<2%< ow) 


47. Given log 2 = 0.693, log 3 = 1.099, what error would be made in assuming 


log 24 = log 2 +4 (1.099 — 0.698) ? 


48. Assuming sin 60° = $ LV3= .8660, cos 60° = 4, find sin 61° to four decimal 


places. 


Verify the following expansions: 


llog eC +®) ee ue 
49. [, ieee eee at 


lloga 1 i il 1 
50. ——— Sere 
: Omi (Gtatatat ) 
1 ya-1 i 1 1 1 
51. dz = —- — — 
01+ ( @ebi Gabo @seeyo 


18 


go Ae 
2 4 136 


52. f “cosa®de =o — 
0) 


CHAPTER IV 
APPLICATIONS TO GEOMETRY 


34. Element of a definite integral. In this and the subsequent 
chapter we shall give certain practical applications of the definite 
integral. Here we return in every case to the summation idea of 
§ 21. The general method of handling one of the various problems 
proposed is to analyze it into the limit of the sum of an infinite 
number of infinitesimals of the form /(x)dx. The expression 
f(x) dx, as well as the concrete object it represents, is called the 
element of the sum. 


35. Area of a plane curve in Cartesian codrdinates. It has 
already been shown (§ 22) that the area bounded by the axis of a, 
the straight lines e=a and «=b (a<b), and a portion of the 
curve y = f(z) which lies above the axis of # is given by the defi- 


nite integral b 
{ y dx. (1) 


It has also been noted that either of the bounding lines x =a or 
x =b may be replaced by a point in which the curve cuts OX. 
Here the element of integration y dx represents the area of a rec- 
tangle with the base dz and the altitude y. 

Similarly, the area bounded by the axis of y, the straight lines 
y=c and y=d (¢<d), and a portion of the curve «= f(y) lying 
to the right of the axis of y is given by the integral 


fi dy, (2) 


where the element «dy represents a rectangle with base x and 
altitude dy. 

Areas bounded in other ways than these are frequently found 
by expressing the required area as the sum or the difference of 
areas of the above type. 

64 
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4 . 2 y? 
Ex. 1. Find the area of the ellipse =e Bo i 
a 


It is evident from the symmetry of the curve (fig. 18) that one fourth of the 
required area is bounded by the axis of y, the axis of z, and the curve. Hence, 
if K is the total area of the ellipse, 


Ka4 {'ydn=4 f°" Ve wae 


2 
= =|2 V a?— a? + atsin-17 [= arab. 
0 


Ex. 2. Find the area bounded by the 
axis of x, the parabola y? = 4 px, and the 
straight line y + 2% —4p =0 (fig. 19). 
The straight line and the parabola in- 
tersect at the point C(p, 2p), and the Fic. 18 
straight line intersects OX at B(2p, 0). 

The figure shows that the required area is the sum of two areas OCD and 
CBD. Hence, if K is the required area, * 


2 
K= ['Vipede +f "(4p — 22) dex 
0 p 


= [$ piat]} + [4pm — a7]? = § 


Ex. 3. Find the area inclosed by the curve (y — x — 3)? = 4 — a, 


Solving the equation for y, we have 


y=rxt+384Vv4 —- 2, 
showing that the curve (fig. 20) lies between the straight lines 7 = — 2 and @ = 2. 


2 
It is clear from the figure that the area ACEDB= Ie of dx and the area 
2 Bets vs 
ACFDB =a yode, where y,=0+3+V4— 22 and y=2+38-—V4— 2% 
=2, 


‘ , 
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Therefore, if K is the required area CEDFC, 
ee f nde fo wade = fi (1-12) de = 2, V4 — xtda 
=| Vina +4 in-2E] 
wat 


In the above examples we have replaced y in if. y dx by its 


value f(x) taken from the equation of the curve. More generally, 
if the equation of the curve is in the parametric form, we replace 
both # and y by their values in terms of the independent parameter. 
This is a substitution of a new variable, as explained in § 26, and 
the limits must be correspondingly changed. 


Ex. 4. Let the equations of the ellipse be 
© = G4 COS d, y = bsin®¢. 


Then the area K of Ex. 1 may be computed as follows: 


0 7 
K=4("ydr=—4 f absintg dp = 4ab { ®sin®g dp = mab, 
2 


Similarly, if the equation of the curve is, in polar codrdinates, 
7 = f(@) and the area sought is one of the above forms, we may place 


Yy di =. C0S:0== 7 (0) Costu 
y =r sin 0 = f(@) sin 9, 


and obtain thus a para- 
metric representation of 
the curve. 

In case the axes of 
reference are oblique, the 
method of finding the. 
area is easily modified, 
as follows: 

Let the axes OY and OY (fig. 21) intersect at the angle , and 
let us find the area bounded by the curve y =/(z), the axis of a, 
and the ordinates =a and «=b. The area is evidently the limit 
of the sum of the areas of the parallelograms whose sides are 


AREA OF A PLANE CURVE 67 


parallel to OX and OY. The area of one such parallelogram is 
yAxsine. Hence the required area is 


b 
sin of y dx. (3) 


36. Area of a plane curve in polar codrdinates. Let 0 (fig. 22) be 
the pole, OM the initial line of a system of polar codrdinates (7, 8), 
OA and OB two fixed radii vectors for which 0=a@ and 6= 8 
respectively, and AB any curve for which the equation is r =/(6). 
Required the area AOB. B 

The required area may be divided into 
m smaller areas by dividing the angle 
AOB=fB—«a into n equal parts, each of 


beri A@, and drawing the 


which equals 


lines OF, OF, OF, ---, OP._,, where 
AOR = ROR =BOR=--.=P_,OB 
= A@. (In the figure n= 8.) The 
required area is the sum of the 
areas of these elementary areas for 
all values of n. The areas of these 
small figures, however, are no easier 
to find exactly than the given area, but we may find them approxi- 
mately by describing from O as a center the circular arcs AR,, 
(SI Mg cri e moe (enn Wot 
OA me Ol eat ge Ole 9s, ote, OL a ree, 


Then, by geometry, 
the area of the sector AOR, =? 
the area of the sector ROL, =7 


the area of the sector P_,OR,=477_,A0. 


The sum of these areas, namely 


i=n-—1 


4 Ne 


i=0 
is an approximation to the required area, and the limit of this sum 
as 1 is indefinitely increased is the required area. 


x 


\ 
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To show this we need to show that the area of each of the cir- 
cular sectors (e.g. BOR,) differs from the corresponding elementary 
area (POP,) by an infinitesimal of higher order than either. For 
that purpose draw from & an are of a circle with center O inter- 
secting OR in S. Then 


area ROR, < area ROF < area SOR, 


area ROR _ area SOF 
area ROR, area LOR, 


or 


But area ROR,=}73A0 and area SOP, =k rjA@ =} (r,+ Ar)’Ad. 


Therefore 
Ue 


area SOR (r,+ Ar)’ Ary 
= = 1 +-— . 
area BOR, ie 
Now as m increases without limit, A@ and consequently Ar 
area SOF, 


area ROR, tie and there- 


approach zero as a limit. Hence Lim 


area BOP oa 


fore Lim =I, 


pare oredal, Ol. 
Hence the area ROR, differs from the area ROF by an infini- 
tesimal of higher order than either (§ 2), and therefore the limit 
of the sum of such areas as POR,,, equals the limit of the sum of 
such areas as POP,,, as n is increased indefinitely (§ 3). But the 
latter mit is the area AOB, since 


t=n—-1 


DORs =the area AOB 
t=0 
for all values of n. Hence, finally, 


t=n—-1 B B 
the area AOB = Lim by r7ad = rf rae = rf [7(8) Pade. 
t=0 va a 


rn=o 


The student should compare this discussion with that of I, § 189. 

The above result is unchanged if the point 4 coincides with 0, 
but in that case OA must be tangent to the curve. So also B may 
coincide with 0. 
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Ex. Find the area of one loop of the curve r = asin 6 (I, § 177). 


The required area K is given by the equation 
«ers 
TEC = =, 3 sin? 3 0 dd. 
2/0 


To integrate, place 30= ¢; then 


1 < ["simtoae = sts 

37. Volume of a solid of revolution. A solid of revolution is 
a solid generated by the revolution of a plane figure about an axis 
wm its plane. The simplest case is that in which the plane figure is 
bounded by the axis of revolution, two straight lines at right angles 
to the axis, and a curve which does not cut the axis. Such a solid 
is bounded by two parallel plane bases which are circles and by 
a surface of revolution generated by the revolving curve. Each 
point of this curve generates a circle whose center is in the axis 
of revolution and whose plane is parallel to the bases and perpen- 
dicular to the axis. Consequently, if planes are passed perpendicular 
to the axis, they will divide the solid into smaller solids with par- 
allel circular bases. We shall proceed to find an approximate 
expression for the volume of one of these smaller solids. 

Let AL (fig. 23) be the revolving curve, the equation of which 
is «=f(y), OY the axis of revolution, CK the line y=c, and DL 
the line y=d(ce<d). Required the volume generated by the revo- 
lution of the figure CALD. Divide the line CD into m equal 


—* = Ay, by the points 4,, X,, 


parts, each of which equals a 


N,,-+:,NV,_, where ON, = ¥,, ON, = Yq, ON, = Yq, > > ON, = Yn 
Pass planes through the points W,, W,, ,, ---, V,_1, perpen- 


dicular to OY. They will intersect the surface of revolution in 


circles with the radii x,, x,, %;,---,@,_1, Where 7, = Vf, %,= Nf, 
@,=N,B,>-*,&,,=N,_,P_,. The areas of these sections, begin- 


2 


ning with the base of the solid, are therefore wa, raj, may, ---; 
Txt. _,, where x= CK. 

The solid is now cut into z slices of altitude Ay. We may consider 
the volume of each as approximately equal to that of a cylinder with 


\ 
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its base coincident with the base of the slice and its altitude equal 
to that of the slice. The sum of the volumes of the ” cylinders is 


wurhy + wazhy + waghy +--+ + wa, Ay, 
and the limit of this sum as 7 is indefinitely increased is, by defi- 
nition, the volume of the solid of revolution. 


This definition is seen to be reasonable and in accordance with 
the common conception of volume as follows. Whatever the defini- 


TG 23 


tion of volume, it is evident that the volume of a solid is the sum 
of the volumes of its parts, and the volume of a solid inclosing 
another is greater than that of the solid inclosed. 

Let then vol. V,N,2B (for example) be the volume of the slice 
generated by the revolution of the plane figure V,NV,PP and draw 
the lines PR and £S parallel to OY. Then evidently 


vol. V,N,SEE >vol. NNER > vol NN EE 
vol. N,N,PR _ vol. N,N,BR 
VoLN,N SE “vol. NN SP 
But vol. V,N,SR=7N,P - N,N, =Twajhy 
and vol. V,N,RR=7N,E - N,N,=ra2Ay = T (#,+Ax)*Ay. 


or 
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Hence Lim 


WONT py (Och AO 
ze. 


vol. V,N,SP 


3 
vol. V,N,RB 


and consequently Lim = 
VOR LN oi, 


Therefore the volume of the slice differs from that of the cylinder 
by an infinitesimal of higher order than that of either (§ 2), and 
therefore the limit of the sum of the volumes of the slices is the 
same as that of the sum of the volumes of the cylinders (§ 3). 

Hence, finally, 


ioe) . 
7 


t=n—1 d 
vol. CKZD = Lim ™> eK mf x dy. a) 
=0 c 


It is evident that the result is not invalidated if either Z or K 
lies on OY. 

Similarly, the volume generated by revolving about OX a figure 
bounded by OX, two straight lines =a and «=b(a <b), and 
any curve not crossing OX is 


b 
mf y dx. (2) 


To evaluate either of these integrals it is of course necessary to 
express # in terms of y, or y in terms of w, or both w and y in 
terms of a new variable, from the equation of the curve. ‘ 

The volume of a solid generated by a plane figure of other shape 
than that just handled may often be found by taking the sum or 
the difference of two such volumes as 
the foregoing. 

Ex. Find the volume of the ring solid gen- 
erated by revolving a circle of radius a about an 
axis in its plane 6 units from the center (b > a). 

Take the axis of revolution as OY (fig. 24) 
and a line through the center as OY. Then the Fiq. 24 
equation of the circle is (w — b)? + y? = a?. 

The volume required is the difference between the volume generated by 
CLEKD and that generated by CLFKD. But the volume generated by 


a 
CLEKD is mf aj dy where 21 =b+Va?— y?, and the volume generated 
=i 


by CLFKED is mf apdy where a = 6b — Va? — y2. 


—a 


4 
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Therefore the required volume is 


¢ i Mere ee 
mf apdy — 7 oid =) (xj —x) dy 
—a —a =a 
a 


= 4b fv a? — y*dy = 4 no)! Vaz — y2 + ssn" = 2 72a2b. 

38. Volume of a solid with parallel bases. Fig. 25 represents a 
solid with parallel bases. The straight line OY is drawn perpen- 
dicular to the bases, cutting the lower base at A, where y = a, and 
the upper base at B, where y =0. (The axis of « may be any line 
y perpendicular to OY, but it is 
not shown in the figure and is 

not needed in the discussion.) 

<B> Let the line AB be divided into 


is n parts each equal to a) 


n pt 
and let planes be passed through 
each point of division parallel to 

ep the bases of the solid. Let A, 
be the area of the lower base 
of the solid, A, the area of the 

first section parallel to the base, 
= A, the area of the second sec- 


tion, and so on, A, _, being the 
area of the section next below 
the upper base. Then A,Ay 
represents the volume of a cyl- 
inder with base equal to A, and 
altitude equal to Ay, A,Ay represents the volume of a cylinder 
standing on the next section as a base and extending to the section 
next above, and so forth. It is clear that 


A, AYA, Ay 4, Aye seh a Ae NY 
is an approximation to the volume of the solid, and that the limit 
of this sum as m indefinitely increases is the volume of the solid. 


That this is rigorously true may be shown by a discussion similar 
to that of the previous article. That is, the required volume is 


b 
i Ady. 


O 


Fic. 25 
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To find the value of this integral it is necessary to express 4 in 
terms of y, or both A and y in terms of some other independent 
variable. This is a problem of geometry which must be solved 
for each solid. The solids of revolution are special cases. It is clear 
that the previous discussion is valid if the upper base reduces to a 
point, i.e. if the solid simply touches a plane parallel to its base. 
Similarly, both bases may reduce to points. 


Ex. 1. Two ellipses with equal major axes are placed with their equal axes 
coinciding and their planes perpendicular. A variable ellipse moves so that its 
center is on the common axis of the given ellipses, the plane of the moving 
ellipse being perpendicular to those of the given ellipses. Required the volume 
of the solid generated. 


Fie, 26 


Let the given ellipses be A BA’B’ (fig. 26) with semiaxes OA = a and OB=b, 
and ACA’C’ with semiaxes OA = a and OC =¢, and let the common axis be 
OX. Let NMN’M’ be one position of the moving ellipse with the center P 
where OP =«. Thenif A is the area of NMN’M’, 


At 7 MEAN, (by § 35, Ex. 1) 
But from the ellipse A BA’5B’ = Sue =, 
and from the ellipse A CA’C’ z + ne == il; 
Therefore PM. PN= (a2 — 2). 


Consequently the required volume is 


, me ad: 
ie abe (a2 — x?) da = — mabe. 
—a a 3 


The solid is called an ellipsoid (§ 86, Ex. 5). 


x 
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Ex. 2. The axes of two equal right circular cylinders intersect at right 
angles. Required the volume common to the cylinders. 

Let OA and OB (fig. 27) be the axes 
of the cylinders, OY their common per- 
pendicular at their point of intersection 
O, and @ the radius of the base of each 
cylinder. Then the figure represents 
one eighth of the required volume V. 
A plane passed perpendicular to OY 
at a distance ON = y from O intersects 
the solid in a square, of which one side 
is NP = VOP* — ON? = Va? — 7. 


Therefore 


ee a 
4V={ WP ay = f (a*— y?)dy= 2.08 
0 0 


and V =1£ a’. 


b 
39. The prismoidal formula. The formula V = it Ady leads to 


a 


a simple and important result in those cases in which A can be 
expressed as a polynomial in y of degree not greater than 3. Let 
us place 


A= oy? + ay + AY + Oy 
and take O, for convenience, in the lower base of the solid. Then 
if / is the altitude of the solid, 
h 
Y= (ag tage t ay + a)dy 
0 


ei 4 i 3 1 7A 
=} afi + 4 ah? + 4 ah? + ash. 


If now we place B for the area of the lower base, b for the area 
of the upper base, and M for the area of the section midway be- 
tween the bases, we have 


Seo) te - . fie h\? iN 
B=a,, b=a,ji’+a,’+ai+a,, M=a, 5 +a, 5 + a, Ge hg. 
The formula for V then becomes 


y= -(B+4M 4 dy, 


This is known as the prismoidal formula. 
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To show its applicability to a given solid, we need only to show 
that the area of a cross section of the solid may be expressed as 
above. The most important and frequent cases are when JA is a 
quadratic polynomial in y. In this way the student may show 
that the formula applies to frustra of pyramids, prisms, wedges, 
cones, cylinders, spheres, or solids of revolution in which the gen- 
erating curve is a portion of a conic with one axis parallel to the 
axis of revolution, and also to the complete solids just named. 

The formula takes its name, however, from its applicability to 
the solid called the prismoid, which we define as a solid having 
for its two ends dissimilar plane polygons with the same number 
of sides and the corresponding sides parallel, and for its lateral 
faces trapezoids.* 

Furthermore, the formula is applicable to a more general solid, 
two of whose faces are plane polygons lying in parallel planes and 
whose lateral faces are triangles with their vertices in the vertices 
of these polygons. 

Finally, if the number of sides of the polygons of the last 
defined solid is allowed to increase without limit, the solid goes 
over into a solid whose bases are plane curves in parallel planes 
and whose curved surface is generated by a straight line which 
touches each of the base curves. To such a solid the formula also 
applies (see § 91, Ex. 5). 

The formula is extensively used by 
engineers in computing earthworks. 


40. Length of a plane curve in rec- 
tangular codrdinates. To find the length 
of any curve AB (fig. 28), assume n — 1 
points, R, R,---, P_,, between A and B 
and connect each pair of consecutive Fic. 28 
points by a straight line. The length 
of AB is then defined as the limit of the sum of the lengths of 
the n chords AP, BB, BR,---, R_,B as nv is increased without 
limit and the length of each chord approaches zero as a limit 
(I, § 104). 

* The definition of the prismoid is variously given by different authors. We adopt 
that which connects the solid most closely with the prism. 
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Let the codrdinates of P be («,, y;) and those of F,, be (~,+ Az, 
y,+ Ay). Then the length of the chord RF,, is V (Ax)? + (Ay)’, and 
the length of AB is the limit of the sum of the lengths of the n 
chords as 7 increases indefinitely. But Vi (Ax)? + (Ay)? is an infini- 
tesimal which differs from the infinitesimal V dx? + dy’ by an 


infinitesimal of bigher order. For 
Vl) 
s, Ag Aa 


Lim Vee Ey VLE aids = 
dxz’+d dy\? &# 
eer 
ax 
Now if a is the independent variable, Aw = dz (§ 4); if # is not 


A: Ay ay 
the independent variable, Lim —— =1(§ 4). Also lim — a= 


(hat (Ay? Bae 
VA2) + (89) 1, Therefore ($3), in finding the 
V dx? alle dy” 


length of the curve, we may replace V(Az)?+ (Ay)? by Vda? + dy’. 
Therefore if s is the length of AB, we have 


(B) 
=|) Vidi? + dy, (1) 
(A) 


where (4) and (B) denote the values of the independent variable 
for the points A and B respectively. 

If x is the independent variable, and the abscissas of A and B 
are a and b respectively, (1) becomes 


b dy 2 
S ={/ vt ee dix. (2) 


If y is the independent variable, and the values of y at A and B 
are c and d respectively, (1) becomes 


r= [+ 2 a 3) 
(de (a) if oe 


If x and y are expressed in terms of an independent parameter ¢, 
and the values of ¢ for A and B ace are t, and ¢,, (1) be- 
comes 


Hence Lim 


(4) 
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Ex. 1. Find the length of the parabola y2 = 4px from the vertex to the 
point (h, k). 


h 
Formula (2) gives = fit? da. 
Q iL 8 SS 
Formula (8) gives a af Vy2 + 4 p? dy. 
2p/o0 
Either integral leads to the result 
| ag eS V2 2 
Ee a ed po plop | 
4p 2p 


Ex. 2. Find the length of an ellipse. 


y? 
If the equation of the ellipse i is © — w+ == 1, and we measure the are from the 
end of the minor axis, we have 


a2 — eat 
ah 
FS eR 


Va? — b? a : F 
where e = aeiaere the eccentricity of the ellipse. Let us place x = asin ¢; 


then bs 
is= af ?vi- e2 sin2¢ dd. 
The indefinite integral cannot be found in terms of elementary functions. 


We therefore expand V1—e?sin?¢ into a series by the binomial theorem 
(§ 31, Ex. 4); thus 


——_—_ 1 1 1-3 
V1— esin?é = 1 — —e2sin?¢ — —— e4sin¢o — —___e®sin®¢ — ---. 
? 2 # 2.4 . 2-4.6 ? 


This series converges for all values of ¢, since e?sin?@ <1; then 
3 2 
73= a fe dod — taf? sin2 do — lef? SOOM et 8 sin'pdp—-- 
ar 1\2 1.38\2 e 1.3.5) 
= toy eke a, dao so by § 27, Ex. 2 
at () ¢ ‘tan 3 Soe } ys 


The length of the ellipse may now be computed to any required degree of 
accuracy. 


41. Length of a plane curve in polar coérdinates. The formula 


(B) ee 
fi i Vda? + dy? 
(A) 


of § 40 may be transferred to polar codrdinates by placing 


“x=r cos O, y =r sin 0. 


> 
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Then dz = cos 6 dr —r sin 6 dO, 
dy = sin @ dr + 7 cos 6 dé, 
and d+ dy? = dr* +r d®. 
(B) 
Therefore s= V dr? + 7? a0. (1) 


(A) 


If 6 is the independent variable, and the values of @ for A and 
B are a and B respectively, (1) becomes 


; =|" V+ (44) ie o 


If ry is the independent variable, and the values of r for A and 
B are a and 6 respectively, (1) becomes 


5s ff a 1+(r a) ar (3) 


42. The differential of arc. From 
s = | aes dy’, 


it follows (§ 9) that ds = V di? + dy’. (1) 


This relation between the differentials of x, y, and s is often rep- 
resented by the triangle of fig. 29. This figure is convenient as a 
7 Q device for memorizing formula (1), but it 
should be borne in mind that RQ is not 
rigorously equal to dy (§ 5), nor is PQ 
rigorously equal to ds. In fact, RQ = Ay 
and PQ = As, but since Ay and As differ 
from dy and ds respectively by infinitesi- 
Fie. 29 mals of higher order, the use of RQ as 

dy and of P@ as ds is justified by the 

theorems of § 3. If now the triangle of fig. 29 is used as a plane 
right Sars we have an easy method of recalling the formulas 


ds* = du? + dy’, 


dt dy. dy 
ds = COS d, AE == joilal d, de = fan p. 
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Similarly, from s= ip Var? + de? 


we find ds =Vdr? + d6, (2) 


which is suggested by the triangle of fig. 30, where PQ is the are 
of any curve and P# the arc of a circle with radius OP = 7. This 
figure, if used as a straight-line figure, also gives the formulas 


tan p=", cosa S, 
8 
sin Wr = are 

8 


43. Area of a surface of revolu- 
tion. A surface of revolution is a? 
surface generated by the revolution 
of a plane curve around an axis in its plane (§ 37). Let the 
curve AB (fig. 31) revolve about OY as an axis. To find the area 
of the surface generated, assume n —1 points, 2, B, R,---, B_,, 
between 4 and B, and connect each pair of consecutive points by 
a straight line. These lines are omitted in the figure since they 
are so nearly coincident with the arcs. The surface generated by 

AB is then defined as the limit of the sum 

of the areas of the surfaces generated by 

the #7 chords AL, BE tat: +4, 4b as 

m increases without limit and the length 

of each chord approaches zero as a limit. 

Each chord generates the lateral sur- 

face of a frustum of a right circular cone, 

X the area of which may be found by ele- 

mentary geometry. Let the codrdinates 

of P be (x, y;) and those of P,, be (%; + Az, y,+ Ay). Then the 

frustum of the cone generated by ?F,, has for the radius of the 

upper base N,,,P,,, for the radius of the lower base V2, and for 
its slant height PP,,. Its lateral area is therefore equal to 


pA LAE Naa Bi a) 
2 


Fic. 30 


Fie. 31 


Lede: 


a fo Ya 


But NMP=2, N,,,P.,=%,+Ar, PP,,=V(Ax)*+ (Ay)? 


rt i i+1°¢+1 i 


\ 
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Therefore the lateral area of the frustum of the cone equals 


Ax 


2 


2 (2+ )Vian'+ Gye 


This is an infinitesimal which differs from 
2 rad + dy? = 2 rz,ds 
by an infinitesimal of higher order, and therefore the area gener- 


ated by AB is the limit of the sum of an infinite number of these 
terms. Hence, if we represent the required area by S,, we have 


(B) 
S,=2 mf x ds. (1) 
( 


A) 


To evaluate the integral, we must either express ds in terms of 
x, or express # and ds in terms of y, or express both and ds in 
terms of some other independent variable. 

Similarly, the area generated by revolving AB about OY is 


(B) 
s= 20 f y ds. (2) 
(4) 


Ex. Find the area of the ring surface of the Ex., § 37. 
The equation of the generating curve is 


(e — dP +92 = at, 


and a= yi + (FY ay ae 


dy 


The required area is the sum of the areas generated by the arcs LEK and 
LFK (fig. 24). Hence 


Sy= 2m [ (a1 4 22) —“— dy kab { 4 72ab 
y— 4 1 2 —— = = : 
=e Va? — y? —a a2 — y? 

PROBLEMS 


1. Find the area bounded by the axis of # and the parabola 22 —16a-+4 y—O% 


2. Find the area included between a parabola and the tangents at the ends 
of the latus rectum. (The equation of the parabola referred to these tangents 
as axes isa? + y? = a} (I, § 69).) 


: 8 a3 : 
3, Find the total area bounded by the witch y = ray eS and its asymptote. 


+4a 
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Ht an a 
4, Find the area bounded by the catenary y = al ee a), the axis of w, and 
the lines « = + h. e 


5. Find the total area of the curve aty? + b2e4 = a%2x2, 
6. Find the area bounded by the curve ay? + a2b? = a2y2 and its asymptotes, 


7. Find the area bounded by the curve y (a? + a?) = a? (a — @), the axis of 
z, and the axis of y. 


8. Find the area of a segment of a circle of radius a cut off by a chord h 
units from the center. 


9. Find the area contained in the loop of the curve y? = «2 (a — 2). 


10. Find the area bounded by the curve y? (a? + a?).= ax? and its asymptotes. 


Da af 
11. Show that the area bounded by the hyperbola an = a = 1, the axis of z, 
a2 
and the diameter through P; (x1, y1) on the curve is . log (= + i), 
y a 


V a2 — 72 

12. Find the area bounded by the tractrix y = 2 log Fe Pea oh — x2, 
the axis of x, and the axis of y. 2) a—Var— x 

13. Find the area between the axis of # and one arch of the cycloid 
L= a(P?—sin¢g), y = a(1— cos). 

14. Find the areas of each of the two portions into which the circle 
x? + y2 = 8 is divided by the parabola y? —2a”=0. 

15. Find the area bounded by the parabola «2 — 4y = 0 and the straight line 
8a—2y—4=0. 

16. Find the area of the figure bounded by the parabolas y? = 18a and 
g2 = 18 y, 

3 
8 a3 


17. Find the area between the parabola « = 4 ay and the witch y = aaa 
a+ 4 a? 


18. Find the total area of the lemniscate r2 = 2 a? cos 20. 


19. In the hyperbolic spiral r@ = a show that the area bounded by the spiral 
and two radii vectors is proportional to the difference of the length of the radii. 


20. Find the area traversed by the radius vector of the spiral of Archimedes 
y = a0 in the first revolution. 
21. Find the area described by the radius vector of r=asec@ from 
7 7 
@é=— to d=—- 
6 F 
22. Vind the total area of the cardioid r= a(1 + cos@). 
23. Find the area of the limagon r = a cos@+ 6 when b> a. 
24. Find the area bounded by the curves r = a cos3@ and r = a. 
25. Find the area of a loop of the curve r? = a? cos né. 
26. Find the area of a loop of the curve r = asin né. 


27. Find the area of a loop of the curye r cos@ = a cos 20. 


Q 


82 APPLICATIONS TO GEOMETRY 


28. Find the area of the loop of the curve r? = a? cos 26 cos@ which is bisected 
by the initial line. 

29. Find the total area of the curve (a? + y?)? = 4 ax? + 4b?y2. (Transform 
to polar coérdinates.) 

30. Find the area of the loop of the curve (a + y?)? = 4 a7x?y?. (Transform 
to polar coérdinates. ) 

31. Find the volume generated by revolving about OY the surface bounded 
by the codrdinate axes and the curve a? + y? = a}. 

32. Find the yolume of the solid generated by revolving about OY the plane 
surface bounded by OY and the hypocycloid xi + yi = al, 

33. Find the volume of the solid formed by revolving about OX the figure 


ax x 
bounded by the catenary y = 2 (ca tee a), the axis of a, and the lines =+h. 
34. Find the volume of the solid formed by revolving about OY the plane 


3 
figure bounded by the witch y = pa hal and the line y = a. 
e+ 4q? | 


35. Find the volume of the solid formed by revolving about OX the plane 


figure bounded by the cissoid y? = , the line x = a, and the axis of a. 


2a4—% 

36. Find the volume of the solid generated by revolving about OY a segment 
of the circle x2 + y? = a? cut off by the chord « = Ah. 

37. Find the volume of the solid generated by revolving a semicircle of 
radius @ around an axis parallel to the boundary diameter of the semicircle, 
(1) when the are of the semicircle is concave toward the axis; (2) when the 
are is convex toward the axis. 

38. Find the volume of the solid formed by revolving an ellipse around its 
major axis. 

39. Find the volume of the ring surface formed by revolving the ellipse 


(oa) Uae , 
a ae a 1 around OY (d >a). 


40. Find the volume of the solid generated by revolving about OX the sur- 


2 2 
face bounded by the hyperbola = _ a =1 and the linex=a-+h. 
a 


41. Find the volume of the solid generated by revolving about OY the sur- 


2 2 

face bounded by the hyperbola S — a = 1, the lines y = +A, and the axis of y,. 
a 2 

42, Find the volume of the solid formed by revolving about the line y =— a 


the figure bounded by the curve y=sinz, the lines x=0 and a= *, and the 
line y= — a. 2 

43. Find the volume generated by revolving about the axis of 2 the figure 
bounded by the parabola y? = 4 px and the line = h, 

44, Find the volume of the solid formed by revolving about OY the figure 
bounded by the parabola y? = 4px, the axis of y, and the line y =h. 
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45. Find the volume of the solid formed by revolving about the line z =— a 
the figure bounded by that line, the parabola y? = 4 px, and the lines y = + h. 


46. Find the volume of the solid formed by revolving about the line « = a 
the figure bounded by the parabola y? = 4 pz and the line z = h(a>h). 


47. A right circular cone has its vertex at the center of the sphere. Find the 
volume of the portion of the sphere intercepted by the cone. 


48. A steel band is placed around a cylindrical boiler. A cross section of the 
band is a semiellipse, its axes being 6 and V6 in. respectively, the greater being 
parallel to the axis of the boiler. The diameter of the boiler is 48 in. What is 
the volume of the band ? 


49. Find the volume of the solid generated by revolving the cardioid 
ry = a(1+ cosé) about the initial line. 


50. Find the volume of the solid generated by revolving about OY the figure 
bounded by the axes of codrdinates and the tractrix. 


51. Prove by the method of § 88 that the volume of a cone with any base is 
equal to the product of one third the altitude by the area of the base. 


52. Prove that the volume of a right conoid is equal to one half the product 
of its base and its altitude. (A conoid is a surface generated by a moving straight 
line which remains parallel to a fixed plane and intersects a fixed straight line. 
If the moving line is perpendicular to the fixed line, the conoid is a right conoid. 
The base is then the section made by a plane parallel to the fixed line, and the 
altitude is the distance of the fixed line from the plane of the base.) 


2 2 
53. On the double ordinate of the ellipse = + - = 1 an isosceles triangle is 
a 


constructed with its altitude equal to the length of the ordinate. Find the volume 
generated as the triangle moves along the axis of the ellipse from vertex to vertex. 


54. Find the volume cut from a right circular cylinder by a plane through 
the center of the base making an angle @ with the plane of the base. 


55. Find the volume of the wedge-shaped solid cut from a right circular 
eylinder by two planes which pass through a diameter of the upper base and 
are tangent to the lower base. 

56. Two circular cylinders with the same altitude have the upper base in 
common. Their other bases are tangent at the point where the perpendicular 
from the center of the upper base meets the plane of the lower bases. Find 
the volume common to the cylinders. 

57. Two parabolas have a common vertex and a common axis but lie in per- 
pendicular planes. An ellipse moves with its center on the common axis, its 
plane perpendicular to the axis, and its vertices on the parabolas. Find the 
volume generated when the ellipse has moved to a distance h from the com- 
mon vertex of the parabolas. 

58. A cylinder passes through great circles of a sphere which are at right 
angles to each other. Find the common volume. 


\ 
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59. A variable circle moves so that one point is always on OY, its center is 


2 2 
always on the ellipse = + S = 1, and its plane is always perpendicular to OY. 
a 


Required the volume of the solid generated. 

60. Two equal four-cusped hypocycloids are placed with their planes per- 
pendicular and the straight line joining two opposite cusps of one in coinci- 
dence with a similar line in the other. A variable square moves with its plane 
perpendicular to this line and its vertices in the two curves, Find the volume 
of the solid generated. 

61. Two equal ellipses are placed with their major axes in coincidence and 
their planes perpendicular. A straight line moves so as always to intersect the 
ellipses and to be parallel to a plane perpendicular to their common axis. Find 
the volume inclosed by the surface generated. 

62. A variable rectangle moves so that one side has one end in OY and the 
other in the circle 22+ y? = a2. The ratio of the other side of the rectangle to 


the one mentioned is 7 and the plane of the rectangle is perpendicular to OY. 


Required the volume of the solid generated. 

63. The cap of a stone post is a solid of which every horizontal cross section 
isa square. The corners of all the squares le in a spherical surface of radius 
8 in. with its center 4 in. above the plane of the base. Find the volume of the cap. 

64. Find the length of the semicubical parabola y? = x3 from the vertex to 
the point for which zw = h. 


65. Find the length of the curve y = log = : TONGS 3 ILO Aes 7), 
er — 


66. Find the total length of the four-cusped hypocycloid 23 + y? = a3, 
67. Find the length of the catenary from z = 0 to a =h. 


2 2 
68. Find the length of the tractrix y = oe Vee Va? — 2? from 


t=) 
t= h tos =o, 2G aN gt = 98 
69. Find the entire length of the curve (Z)'+ (Z)'=1. 
4 


70. Find the length of the curve y? = 


x — 2)8 fro Po) i =. 
Op | p)® from @ Jo) Wo) far 10) 
71. Find the length from cusp to cusp of the cycloid 2 = a(p¢—sin ¢), 
y = a(1—cos¢). 
72. Find the length of the epicycloid from cusp to cusp. 


73. Find the length of the involute of a circle « = a cos¢ + a¢ sin g, 
y = asing—apcos¢d from ¢=0 to ¢= 44. 

74. From a spool of thread 2 in. in diameter three turns are unwound. 
If the thread is held constantly tight, what is the length of the path described 
by its end ? 

75. The cable of a suspension bridge hangs in the form of a parabola. The 
lowest point of the cable is 50 ft. above the water, and the points of suspension 
are 100 ft. above the water and 1000 ft. apart. Find the length of the cable. 


PROBLEMS 85 


76. Show that the length of the logarithmic spiral between any two points 
is proportional to the difference of the radii vectors of the points. 


. 0 wen: is : 
77. Find the length of the curve r= acost- from the point in which the 
curve intersects the initial line to the pole. 
78. Find the complete length of the curve r = a sin? 


79. Find the length of the cardioid r = a(1 + cos6). 

80. Find the area of a zone of a sphere bounded by the intersections of the 
sphere with two parallel planes at distances hy and he from the center. 

81. Find the area of the curved surface formed by revolving about OX the 
portion of the parabola y? = 4 px between x =0 andaw=h. 


82. Find the area of the curved surface of the catenoid formed by revolving 
x D 


about OX the portion of the catenary y= : (ea £é 5 a) between «= —hand x=h. 


83. Find the area of the surface formed by revolving about OY the tractrix 
V 42 — 72 senses 
y ee grees a — Vaz — 72, 


2 a—Va?— x2 
84. Find the area of the surface formed by revolving about OY the hypocycloid 
a3 + ys = a’. 


85. Find the area of the surface formed by revolving an arch of the cycloid 
x= a(p—sing), y = a(1— cos¢) about OX, 

86. Find the surface area of the oblate spheroid formed by revolving an 
ellipse about its minor axis. 

87. Find the surface area of the prolate spheroid formed by revolving an 
ellipse around its major axis. 

88. Find the area of the surface formed by revolving about the initial line 
the cardioid r = a(1 + cosé@). 

89. Find the area of the surface formed by revolving about the initial line 
the lemniscate r? = 2 a? cos 290. 


CHAPTER V 
APPLICATIONS TO MECHANICS 


44. Work. The application of the definite integral to determine 
the work done in moving a body in a straight line against a force 
in the same direction has been shown in § 21. Problems for the 
student will be found at the end of this chapter. 

The case of a body moving in a curve, or acted on by forces not 
in the direction of the motion, is treated in Chap. XIV. 

45. Attraction. Two particles of matter of masses m, and m, 


respectively, separated by a distance 7, attract each other with a 
MM, 


2 


force equal to k » where # is a constant which depends upon 


the units of force, distance, and mass. We shall assume that the 
units are so chosen that k= 1. 

Let it now be required to find the attraction of a material body 
of mass m upon a particle of unit mass situated at a point 4A. Let 
the body be divided into n elements, the mass of each of which may 
be represented by Am, and let be a point at which the mass of 
one element may be considered as concentrated. Then the attrac- 


Am 
>? where 7,;= FA, 


tion of this element on the particle at A is 


a 


: : ee : Am 
and its component in the direction of OX is —>-cos@, where 


@ is the angle between the directions PA and OX. The whole 
body, therefore, exerts upon the particle at A an attraction whose 
component in the direction OY is equal to 


If now cos@,7,, and Am may be expressed in terms of a single 
independent variable, we have, for this component, 


‘<=? cos 6, cos 6 
Lim > —— An = —— am, 
= : v2 2 
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where the limits of integration are the values of the independent 
variable so chosen that the summation extends over the entire 
body. The manner in which this may be done in some cases is 
illustrated in the following example. 


Ex. Find the attraction of a uniform wire of length J and mass m on a par- 
ticle of unit mass situated in a straight line perpendicular to one end of the wire 
and at a distance a from it. 


ie 
Let the wire OL (fig. 32) be placed in the axis of y with L 
one end at the origin, and let the particle of unit mass 4 
be at .A on the axis of e where AO =a. Divide OL into eae 
n parts, OM;, M,M2, M2M;,---, M,-1L, each equal to 4 AMG 


: = Ay., Then, if p is the mass per unit 
of length of the wire, the mass of each 
element is pAy = Am. We shall consider 
the mass of each element as concen- 
trated at its first point, and shall in 
this way obtain an approximate ex- 
pression for the attraction due to the 
element, this approximation being the 
better, the smaller is Ay. The attraction of the element M;M;+1 on A is 
then approximately 


A 
i= = er a here = OM: 
ry a 


The component of this attraction in the direction OX is 


mae cos OAM; = se eae ; 
+y7 (a? + y7)3 
and the component in the direction OY is 
iA 
Be) Ai eee Us 
a2 a y? (a2 _ Y; )2 


Then, if X is the total component of the attraction parallel to OX, and Y 
the total component parallel to OY, we have 


i=n-1 


X = Lim Dy ge 5 Ht St 
Be egy AC Ve) 0 (a? + mae 
i=n-—1 
Y = Lim > _PyiAy =of- uae 2 
n= ; (a? ai Y; 23 0 (a? + )2 


To verify this we may show that the true attraction of M;M; +1 differs from 
the approximate attraction, which we have used, by an infinitesimal of higher 
order. Let I be the true z-component of the attraction of M;M; +41, fh the approx- 
imate attraction found by assuming that the whole mass of M;M;+1 is at M, 


‘ 
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and I, the approximate attraction found by assuming that the gee mass of 


Ty 
M;M;+1 is at M41. Then, evidently, Ig<I<; that is, T <a - <i But 
1 
if of ul as pee a | a + yi | Therefore 
(a? + y')§ [a + (yi + Ay)?]3 T, La + (y+ Ayy 
Lim ae =1and Lim eS! =1. Hence J, differs from I by an infinitesimal of higher 


I 
wo +1 n=o +1 
pier ($2), and may therefore be used in place of J in finding the limit of a 


sum (§ 3). A similar discussion may be given for the y-component. 
To evaluate the integrals for X and Y, place y=atang. Then, if 


CS tan-14 = OAL, 


a 
ree cosé dé = “sina = “sina, 
ado a al 
412 a Seale = Beil i he Ss 
y=£ f sing do = 7 (1 COs a) = 7 ( COS @), 


since lp =m 
If R is the magnitude of the resultant attraction and B the angle which its 
line of action makes with OY, 


ei VEE - Le 
al 2 
p= tan pO pie Oe 
Xx sin @ 2 


46. Pressure. Consider a plane surface of area AA immersed 
in a liquid at a uniform depth of % units below the surface. The 
submerged surface supports a column of liquid of volume AAA, 
the weight of which is whA\A, where w (a constant for a given 
liquid) is the weight of a unit volume of the liquid. This weight 
is the total pressure on the immersed surface. The pressure per 
unit of area is then Vio 


= wh, 
AA 

which is independent of the size of AA. We may accordingly 
think of AA as infinitesimal and define wh as the pressure at a 
point 2 units below the surface. By the laws of hydrostatics 
this pressure is exerted equally in all directions. We may accord- 
ingly determine the pressure on plane surfaces which do not lie 
parallel to the surface of the liquid in the following manner. 

Let OX (fig. 33) be in the surface of the liquid, and OH, for which 
the positive direction is downward, be the axis of h. Consider a 
surface ABCD bounded by a portion of OH, two horizontal 


PRESSURE 89 


lines AD(h =a) and BC(h=6), and a curve with the equation 
a=f(h). Divide AB into n segments, AM, U,M,, M,M,, --- 


i Ah, and 


» 


M,,_,B, each equal to 


draw a line M@,P through each point ™, 
parallel to OX. Consider now the ele- 
ment of area MPP, ,M,,,, where U.P =z, 
=f (l,). Its area is equal to that of a rec- 
tangle with base /,M,,, and altitude some 
line between MF and M,,,R,, (5, § 24), 
and is therefore equal to (x; + €,) Ah, where 
e,< Az. The pressure on the element 
would be wh, (a,+ ¢,) Ah, if all points of 
the element were at the depth OM,=h,, 
and would be w(h;-+ Ah) (x; + €,)Ah, if all points were at the depth 
OM, ,.,=h,+ Ah. Consequently, the pressure on M,PP,,M,,, is 
wh,«x,Ah plus an infinitesimal of higher order. Therefore the total 


pressure P on the area ABCD is 


t=n-1 
Weebl DHE Ah = [ wheah = = w [Ira dh. 


n=o : 


ER Fic. 33 


The modification of this result necessary to adapt it to areas 
of slightly different shapes is easily made by the student and is 
exemplified in the following example. 


Ex. Find the total pressure on a verti- 
cal circular area, a being the radius of 
the circle and 6b the depth of the center. 

In fig. 34 let OC=b, CA=CK=a, 
OM=h, MN=Ah. Then pene =b—4, 
OB=b+a, LK=2 MK =2Va?—(h—D)?, 
and the pressure on the strip LAIG is 
2whvV a2 — (h — b)?Ah, except for an infin- 
itesimal of higher order. Therefore the 
total pressure on the circle is 


b+a 


[eS PA V a — (h — b)* hdh. 


To repens place h —b =asing; then 


Fig. 34 Va 2w f 2 op cos? p(b+ asin p)d¢ = ma*bw. 
72 


eM 
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If the equation of the curve CD (fig. 33) is = /(y), referred to 
an origin at a depth ¢ below the surface of the liquid, OX being 
parallel and OY perpendicular to the surface of the liquid, the 
pressure on ABCD may be shown to be 


wf (C+ySy)ey, 


a and b being the y codrdinates of A and B respectively. 
If this formula is used in the example, the center of the circle 
being taken as the origin of codrdinates, we have 


I ea wf (b+ y)Va—y¥ dy = ra’bw. 

47. Center of gravity. Consider 7 particles of masses m,, ™,, 
Ms, ***, M,, placed at the points F(2,, y,), B (La Yo), Fe (%s> Ys), °° *> 
P(x,, y,) (fig. 35) respectively. The weights of these particles form 
a system of parallel forces equal to 
MJ, MJ, MsJ,°*+, Mg, Where g is 
the acceleration due to gravity. The 
resultant of these forces is the total 
weight W of the x particles, where 


W=Mg+ Mg + Mg +--+ +M,g 


= 95> Ms 
I>, 

This resultant acts in a line which is determined by the condi- 
tion that the moment of WV about O is equal to the sum of the 
moments of the 1 weights. 

Suppose first that gravity acts parallel to OY, and that the line 
of action of W cuts OX in a point the abscissa of which is Z. Then 
the moment of W about O is gz ym, and the moment of one of the 
nm weights is 9 m,x,. 


Hence ge > Neg > M Hye 


Similarly, if gravity acts parallel to OX, the line of action of the 
resultant cuts OY in a point the ordinate of which is 7, where 


I, = FVM 
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These two lines of action intersect in the point G, the codrdinates 
of which are 
> Me, >, MY; 
: ; (1) 


Se es Sia 


Furthermore, if gravity acts in the XOY plane, but not parallel 
to either OX or OY, the line of action of its resultant always passes 
through G. This may be shown by resolving the weight of each 
particle into two components parallel to OX and OY respectively, 
finding the resultant of each set of components in the manner just 
shown, and then combining these two resultants. 

If gravity acts in a direction not in the YOY plane, it may still 
be shown that its resultant acts through G, but the proof requires 
a knowledge of space geometry not yet given in this course. 

The point G ws called the center of gravity of the n particles. 

If it is desired to find the center of gravity of a physical body, 
the problem may be formulated very roughly at first by saying that 
the body is made up of an infinite number of particles of matter 
each with an infinitesimal weight ; hence the formulas for the co- 
ordinates of G must be extended to the case in which is infinite. 
More precisely, the solution of the problem is as follows. The body 
in question is divided into » elementary portions such that the 
weight of each may be considered as concentrated at a point 
within it. If m is the total mass of the body,'the mass of each 
element may be represented by Am. Then if (#,, y,) are the coordi- 
nates of the point at which the mass of the 7th element is concen- 
trated, the center of gravity of the body is given by the equations 


> x, Am y } >», y, Am 


—_.____, y = Lim 
> An 


In case #,, y,, and Am can be expressed in forms of a single inde- 
pendent variable, these values become 


fe dm fu dm 


Eee, Tt ee (2) 


fb dim i dim 


i 


2 = Lim 
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where the limits of integration are the values of the independent 
variable so chosen that the summation extends over the entire body. 

It is to be noticed that it is not necessary, nor indeed always 
possible, to determine 2,,.y; exactly, since, by § 3, 


i=n i=n 
Lim > (e+ e,) Am = Lim Dy x, Am, 
n=O 54 Na a | 


if e, approaches zero as Am approaches zero. 

The manner in which the operation thus sketched may be car- 
ried out in some cases is shown in the following articles. Discus- 
sion of the most general cases, however, must be postponed until 
after the subjects of double and triple integration are taken up. 

48. Center of gravity of a planecurve. When we speak of the 
center of gravity of a plane curve we are to think of the curve as 
the axis of a rod, or wire, of uniform small cross section. Let 
LEK (fig. 36) be such a curve, and let p 
be the amount of matter per unit of 
length of the wire which surrounds LK. 
That is, if s is the length of the wire 
and m is its mass, we have for a homo- 
geneous wire 


Am 


Fic, 36 —— =p =a constant ; 
me ; 
and for a nonhomogeneous wire 
Am _ dm : 
Lim — = — = p=a function of s. 
As ds 


The curve may now be divided into elements of arc, the length of 
each being As and its mass Am, and formulas (2) of ye may be 


applied by placing dim = pds 


[peas __ fe 
fas "pas 


The limits of integration are the values of the independent variable 
for L and K. 


whence 


(1) 


7 
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If p is constant, these formulas become 
Z. fe 
SH =f ds, sy =] y ds, (2) 
where s is the length of LK. 
Ex. 1. Find the center of gravity of a quarter circumference of the circle 


x* + y? = a®, which lies in the first quadrant. 


We have 


ds = Vda? + dy? =“ de =— “dy. 
y L 
0 
Therefore f rds =— af Qdyi= 07, 
a 
a 
fuas=f ade = a7, 
) 
a : 
and $= a a quarter circumference, 
Hence 2g 


E=Y=—- 


The problem may also be solved by using the parametric equations of the 
circle x =acos¢?, y=asing. 


Then fe d3— a { ?cos@ dei = "a2, 
0 


fyds =o [sin gdp = a. 
0 


2a, 
Therefore ie iy tas =" » as before. 


Ex. 2. Find the center of gravity of a quarter circumference of a circle when 


the amount of matter in a unit of length is proportional to the length of the arc 
measured from one extremity. 


We have here p= ks, where k is constant. 
metric equations of the circle, 


ipa) [209 coseay 


(447 —8)a 
ms = — z ’ 


Therefore, if we use the para- 


- fods bs fosas [reeds ie 


c fou ds fosuas free sin ddd 8a 


‘3 foods ws. foas ieee nm 
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49. Center of gravity of a plane area. By the center of gravity 
of a plane area we mean the center of gravity of a thin sheet of 
matter having the plane area as its 
middle section. We shall first assume 
that the area is of the form of fig. 37, 
being bounded by the axis of x, the 
curve y=f(x), and two ordinates. 
Divide the area into n elements by 
nm —1 ordinates which divide 4B into 
nm parts each equal to Av. We de- 
note by p the mass per unit area. 
That is, if A is the area and m the 
mass, we have for a homogeneous sheet of matter 

Am 


—=p=a constant; 
AA 


M N 
EiGaon 


and for a nonhomogeneous sheet of matter 


Lim Ne a p =a variable. 
AA dA 


Hence in (2), § 47, we place 
dm = pdaddA = py dz, 


since for the area in question dd = y dx ((1), § 35). 

Consider now any one of the elements MNQP, where OM = 2, 
ON=xz+ Ax, MP=y, NQ=y-+ Ay, and draw the lines PR and 
QS parallel to OX. The mass of the rectangle MZNRP may be con- 


ae i) and the 


sidered as concentrated at its middle point G, (« + 


ZO eda ee 
Accordingly the mass of IZV@QP may be considered as concentrated 
at a point which lies above G,, below G,, and between the ordi- 
nates MP and NQ. The codrdinates of any such point may be 


mass of the rectangle IZNQS at its middle point ae dL eee Y ai st). 


expressed as (« + pAa, a 128), where 0S p=1,0=¢@=1. 


But the coérdinates of this point differ from those of G (2 4 by 
an infinitesimal of the same order as Az. 2 
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Therefore it is sufficient to consider the mass of MN@QP as con- 
centrated at G (2, z). Hence formulas (2), § 47, become 


fb pay da 1 f py dx 
(1) 


— y= ——_——_-- 
fryez J pyae 


If p is a constant, these formulas become 
z= ———_ y= > (2) 


which can be written 
Mi = { 2d, Ay =} f ya. (3) 


If it is required to find the center of gravity of a plane area of 
other shape than that just discussed, the preceding method may be 
modified in a manner illustrated by Ex. 2. 

If the area has a line of symmetry, the center of gravity evi- 
dently lies upon it, and if this line is perpendicular to OX or OY, 
one of the coordinates of the center of gravity may be written 


down at once. 
Ex. 1. Find the center of gravity of the area bounded by the parabola 


y2 = 4 px (fig. 88), the axis of x, and the ordinate through a point (A, &) of 
the curve. Here 


h h 
Ay =f yada = 2p {_ x da = ph? = 1 hk, 


h ln ea 
and A =|) y dx = api x2 dx = + p2h? = 3 hk. Fic. 38 
0 0 


k. 


<I 
[oa We) 


Therefore E= 3h, 


5 
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2 
Ex. 2. Find the center of gravity of the segment of the ellipse = — a ae 1 
(fig. 89) cut off by the chord through the positive ends of the axes of the curve. 
Divide the area into elements by lines parallel to OY. If we let yz be the ordi- 
nate of a point on the ellipse, and y; the ordinate of a point on the chord, we 
have as the element of area 

= (Y2 — yi) de. 


: oF 
The mass of this element may be considered as concentrated at (x. tt) 


i a 
Y f (y2 — y1) eda 
as 0 
Hence a = ———— 
if (y2 — y1) da 
bf oF wi (yz — i) de 
Y= 


[rma (y2—y1) dex 


From the equation of the ellipse yz = ° Vai —«?, and from that of the chord 


b 
Yu 7 (a 2). 


a 
The denominator i (ye — y1) dx is equal to the area of the quadrant of the 
0 


mab ab 
ellipse minus that of a right triangle, i.e. is equal to SR ee 


- 
® aL vat ae —(a— 2a 
= aJo 2a 
Hence ES = —_,, 
yD 
b2 a 
9 dat lal 97 (a — 2)2] da ee 
ab(7— 5) 3G —2) 
4 2 


50. Center of gravity of a solid or a surface of revolution of 
constant density. Consider a solid of revolution generated by re- 
volving about OY the plane area bounded by OY,a curve z= /(y), 
and two lines perpendicular to OY. The solid may be resolved into 
elements by passing planes perpendicular to OY at a distance dy 
apart ($37). The same planes divide the surface of revolution 
into elements ($ 43). If the density of the solid is uniform, it is 
evident from the symmetry of the figure that the mass either of 
an element of the solid or of the surface may be considered as 
lying in OY at the point where one of the planes which fixes the 
element cuts OY. 
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Consequently, the center of gravity lies in OY, so that 
xe = (0. 


Now if V is the volume of the solid and S the area of the sur- 
face, we have, by § 37 and § 43, 


aVanredy and dS=272ds. 


Consequently, to find the center of gravity of the solid we have 
to replace dim of § 47 (2) by pra’ dy with the result 


le (1) 


and to find the center of gravity of the surface of revolution we 
have to place in § 47 (2)dm= 
2 mpxds with the result 


i 2 wpxy ds f ay ds 
y= = 
i 2 mpx ds i x dls 


Ex. 1. Find the center of gravity 
of a spherical segment of one base 
generated by revolving the area BDH 
(fig. 40) about OY. 


Let OB =aand OF=c. The equa- 
tion of the circle is x2 + 7? = a?, 


a a 
if xy dy i (wy—y)dy 4 (a +0)? 


[ray {“@ ay 4 2a+¢ 
e e 


Ex. 2. Find the center of gravity of the surface of the spherical segment 
Ol xl: aes 
a 

Using the notation and the figure of Ex. 1, we have ds = a , and therefore 


a a 1 
feuds Hated atten, 


a a ee) 2 
fi ads i dy 


The center of grayity lies half way between # and B. 


* (2) 


SI 
l| 


and 


=! 
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51. Center of pressure. The pressures acting on the elements 
of a submerged plane area form a system of parallel forces perpen- 
dicular to the plane. The resultant of these forces is the total 
pressure P(§ 46) and the point at which it acts is the center of 
pressure. To find the center of pressure of an area of the type 
considered in § 46, we may proceed in a manner analogous to that 
used in finding the center of gravity of a plane area, only we have 
now to consider, instead of the weight of an element, the weight 
of the column of liquid which it sustains. 

Let (z, h) be the codrdinates of the center of pressure. Then 
the moment of the total pressure about OXY is Ph, and the moment 
of the total pressure about OH is Pz. Also the pressure on an 
element V,M,,,P,,P (fig. 33) is a force equal to wh,x,Ah plus an 
infinitesimal of higher order (§ 46). By symmetry this force acts 
at the middle point of the element, the codrdinates of which are 


4 and h;, except for infinitesimals of higher order (§ 49). Hence 


the moment of this force about OX is wh?x,Ah and the moment 
about OH is 4 wh,x? Ah, except for infinitesimals of higher order. 
Now the onion of the resultant must be equal to the sum of the 
moments of the component forces. Hence 


rs t=n—1 b 
Ph= Lim })wh?x,Ah = Ww if hana, 


i et) 


i=n-1 b 
Pz= Lim > whx7hh = 4 wf hadh. 


n=o 


Ex. Find the center of pressure of the circular area of the Ex., § 46. 
By symmetry it is evident that z = 0. 
From the discussion just given, 


= .) ———————— 
Ph=2w Va? — (h — b)2h2dh 


b-a 


= aw fi * oP cos? ¢(b + asin ¢)?d¢ (where h — b = asin ¢) 
2 


T as A 7 
=P ab [ * cos% dp + 4 abo { 4 cos?¢ sing dp + ses 2 sin22 pd 
a -2 = 
= 1a?b*w + 1 watw. 


But P = za*bw (Ex., § 46). Therefore h = b + =. 
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PROBLEMS 


1. A positive charge m of electricity is fixed at O. The repulsion on a unit 


; 2m ; 
charge at a distance x from O is = Find the work done in bringing a unit charge 
x 
from infinity to a distance a from O. 


2. A rod is stretched from its natural length a to the length a+a. Assuming 


that the force required in the stretching is proportional to & , find the work done. 
a 


3. A piston is free to slide in a cylinder of cross section S. The force acting 
on the piston is equal to pS, where p is the pressure of the gas in the cylinder. 
Find the work as the volume of the cylinder changes from v, to vg, (1) assum- 
ing pv =k, (2) assuming pv’ = k, y and k being constants. 


4, A spherical bag of radius a contains gas at a pressure equal to po per unit 
of area. Assuming that the pressure per unit of area is inversely proportional 
to the volume occupied by the gas, show that the work required to compress the 


bag into a sphere of radius 6 is 4 7a3po log : . 


5. The resistance offered by any conductor to the passage of a current of 
electricity is proportional to the distance traversed by the current in the con- 
ductor and inversely as the area of the cross section of the conductor. If a 
source of electricity is applied to the entire interior surface of a cylindrical shell, 
and the current flows radially outward, what resistance will be encountered ? 
The length of the shell is h, the right circular section of the interior surface is 
of radius @ and of the exterior surface is of radius b, and a unit cube of the 
substance of which the shell is made offers a resistance k. 


6. A particle of unit mass is situated at a perpendicular distance c from the 
center of a straight homogeneous wire of mass M and length 21. Find the force 
of attraction exerted in a direction at right angles to the wire. 


7. Find the attraction of a uniform straight wire of mass M upon a particle of 
unit mass situated in the line of direction of the wire at a distance c from one end. 


8. Find the attraction of a uniform straight wire of mass M upon a particle 
of unit mass situated at a perpendicular distance c from the wire and so that 
lines drawn from the particle to the ends of the wire inclose an angle @. 


9. Find the attraction of a uniform circular wire of radius a4 and mass M 
upon a particle of unit mass situated at a distance c from the center of the ring 
in a straight line perpendicular to the plane of the ring. 


10. Find the attraction of a uniform circular disk of radius a and mass M 
upon a particle of unit mass situated at a perpendicular distance c from the 
center of the disk. (Divide the disk into concentric rings and use the result 
im EXO!) 

11. Find the attraction of a uniform right circular cylinder with mass M, 
radius of its base a, and length J, upon a particle of unit mass situated in the 
axis of the cylinder produced, at a distance c from one end. (Divide the cylinder 
into parallel disks and use the result of Ex, 10.) 
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12. Find the attraction of a uniform wire of mass M bent into an arc of a 
circle with radius a and angle a, upon a particle of unit mass at the center of 
the circle. 

13. Prove that the total pressure on a plane surface is equal to the pressure 
at the center of gravity multiplied by the area of the surface. 

14. Find the total pressure on a vertical rectangle with base b and altitude a, 
submerged so that its upper edge is parallel to the surface of the liquid at a 
distance c from it. 

15. Find the center of pressure of the rectangle in the previous example. 

16. Find the total pressure on a triangle of base b and altitude a, submerged 
so that the base is horizontal, the altitude vertical, and the vertex in the surface 
of the liquid. 

17. Show that the center of pressure of the triangle of the previous example 
lies in the median three fourths of the distance from the vertex to the base. 

18. Find the total pressure on a triangle of base 6 and altitude a, submerged 
so that the base is in the surface of the liquid and the altitude vertical. 

19. Show that the center of pressure of the triangle of the previous example 
lies in the median half way from the vertex to the base. 

20. Find the total pressure on an isosceles triangle with base 26 and alti- 
tude a, submerged so that the base is horizontal, the altitude vertical, and the 
vertex, which is above the base, at a distance c from the surface of the liquid. 

21. A parabolic segment with base 2b and altitude a is submerged so that 
its base is horizontal, its axis vertical, and its vertex in the surface of the liquid. 
Find the total pressure. 

22. Find the center of pressure of the parabolic segment of the previous 
example. 

23. A parabolic segment with base 2b and altitude a is submerged so that 
its base is in the surface of the liquid and its altitude is vertical. Find the 
total pressure. 

24. Find the center of pressure of the parabolic segment of the previous 
example. : 

25. Find the total pressure on a semiellipse submerged with one axis in the 
surface of the liquid and the other vertical. 

26. Find the center of pressure of the ellipse of the previous example. 

27. An isosceles triangle with its base horizontal and vertex downward is 
immersed in water*, Find the pressure on the triangle if the length of the base 
is 8 ft., the altitude 3 ft., and the depth of the vertex below the surface 5 ft. 

28. The centerboard of a yacht is in the form of a trapezoid in which the 
two parallel sides are 1 and 2 ft. respectively in length, and the side perpen- 
dicular to these two is 3 ft. in length. Assuming that the last-named side is 
parallel to the surface of the water at a depth of 2 ft., and that the parallel 
sides are vertical, find the pressure on the board. 


*The weight of a cubic foot of water may be taken as 62} Ib. 
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29. Find the moment of the force which tends to turn the centerboard of 
the previous example about the line of intersection of the plane of the board 
with the surface of the water. 


30. Find the pressure on the centerboard of Ex. 28 if the plane of the board 
is turned through an angle of 10° about its line of intersection with the surface 
of the water. 

31. A dam is in the form of a regular trapezoid with its two horizontal sides 
500 and 100 ft. respectively, the longer side being at the top and the height 20 ft. 
Assuming that the water is level with the top of the dam, find the total pressure. 

32. Find the moment of the force which tends to overturn the dam of Ex. 31 
by turning it on its base line. 

33. A circular water main has a diameter of 6 ft. One end is closed by a 
bulkhead and the other is connected with a reservoir in which the surface of 
the water is 100 ft. above the center of the bulkhead. Find the total pressure 
on the bulkhead. 

34. A pond of 10 ft. depth is crossed by a roadway with vertical sides. 
A culvert, whose cross section is in the form of a parabolic segment with 
horizontal base on a level with the bottom of the pond, runs under the road. 
Assuming that the base of the segment of the parabolic segment is 6 ft. and 
its altitude 4 ft., find the total pressure on the bulkhead which temporarily 
closes the culvert. 

35. Find the center of gravity of the semicircumference of the circle 
a? + y? = a? which is above the axis of @. 

36. Find the center of gravity of the are of the four-cusped hypocycloid 
a? + y3 = a which is in the first quadrant. 

37. Find the center of gravity of the arc of the four-cusped hypocycloid 
x3 + y§ = aj which is above the axis of z. 

38. Find the center of gravity of the arc of the curve 9 ay?— a(a —8a)?=0 
between the ordinates 7 = 0 anda = 38a. 

39. Find the center of gravity of the area bounded by a parabola and a 
chord perpendicular to the axis. 

40. Find the center of gravity of the area bounded by the semicubical 
parabola ay? = #? and any double ordinate. 

41. Find the center of gravity of the area of a quadrant of an ellipse. 

42. Find the center of gravity of the area between the axes of codrdinates 
and the parabola a+ y} = ab. 

43. Find the center of gravity of the area contained in the upper half of 
the loop of the curve ay? = ax? — 2°. 

44, Show that.the center of gravity of a sector of a circle lies on the line 


Peace 
sin 5 


2 


bisecting the angle of the sector at a distance -a—— from the vertex, where 


a is the angle and @ the radius of the sector. 3 
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45. Find the center of gravity of the area bounded by the curve y = sing 
and the axis of x between « = 0 and a =7. 
2.2 


h 
46. If the area to the right of the axis of y between the curve y = AE eh 
Tv 


and the axis of x is }, what is the abscissa of the center of gravity of this area ? 

47. Find the center of gravity of a triangle. 

48. Find the center of gravity of the area between the parabola y? = 4 px 
and the straight line y = mz. 

49. Find the center of gravity of the plane area bounded by the two parabolas 
y2 =4 px, and x? = 4 py. 

50. Find the center of gravity of the area bounded by the two parabolas 
a2 —4p(y —b) =0, 22 —4 py =0, the axis of y, and the line «=a. 

51. Find the center of gravity of the plane area common to the parabola 
x? — 4py =0 and the circle x? + y? — 32 p? =0. 

52. Find the center of gravity of the surface bounded by the ellipse 


“+ v =1, the circle x? + y2 = a?, and the axis of y. 

53. Find the center of gravity of half a spherical solid of constant density. 

54. Find the center of gravity of the portion of a spherical surface bounded 
by two parallel planes at a distance h, and he respectively from the center. 

55. Find the center of gravity of the solid formed by revolving about OX 
the surface bounded by the parabola y? = 4. pa, the axis of x, and the line ¢ = a. 

56. Find the center of gravity of the solid formed by revolving about OY the 
plane figure bounded by the parabola y? = 4 pa, the axis of y, and the line y = k. 

57. Find the center of gravity of the solid generated by revolving about the 
line « = a the surface bounded by that line, the axis of «, and the parabola 
y2=4 pe. 

58. Find the center of gravity of the solid formed by revolving about OY 
the surface bounded by the parabola 22 = 4 py and any straight line through 
the vertex. 

59. Find the center of gravity of the solid formed by revolving about OY 
the surface bounded by the hyperbola = — v = 1 and the lines y=0 and y =. 


60. Find the center of gravity of a hemispherical surface. 
61. Find the center of gravity of the surface of a right circular cone. 


62. Find the center of gravity of the surface of a hemisphere when the 
density of each point in the surface varies as its perpendicular distance from 
the circular base of the hemisphere, 


CHAPTER VI 
INTEGRATION OF RATIONAL FRACTIONS 


52. Introduction. The sum 


A, A, Aye +B, 
a0+6, ae+b, a,x?+b,0+ a 


each term of which is a rational fraction in its lowest terms with 
the degree of the numerator less than that of the denominator, is 


known by elementary algebra to be a fraction of the form L() , 
where F(x) 
F(a) = (a0 + b,) (150 + 2) (aya? + dye +e) 
and J (2) ak A, (au a5 b,) (40+ ba a C,) +A, (4,0 a by) (40+ b,x a Cs) 
1 (A,e Te B;) (0% a b,) (4,0 ap b,). 


Again, consider the sum 


A Al A, A,«+B, A, Pigs 


1 


(@,0+6,)" @,0+6, a,6+6, (a,%°+0b,¢+6¢,) a," 4 ba + 


Here the linear polynomial a,7+ b, appears both in the first and 
the second powers as denominators of fractions which have the 
same form of numerator, a constant; also the quadratic polynomial 
a,x + b,2-+¢, appears both in the first and: the second powers as 
denominators of fractions which have the same form of numerator, 
a linear polynomial. If this sum is denoted by J ae ) » then 
F(x) = (a,x + b,)? (a, + 6,) (a,2” + b,% + ¢,)’, 


and f(«), when determined, will be of lower degree than F(z). 
In both examples, /(#) and F(z) have no common factor and 


J (x) is of lower degree than /’(2). 
108 
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We proceed in the following articles to consider, conversely, the 


possibility of separating any rational fraction I a in which /(7) 


is of lower degree than F(x) into a sum of fractions of the types 
we have just added. 
53. Separation into partial fractions. Consider now any rational 


fraction ae where f(z) and /(x) are two polynomials having 
z 


no common factor. If the degree of f(z) is not less than that of 
F(x), we can separate the fraction, by actual division, into an inte- 
gral expression and a fraction in which the degree of the numera- 
tor is less than that of the denominator. 
For example, by actual division, 
2 oP + t+ a? +o? —18 2%—6 + w+ 3 


=2e#+1 
z—9 ari x—9Q 


Accordingly, we shall consider only the case in which the degree 
of f(x) is less than that of F(z). 

Now (2) is always equivalent to the product of linear factors 
(I, § 42), which are not necessarily real; and if the coefficients 
of F(x) are real, it is equivalent to the product of real linear 
and quadratic factors (I, § 45). We shall limit ourselves in this 
chapter to polynomials with real coefficients and shall assume 
that the real linear and quadratic factors of F(a”) can be found. 
We shall make two cases: 


Case I, where no factor is repeated. 


Case II, where some of the factors are repeated. 


CasE I. As an example of this case let 
F(x) = (a,x si b,) (a,x ts b,) (4% a Dea a Cs). 


May we then assume, as suggested by the work of the previous 
article, that 
J (2) _ A, A, Aw ees 
F(a) ae+b, ae+b, an'+da+ Cy 


(1) 


where 4,, A,, A,, and B, are constants ? 
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It is evident that the sum of the fractions in the right-hand 
member of (1) is a fraction the denominator of which is F(z), and 
the numerator of which is a polynomial, which, like f(z), is of 
lower degree than F(z). 

It will be proved in §§ 55, 56 that 4,, .4,, 4,, and B, exist. As- 
suming this, we may multiply both sides of (1) by F(x), with the 
following result : 


J (2) = A, (4,2 at b,) (4,2°+ Dw a 7) +A, (a,x RE b,) (40+ b,x se Cs) 
+ (A,% + B,) (4,2 + 6,) (4,2 + 0,). (2) 


As (2) is to hold for all values of «, the coefficients of like 
powers of x on the two sides of the equation must be equal.* 
The right-hand member is of degree three, and by hypothesis the 
left-hand member of degree no higher than three. Hence, placing 
the coefficients of «’, xz, z, and the constant term on the two sides 
of the equation respectively equal, we have four equations from 
which to find the four unknown constants 4,, A,, A,, B,. 

Solving these equations and substituting the values of ,, A,, 
A,, and B, in (1), we have the original fraction expressed as the 
sum of three fractions, the denominators of which are the factors 
of the denominator of the original fraction. The fraction is now 
said to be separated into partial fractions. 

It is evident that the number of the factors of #() in no way 
affects the reasoning or the conclusion, and there will always be 
the same number of equations as the number of the unknown 
constants to be determined. 


* If the two members of the equation 
Agu” + a2" 14 +--+ ay _1% + dy = don” + diz™—2 +--+ 0p 1 +0, A) 


are identical, so that (1) is true for all values of «, the coefficients of like powers of x 


on the two sides of (1) are equal, i.e. dg= 0p, dy = 04, °°, In=On- 
Writing (1) in the equivalent form 
(ao a bo) xe” + (a a by) ea ane! Ge (dy —4 ae bn —1) & a (Gp, Dn) = 0, (2) 
we have an algebraic equation of degree not greater than n, unless d9= bo, a= 04, 
+++, On= Dy. 


Then (2) is true only for a certain number of values of «, since the number of roots 
of an algebraic equation is the same as the degree of the equation. But this is contrary 
to the hypothesis that (1), and therefore (2), is true for all values of x. Hence ap = by, 
d= 01, +++, d, = Dy, as was stated. 


\ 
106 INTEGRATION OF RATIONAL FRACTIONS 


x2 +1124 14 
(a + 8) (a? — 4) 
Since the degree of the numerator is less than the degree of the denominator, 
pass aad at4lle+i4 A B G 
es ’ 
(© +8)(@?-4) 2-2 £42 “+38 
where A, B, and C are constants. 
Clearing (1) of fractions by multiplying by ( + 8) (a? — 4), we have 


Ex. 1. Separate into partial fractions 


(1) 


a +11i2+14=<A (2+ 2) (« +8) + B(a —2) (a +8) + C(x —2)(e+2), (2) 
or w+1la+14=(A+B+C)2+(54+B)n+(64—6B—40). (8) 


Since (8) is to hold for all values of a, the coefficients of like powers of « on 
the two sides of the equation must be equal. 
Therefore A+B+4C=1, 
5A+B=11, 
6A-6B-—4C=14, 
whence we find A = 2, B=1, and C=— 2. 
Substituting these values in (1), we have 


ee Dee aa oe 
(Gees) (a4) oo =e eee 


If the factors of the denominator are all linear and different, as in this ex- 
ample, the following special method is of decided advantage. In (2) let x have 
in succession such a value as to make one of the factors of the denominator of 
the original fraction zero, ie. c= 2,%7=—2,%=—- 3. 

When « = 2, (2) becomes 40 = 20 A, whence A = 2; when x = — 2, (2) be- 
comes — 4=— 4B, whence B =1; and when z = — 3, (2) becomes — 10 = 50, 
whence C =— 2. 

The method just used may seem to be invalid in that (2) apparently holds 
for all values of x except 2, — 2, and — 8, since these values make the multi- 
plier (x + 3) (a? — 4), by which (2) was derived from (1), zero. This objection 
is met, however, by considering that the two polynomials in (2) are identical 
and therefore equal for all values of x, including the values 2, — 2 and — 38. 
e+4e%+ 4 
yon ‘ 

Since the degree of the numerator is not less than that of the denominator, 
we divide until the degree of the remainder is less than the degree of the 
divisor, and thus find 


Ex. 2. Separate into partial fractions 


31 4 2 2 
+407 gs a Pes +e+1 


aor ad (1) 


The real factors of #3 —1 are a —1land #2 +2-+41. Hence we assume 


4x2?+ae+1_ A Beta G 
x —1 e—-1l #4241 


(2) 
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Clearing of fractions, we have 


402?+%+1=A (2?4+ 441) + (Be + C) (ez —1) 
=(4 + B)x?4+(A—-—B+C)x4+(A—C). (8) 


Equating coefficients of like powers of a in (3), we obtain the equations 


A+B=4, 
A—B+C=1, 
Ai (6 Si). 
whence Asai Bio. Ca 
2 
Tents 4e74+¢4+1 2 2-1-1 
es —1 e—l #tasdl 
3 
end Diese eae 2; Deptenl! ; 
x —1 e—-1l #4241 


The values of A, B, and C may also be found by assuming arbitrary values 
of x. ‘Thus when z = 1, (8) becomes 6 = 8A; when x = 0, (8) becomes 1= A —C;; 
and when @ = 2, (8) becomes 19=7.A+2B+C; whence 4=2, C=1, B=2. 


54. Case II. We will now consider the case in which some of 
the factors of the denominator /’(x) are repeated. For example, let 


F(a) = (aye + B,)* (a + b,) (aga? + Dye + 6)? 


We assume 
J (2) if A, Al on A, A,x +B, 
F(a) (a,0+6) aat+d, ae+b, (a2 +6,¢+¢,) 
Ala+ Bi 1 
a, + b,0 + C, () 


as suggested by the work of § 52. 

Multiplying (1) by F(z), we have an equation of the 6th degree 
in 2, since the degree of f(z) is, by hypothesis, less than that of #(7). 
Equating the coefficients of a®, «°, a*, x, a, x, and the constant 
_term on the two sides of the equation, we have seven equations 
from which to determine the seven unknown constants, A,, Aj, 
pes 

It is evident that, granted the existence of these constants, the 
above method for determining them is perfectly general. 


hy 
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: 4— 6 7? + 16 
Ex. 1. Separate into partial fractions ee eae 
(x + 2) (a? — 4) 
Since the degree of the numerator is not less than that of the denominator 
we find by actual division 


— 622 2 
at — 642+ 16 foe 2x , (1) 
(w + 2) (a? — 4) (@ + 2) (x? — 4) 
23 A B C 
= =: 2 
Cee ray ae) re ep (2) 


Clearing of fractions, we have 


222 = A (@ — 2) + B(x? — 4) + C(a +4 2)? 
=(B+ C)a?4+(4+40)24+(—-2A—4B+40). 


(3) 
Equating the coefficients of like powers of x, we obtain the equations 
B+C=2, 
A+4C=0, 
—2A—4B+4C=0, 
whence A =— 2, B= 3, C=}. 
Therefore substituting in (2), we have 
202 2 3 1 
=— ++ —., 
(@ + 2) (x? — 4) (©+2)2? w2+2 4-2 
so that finally 
xt — 622+ 16 2 8 1 
ii Se Dee + + . 
(x + 2) (a? — 4) (w+ 2)? 2(%@4+2) 2(%—2) 
7 0 rh Be 
Ex. 2. Separate into partial fractions eES Boh! = 5 an aoa! 
7 = IY 
By division we first find 
8a7+ 0°—6rt—8e2-1144+9 8 v8 — 472 —7 4 
Se 
2 (a8 — 1)2 (x3 — 1)2 
We now assume 
e—4a27—Te+4 £423A e B Cz + D 
(x3 — 1)? (e—Il)? w-1 (@+2+1)2 
4 He + F 9 
w+ ot te es) 


and clear of fractions. The result is 


—40?—Te+4=(B+2)84(A4+B-—E+4 F)x 


+(24+B+C—F)e+(3A4—B-204D-—E)2? 


+(2A4—-B+C-2D+E-—F)z+(A—B+D+F). (8) 
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Equating the coefficients of like powers of a in (8), we obtain the equations 


B+H=0, 
A+B-—E+F=0, 
2A4+B+C-F=1, 
84 —-B-—2C04+D—-H=-—4, (4) 
2A—-B+C-2D4E-F=-%, 
A-—-B+D+4+F=4, 


whence 4 =~ #4, B=0,C=38, D=4,H=0, F= 4. 
Substituting these values in (2), we have 
we —Aer?—To+4 | 2 382+4 2 
(«3 — 1)2 ~ 8(@—1)2° (2? +241)? 8(@%+241)’ 


so that finally 


ESSE IL aN CABS SANK Saal Ferg 2 382+ 4 
2 (2 — 1)? 2 28 8 —1)2." @ 4a + 1) 
2 


*3@@+e41) 


55. Proof of the possibility of separation into partial fractions. 
In the last two articles we have assumed that the given fraction 
can be separated into partial fractions, and proceeding on this as- 
sumption we have been able to determine the unknown constants 
which were assumed in the numerators. We will now give a proof 
that a fraction can always be broken up into partial fractions of 
the types assumed in §§ 53, 54. 


Let the given fraction be f a where f(x) and F(x) are poly- 


nomials having no common factor. 

Let x—vr be a linear factor of F(x) which occurs m times, 
and F(#) be the product of the remaining factors. Then (2) 
=(«—r)"F,(x) and . 

Gye OMe As 
F(a) (@— 1)" F(a) 


Now the equation 


J (2) Ae A agen — AF,(x) (2) 
(@@— ry" Fo) ©)" (@— 7) FC) 


is identically true, 4 being any constant. 
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If we can determine 4 so that 
J (7)—AP(7) = 0, (3) 
then f(x) —AF,(z) is divisible by «—~r (I, § 40) and may be de- 
noted by (#—1)/,(2). 


But by hypothesis neither f(x) nor F(z) is divisible by (~—7), 
and hence f(r) # 0 and F,(r)# 0. Therefore, from (3), 


mriae Lae 
Fr) 
a constant, which is not zero. 
With this value of 4 we have 


At, De Sey (5) 
EGE) AE) tye ne Hy (ae) 
: ; F(@ 
Applying this same method to ao ae we have 
PACE OR 2 ince AC ores 
(« ae aye ae) (x = aw -1 (a - 7) be a) 


BE and (@— (0) =f (2) AF) 

It is to be noted, however, that A, may be zero, since /,(7) may 
be zero; but A, cannot be infinite since F,(r) + 0. 

Applying this method m times in succession, we have 


where A, = 


A A A A ; 
i) =< m : m— 1 25 - : m —2 a 7? iF 2 “p Jul®) ? 
F(a) («—7) (x — 7) (t—1) e— 7 9 H(z) 

where A, A,, A,,--- A, are all finite constants, of which A is the 


only one which cannot be zero. 

By the above reasoning it is evident that corresponding to any 
linear factor of the denominator which occurs m times we may 
assume m fractions, the numerators of which are constant, and the 
denominators of which are respectively the mth, the (m—1)st, 

, lst powers of the factor. 

After these fractions have been removed, the remaining frac- 
EAC) 

,( 


tion, Le. F(a)" may be treated in the same way. 
z 


1 
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In the above discussion 7 and the coefficients of f(z) and F(z) 
may be real or complex. Consequently, the method may be applied 
successively to each factor of F(x), thus making a complete separa- 
tion into partial fractions. If, however, f(z) and F(x) have real 
coefficients and we wish to confine ourselves to real polynomials, we 
will apply the method to real linear factors only, and proceed in 
the next article to deal with the quadratic factors. 

56. Proceeding now to the case of a quadratic factor of F(x), of 
the form (*— a)’+ 0’, which cannot be separated into real linear 


factors, let F(z) = [(@ pas a)” + be Bia): 


fle) 70) 
4M —— a ik 
FQ) [a+ FP) sn 


Now the equation 


J (2) bad Ax+ B a AD) — (Ax + B)F, (x) (2) 
[(@—a)?+ OF (a) [(@—a)y+ ey [@—a)+ By F,(2) 


is identically true, A and B being any constants. 
If we can determine 4 and B so that 
f(a + bt)—[A(a + bt) + Bl F(a + bi) = 0; 
and J (a — bt) —[A(a — bt) + B) F(a — bt) = 0, 


(3) 


then f(x) —(Az + B)F,(«) is divisible by «—a—bi andw—a-+ hr 
(I, § 40), and hence is divisible by their product (w—a@)’+ 0, and 
we can place 
Jf (2) — (Aa + B)F, (a) =[(@ — 4)’ + BT A,@). 
By hypothesis neither /(x) nor F(z) is divisible by (x — @)’+ 0°; 
hence f(a + bt) #0 and F(a + bt) # 0. 


— bi 
Denoting Ao) by P+ Qi, and NE) by P — Qi, we 


47 "2 HY ==: (9) 

shall have F(a +) Oe » 
A(a+ bi) + B=P+ Qi 
and A(a— bi) +B=P— i, 


where P and @Q are finite quantities, both of which may not be 
zero at the same time. 
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Therefore GA+ B= P, 
bA=Q, 
two equations from which A and B are found to have real finite 
values which cannot both be zero. 
With these values for 4 and B we have 


f@___Av+B AO) . 
Fo) (a+ UP [ea + PPO) 


(4) 


and repeating this process as in the case of the linear factor we 
have finally 


J (2) Az+B re A,c+ B, ie Fn() 
Fe) (@— at ep* [ear oP Fa) 


It should be added that A and B may not be zero at the same 
time, and that any or all of the other constants may be zero. 

The same method may evidently be applied to each one of the 
quadratic factors of F(z). 

To sum up, if 


F(x) =(x—1,)"(2@—1,)"---[(@— a)? + By] ---, 


and we apply the above methods to the linear factors in succession 
and then to the quadratic factors in succession, we have finally 


ab A A A 
F(a) ar m A : Sear ale Al Paes 
F@) (@e—n)" | @—n) zr, 

B 15 
Seam i a ee ae 

C= 7.) (B= 7) aad 
Cz+D C.e+D, i 

[ay A 0t) ae roa ie ae 
Ca + D, 

ree AS a eg 

(2 — a)?+ mt mae 


where J is either zero or an integral expression in 2. 
But if the degree of f(z) is less than that of F(x), and we shall 


always reduce the fraction to this case by actual division, a and 
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all the fractions on the right-hand side of the equation are zero 
when «=; hence J is zero and the fraction is separated into 
the partial fractions noted. 

57. In the discussion of the last article the quadratic factors of 
the denominator are only those which represent the product of two 
conjugate imaginary factors, all the real linear factors having been 
previously removed. But some of these real linear factors may be 
surd, in which case the algebraic work of the determination of the 
numerators (§§ 53, 54) is burdensome. If, however, the-surd fac- 
tor is of the form a — a — Vb, where a and b are rational, this work 
may be avoided in the following manner: 

(1) It may be shown by a method similar to that used in I, 
8§ 44, 45, that if /(x) has only rational coefficients, and 2 — a — Vb 
is a factor of F(z), then « — a+ Vb is also a factor, and hence that 
F(x) contains (#— a)’— bas a factor. 

(2) If [(¢—a)*— db] is a factor of the denominator F(z), the 
other factor being F(x), then 

Fe) =[(e— 4) OP F,(0). 
Then the rational fraction ae may be proved equal to 
Cz + D Ji (“) : 
[(j@— ap — oy" [@— aR 

The proof, being similar to that of the last article, is left to 
the student. 

Accordingly, if all the coefficients of the denominator are rational, 
and the surd factors, if any, are of the type just noted, the fraction 
will be separated into partial fractions, the denominators of which 
shall be of the forms (x —7r)", [(a—a)’+ 0°]", and [(#— a)? — b]”. 

58. Integration of rational fractions. The integration of a 
rational fraction in general consists of two steps: (1) the sepa- 
ration of the fraction into partial fractions; (2) the integration of 
each partial fraction, and the subsequent addition of the integrals. 

There will then be four types of integrals to consider : 


Adx i (Ax + B) daz nd fo (Ax + B) dz 
Aree ( ae Been [(z a2 — a)? + b"]" 
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The first three, however, have already been discussed. Turning 
then to the fourth, we may put that in the form 


ee (g—a)|+ B+ aA 

ras 
[(@ — a)? + B°)" : 

which is equal to the sum of the two integrals 


5 fle a+ b7|-"2 («x — a) dx 


adi 
oe aie ‘Sih [(e— 7 ly 


The first of these integrals is readily seen to be 


A il 
2(—n+1) [(@- a)? + 0? )"—* 


The second may be evaluated by placing «a—a=btan@. Then 


1 Rs 
(Cae 4+ 0? ope | coe 60. 


When n = 2, this integral is evaluated as in Ex. 3, § 13. The 
case n> 2 rarely occurs in practice, but if it does occur, 


if cos’*"~?@d@ may be evaluated by methods of § 65, or the inte- 

lx : SN: 
eral if ie WSSU PP may be evaluated by successive applications 
of the reduction formula 


du x i w 
lhe a)" oD (n —1) a?) (w+ a’\"— rae ao ON fame + a\"— all 


which will be derived in § 73. 


2 
Ex. 1. Find the value of fe Aes SaaS 
34+ 242 —¢ —2 


Since 28 + 22? — x —2 = (x —1)(%+1)(% 4+ 2), we assume 


w4+82+3  £éA B C 
+2 78g Se eee eee! 
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Determining A, B, and C by the methods of the previous articles, we have 


4+ 8e+38 - 2 2 3 
B4+2e2—2-2 2-1 24+1 242° 
(27+ 82+ 8)dx _ 2 2 8 
v8 +202 —7%-— 2 (4 sis) 


=2f Soop sf, 


= 2 log (x — 1) + 2 log(« + 1) — 8log(z + 2) + C 
— 1)2/ 2 
(x — 1)?(@ + 1) 40 
(% + 2)8 
a 1)2 
Sie a alae GC: 
Fe tap” 
8at + 222+ 62 + 18) dx 
8x3 + 27 : 
Sat + 2074+ 62418 _ 2x72 — 21¢ + 18 


By division gee eee, 1 
7 ’ 8 a8 4 27 Ea ALT (1) 


= log 


Ex. 2. Find the value of f ( 


The real factors of 8x3 + 27 are 247+ 8 and 442-624 9. Therefore, we 


Wears Qa2—212+18 A Bu +C 
828 + 27 2a+3  4a2—6a+9 


(2) 


Determining A, B, and C by the methods of the previous articles, we have 


202 — 21% -— 18 2 Se 


£5 ze ; 3 
823 + 27 2e+3 4272-6749 (8) 
41992 16 
S i 4+ 202% + eo et 2 x 3x ) ae 
8x3 + 27 2e+3 4277-6249 


2 dx 38adz 
= d z - (4 
fe Dias brea 442—62+4+9 (4) 


1 2 dx 
But fda = 28, = log (22 + 3), 
u x dx his oe48 g ( + 3) 
3a dx 3 (8a — 6) dz 9 dx 
1 sk A 
oa 4m2—62+9 8 Regie oa Gas ape 


3 3 44 — 3 
= —log(4a2 —6a”+9)+4+ Stannee — 
8 jag 4V3 3 V3 


Substituting the values of the integrals in (4), we have finally 


Bat + 2074+ 62 +18) dz 
( 


823 + 27 
1 3 3 4x —3 
= ~—2?-+ log(2% + 3) — —log (4a? — 6a + 9) — — tan—-1——_ 
3 + log (2a + 8) — = log( mare marr 
: : 4% —8 
eae loc is =e ees eer +C. 
2 (422-62+9)8 4V3 38V3 
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— 624 — 8a? —11xz+4 9)dz 

2 (a8 — 1)2 

The fraction being the same as that of Ex, 2, § 54, we have the first step of 
the work completed. 


7 6 
Ex. 8. Find the value of (ee ae 


Hence 


pees — 6a4 — 8x2 —11x%+4 9)dz 
2 (x8 — 1)? 


4 2d 
=f: nde + [> Bee 2 dx (8a + 4) dx 4 x aw 
2 3 Ea” (x? + & +1)? 8 (a? + 2+1) 


Now the first, the second, the third, and the fifth integrals are readily eval- 


2 
uated by previous methods, their values being respectively aah Os ’ 
ea See 1) 
4 2+) 
and ——— tan 
3V3 V3 


There remains the fourth integral i = oN” , which may be reduced to 


x? +2 +1)? 


S f@ttetn- 22+ 1)de+ > f 


(a? + 4+ 1) 
The first integral is — os while the second integral may be 
2 (2? ++ 2+ 1) 
written in the form Oe and can be evaluated by placing 
[(2% + 1)? + 38]? 
22 +1=V3 tan. The result will be 
det 20 
40 = cos?6 de 
Sieetirm aval 
= el 6+ ° sin 20 
Seu avs 
S 10 ten te ed 5 2e+1 ; 
3 V3 V8 © 08a ttl 
tenes ip (Ba+4)de _ 3 = 105 epotee +1 
@+atlP  2eX+a+l) gvy V3 
5 2x4%+1 
6 v+a41 


Finally, substituting the values of the integrals in (1) and simplifying, we 
have, as the value of the original integral, 


3 1 2 52 — 
Soe eth mn x—2 4 Ae Tee il 
4 2 3(@—1)  8(@%+241) 3v3 


PROBLEMS iy; 


PROBLEMS 
Separate the following fractions into partial fractions: 


1 we+ta—4 22 —o¢+6 


Oxi. bz! 6a. Corer eh 
9. HE ha sea 10. 380242 
v8 + 2 —Q2e w—2e+4 
3. 8241 ; 11. 12a + e+ 2a%?-a@—-2 
408+ 8272-27 -—2 824 — 242-1 
4. ahs == Tilien = 5! ; 12. 208 — a? + 5a4+2 
a + 222-52 —6 w+ 3074+4 
5. 3a%?#- 2% — 3 13. a — af + 28 — 20? - 20-1 
xt + 28 w4+3a%+2 
6. w—Te+ 2 ’ 14. at + 5a%+ 204+ 6 
4at — 423 + 2? w+ 623 + 94 
7. a8 — x? — 124% —8 15. w+ e8 —4e2-—62+4+8 
x(x + 2)8 oe —2e4—498 4+ 892+427- 8 
8. Sat — 42% -2a2+7a 16. a—ar+e+3_ 
(2% + 1) (2? + +1)? 


Find the values of the following integrals: 


17. js (14% + 3)dz 26. [Se 
4n24+4¢—15 4 v3 — x 
6 — 12:4) a 
as a eet ae dhe SS an 6 
x—9x — Oar — 
(32 — 10) dz 28. (822 — 10% — 16) da 
AP: lena eeert w+ oer—4e—4 
(8a + 7) dx 99 4234+ 2241 
2: ieee "J 298 + 522 — 8a 
(5a + 4)dax 30 Gat + 1708 — 829-6444 
BD 402 +4242 ih 203 +79024+22-—8 ; 
v8 +g? +ao+l 4a4+ 1023 —822?—207+1 
22. me Sea eae 31. f 4a3 4+ 822 —92 —18 is 
Bee) Sip tee) ans 16 x2 — 18 3 
293 928 + 32 x—3 bes 32. as ge 
907 4+1224+8 4e3—427?24+ 04 
8 2 v24+2a+4+ 4)dz 
4. (oe oy a ea 
2x2—1la—6 (6 02 + 10a” + 9) dx 
ie eng ae Ss 4. 5 
25. oe+ 02-64 i 4 408 + 822-32 —9 
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(8 —2e —42*) dx 
‘J 498 +1202 4+ 92+ 2 
3 re (5a — 2)dax 
"J 484922 -—42—8 
— 72 — 98 
eee x 2a i 


35 


et + 208 + a 
sya 
Oe fe no ase ae 
9x3 — 6x2 
rt __ ee a 
39. [2 ee ae 
x(x —1)8 
40 Se 
; 16 2¢ — 84241 
2 ee 
9h, [fe 
x3 +e — 2 


42. [ (x2 — 13x) dx 
“J a — 3822-2242 


# Se 
isi (oes 
xt — 16 


x dx 
44. [— ara cars 


daz. 


(1542 — 29a —17)da 
"J (8a? + 2) (22 — 22 4 8) 


4 if (2x2 + «+ 1)dx ; 
"J (a+ 8) (2224 @ +4 5) 


47 dz. 


(2 eee 
‘ gt+4 


We Tigh 2 a 
48. (** 4n ui +182 3 an 
8x3 + 27 


923 + 2022 4+ 212 —5 


49. Z 
(x? — 8) (822+ 8a + 5) 
50 x2 + 2% 
; (x? + 8)2 
248 + 1022+ 4a 
d 
a if (2a? + 1)? 


ye 2 = 0) 
52. (fs llaz?4+ 192 Leis 


4+ 628+ 9% 


53 


a 
; Hip 
~—422+4+ 42° pA 


CHAPTER VII 
SPECIAL METHODS OF INTEGRATION 


59. Rationalization. By a suitable substitution of a new vari- 
able an irrational function may sometimes be made a rational 
function of the new variable. In this case the integrand is said 
to be rationalized, and the integration is performed by the methods 
of Chap. VI. We shall now discuss in §§ 60-63 some of the 
cases in which this method is possible, together with the appropri- 
ate substitution in each. 

60. Integrand containing fractional powers of a+ bx. Expres- 
sions involving fractional powers of a+ bx and integral powers of 
« can be rationalized by assuming 


a+ bv = 2", 
where 7 is the least common denominator of the fractional expo- 


nents of the binomial. 1 
For if at+ov=2, then #= PAG —a) and dx= = 2"—dz. Also, 


if (a+ bx)” is one of the fractional powers of a+ ba, (a+ bx)? =2", 
where pn is an integer. Since x, dz, and the fractional powers of 
a+ bx can all be expressed rationally in terms of z, it follows that 
the integrand will be a rational function of z when the substitution 
has been completed. 


2 
Ex. 1. Find the value of oe 
(1+ 22)! 
Here we let 14+ 24% = 2%; then x = (28 — 1), and da = $2? dz. 
2 di 8 
Therefore f—, = = fie — 224 + z)dz 
(1+22)) 8 


k 2 75 1 2 
g(428-—F2+42)4+C 


= xhy 27(526 — 1628 + 20) +C. 
Replacing z by its value (1 + 2a)5 and simplifying, we have 
2, 
(2 pi | + 22)8(9 — 122 + 20a) + C. 
(leg a)! 320 
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9)3 — 9) 
e+ aye + 2 gy, 
(% + 2)? +2 
Since the least common denominator of the exponents of the binomial is 4, 
we assume z + 2 = 24; then x= zt — 2, and de = 42z'dz. On substitution, the 


Ex. 2. Find the value of 


integral becomes 


2 — z4 a) 
dzg=4 8_ 22_9z719+4 —_|dz 
Oar Zz fle z + ae 


4 
=4| ict — Gato +22 + 2 log (2? + 2) — Stan | ap Or 
4° 3 v2 v2 


Replacing z by its value ( + 2)3, we have 


(x + 2)? — (a + 2) 


(e+ 2)'+2 
=e +2—$(e + 2)? — 4(~ + 2)2 4+ 8(@ 4 2)3 + 8log(Va +242) 
Shy) ne ee Gi 


¢€ 


61. Integrand containing fractional powers of a+ bx". If the 
integrand is the product : 
a” (a + bzx")", 
where g and 7 are integers, there are two cases in which rational- 
ization is possible. 


r+1 


nN , ‘ 
CasE Il. When is an integer or zero. Let us assume 


a | ba” — ar 


and observe the result of the substitution. Then 


1 - va aed 
n=—(2—a)", and dxr= eee ce ade. 


b” nb” 
Therefore 
q , m+1 Sal 
ena r\" da — Be REP n 
e"(a +- bu")\"de = =e (z a) dz. 
nb ” 


tg i Le ; : : 
But if ——— is an integer or zero, this new integrand is a 
n 


rational function of z, and the assumed substitution is an effect- 
ive one. 
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Ex. 1. Find the value of i 25 (14 223)%de, 


m+ 1 1 
Since pee we assume 142 23= 22, whence ae sar —1), and g? sar zdz. 
The new integral is } bf — 2z*)dz, which reduces ie L, 28 (822 — 5) + C. 


Replacing z by its value, we have 
(et + 2208)8de = J, (1+ 204)'(803—1) +0. 
m+1 


v 


Case IL. When es is an integer or zero. Here we will 


assume 
a —- bar er 2" . 
an i 
Then 410 i and dx#=— Sa er eet dz. 
3)" n(e— 
m+1.q 
qd K n raQ@tr—1 
q ra 
Therefore x(a + bx")"dx =— Mm 
n (2 —b) ” re 


This new expression is a rational function of z. 


2)3 
Ex. 2. Find the value of — dx 


Here a ms é +3 == 1, and accordingly we let 2+ a? = 22. After the sub- 


Bete (i a 
stitution we aes as the new integral, — 2 (ey = the value of which is 
EE 


z(8—22%) 38 ‘e41 
a AS. sane 


Replacing z by its Tees we have 
(Ott ae = V2 + x? (a2 — 4) tiine YA +P+e 
x - 20 2. W/o int = 2 


62. Integrand containing integral powers of Va + ox + x. 
If the integrand contains only integral powers of x and of 
Va + bx + a’, ib may be rationalized by the substitution 


Vatbeot+e=2—a; 
for from this equation 


2 — aaa fm 
aie orig Miner i= 5s 
2 (# + bz + a) 
dx = dz. 
and wv (z+ bp 


The result of the substitution is evidently a rational function of z. 
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2 
Ex. Find the value of (f mes 
V1i+%+ 22 

Letting V1+2+a2?=z—~2, we have as the new integral 2( es 

which, by the method of Chap. VI, is ee 

[2 ae 48 z+ 33 

4(2z +41)? 


(2-1) | 
22 +14 


z, 


— log (2z +1| +. 


Replacing z by its value x+V1+a+22, we have as the value of the 
original integral 


s|@ +Vipe+ 2)? —8(e4+V14 e422) 


a4 B+ VIF Cte log Qe4142Vitere)|+C. 
4(Qe4+142V142 +4 22)? 


If the coefficient of «* under the radical sign is any positive 
constant other than unity, we may factor it out, thereby bringing 
the expression under the case just discussed. 

63. Integrand containing integral powers of Va + bx — x*. In 
this case the substitution of the previous article fails, as « could not 
be expressed rationally in terms of z. We may now, however, write 


2 2 
a+ ba— ama — (eda) SEX (25), 


an expression which can be factored into two linear factors of 


2 
the form (7,+ 2) (r,— «), which are real except when aaa = 0. 


4 
values of 7, and hence Va + ba — a? is always imaginary. 
Now place 


Va + bx — a? = /(7,+ L) (r, — &) = 2(r,— 2). 


2 2 
But then it is evident that LARS a5) is negative for all 


Solving this equation for 2, we have 


7’, —P7 eran weer a (ee 
aoe Va+be—-#= ("1 Cree, 
and d= ae 


After the substitution the new integrand is evidently a rational 
function of z. 
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Ex. Find the value of lee = 


x Vo—e— a2 
Since 2 — x — a = (2 + ) (1— =), we assume 


V2—a¢—a=V(2 +2) Mgr ete 


The result of the substitution is the integral 2 fz Spear which is equal 
1 2 
a2 +C¢ 


Vas Bee —- 
24+ 2 
Replacing z by its value V 


> we have 


f Al lop MA RHE R BEG 
aV2—a—22 V2 ” V2 + n+V2—22 


64. Integration of trigonometric functions. There are certain 
types of trigonometric functions for which definite rules of pro- 
cedure may be stated. The simplest case is that in which the 
integrand is any power of a trigonometric function multiplied by 


3 


its differential, e.g. i sin’ cos «dx, which may be integrated by one 


of the fundamental formulas. It is evident that this class requires 
no further consideration here. To deal with the more complex cases 
it is usually necessary to make a trigonometric transformation of 
the integrand, the choice of the particular transformation being 
guided by the formulas for the differentials of the trigonometric 
functions. Some of these transformations are given in §§ 65-70. 


65. Integrals of the forms [sine x ax and foosrxax We may 
distinguish three cases. 


CasE I. n an odd integer. In the integral ff sin"« dx we may 


lace 
IY sin" # dz = sin”~'x sin x da. ; 
vfs 


Now sin «dz =— d(cos z), and sin""*# = (1 —cos’a) ? , which 


ie Pat es 
is an integer. 


; ; E ; n— 
is a rational function of cos ~ since 


a 
n—1 
Then ih sin*2 dz =— i (1 — cos’) * d(cos 2). 


In like manner we may prove 


n—1 
cost diaz =f —sin’x) * d(sin 2). 


Q 
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Ex. 1. Find the value of J sinta dx. 


fsintadz = -fa — cos? x)? d(cos a) 


=— cosx + 2 cosa — 4 cos?x + C. 


Ex. 2. Find the value of fs 
osta 


if: Ge here Ga To integrate, place sing =z. Then 


cos? — sin?@)? 
{ee d (sin @) San z i ie 1—2z 4¢ 
(1 — sin?a)? eee peed 4 1+2 
ena i “ 1—sing 
~~ 2cost2 4 ° 1+ sing 


Case II. n a positive even integer. In this case we may evaluate 
the integral by transforming the integrand by the trigonometric 


formulas sin’# = 4 (1 — cos 2 2), 
cos’*z = 4(1+cos22), 
as shown in the following example. 
Ex. 3. Find the value of f costa dx. 
Applying the second formula above, we have 


costa de = 4 f de + } { cos2ade + 1 f cos?2a 6a, 


Applying this formula a second time, we have 
f cos2ade = 4fa + cos 42) da. 
Completing all the integrations, we have finally 


$a%+1sin2¢+4j,sin4r+4C. 


CasE III. n a negative even integer. In this case we replace 


1 ih 
in # b d cos z by —— and das i ; 
sin # by — an x by —_, and proceed as in § 68 


66. Integrals of the form f sin™xcos"xdx. There are two cases 


in which an integral of this type may be readily evaluated. 


CasE I. Hither m or n a positive odd integer. If m, for example, 
is a positive odd integer, we place 


sin” # cos"« dz = sin"~* x cos" «(sin # dz) 


m—1 


=— (1 — cos’) * cos"x d (cos x). 
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m—1 


Since by the hypothesis is a positive integer, it is evident 


that the new integral can readily be evaluated. 
Similarly, if 7 is an odd integer we express the integrand as a 
function of sin a. 


Ex. 1. Find the value of fy sin x cos’ x dx. 
J vein x cos? x dx = f Vsin x(1 — sin? x) d (sin x) 
=r sin? x (7 — 3sin?x) + C. 
Sometimes when one of the exponents is a negative integer the 


same method is applicable, but it is apt to lead to functions the 
integration of which is laborious. 


jn2 
Ex, 2. Find the value of {= © de. 
COS & 
132 in2 ] 27 
je © an — (sin EAS Dy (e202 (where z = sin 2) 
COS X 1 — sin? 1— 2? 
1 14+2z 
Sieh = oe 6G 
5 ze 
“sh Ni poet as epee Sa gd 
2 1— sing 


Case Il. Both m and n positive even integers. In this case the 
integrand is transformed into functions of 2 @ by the two formulas 
of the last article and the additional formula 


Sie cos 2 = 5 SIM. 2 7 


Ex. 8. Find the value of fsinta cost x da. 
Placing sin2a costa” = (sin x cos x)? cos? a, 
we have sin?a costa = 3 sin?2¢(1-+ cos22). 
Therefore fsints costa da =  f sin’ 2a dae yf sin?2 x cos2x dx. 
Applying the same method again, we have 
foint2adz =} f (1 — cos 4a) de. 
Completing all the integrations, we have finally 


fosinte coste dx = yy % + gy sin? 2a — qgsindz+C. 


‘ 
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67. Integrals of the forms | tan"x dx and forms dx. Since tan x 
and ctn x are reciprocals of each other, we need consider only the 
case in which » is a positive quantity. Accordingly, 7f n is a 
positive integer we may proceed as follows. Placing 

tan’x = tan" * tan’, 
and substituting for tan’ its value in terms of sec #, we have 


tan"« = tan” *x(sec’x — 1). 


Therefore fr tan" 2 dz = f tan"~*x sec? dx — if tan” *x dx 


= tan” 2 — fvmnr-*2 dx. 


It is evident that the original integral may be completely evalu- 
ated by successive applications of this method. The same method 


is evidently applicable to the integral f etn" x da. 


Ex. 1. Find the value of f tanta dx. 


Placing tan'z = tan’x tan?x = tan3x(sec?x — 1), 
we have f tan>« dx = if tan’ sec? x dx — i tan’ x dx 
= i tanta — ftante dx. 
Again, placing tanz = tan x (sec?z — 1), 
we have f tanta de = ftanz sec2a dx — ftane dx 


=} tan?z + log cosx + C. 
Hence, by substitution, 


f tanba de = } tanta — } tan?x — log cosa + C. 


Ex. 2. Find the value of fein 2x dx. 
Placing ctn#2 a” = ctn? 2a (csc?2@ — 1), 
we have fet PO O(6 Hi me few 2m csc? 2” dx — foot 20 da 
=—1 ctn?22 — fictn®2a de. 
Again, placing ctn?2%=csc?2¢ —1, 
we have if ctm2 Lae = f (csct22 — 1)dz 
=—tctn2r1—-2£+C. 


Hence fom2rde=—}ctn224 botm2e+24C. 
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68. Integrals of the forms | sec"x dx and | csc"xdx. We shall 
consider these integrals only for the case in which 1 is an integer. 
Case I. If n ts a positive even integer, we place 


f seorvae = f secr—ta sec’ a dx 


n—2 


= | (1+tan’«) * d(tan2), 


2. 
- 18 


: : : : : y= 
where the integrand is a rational function of tan 2, since 
a positive integer. rs 
In the same manner, we may show that 


n—2 
fesceae=— fi + etn’x) *? d(ctn 2). 
Ex. 1. Find the value of [sect Bade, 
J sect 8ede = sfa + tan?3 x) d(tan 8a) 
=} tan32(3 + tan?32)+C. 


Case II. If n is any integer other than a positive even integer, it 
is evident that Gar integral falls under the case of § 65 when sec 


is replaced DY en 
may be. 


; 1 
or when esc x is replaced by ,» as the case 
sin «@ 


Ex, 2. Find the value of ee. 


cos & dx 
fosccedn ={= ; 
cosa cos? a 


d (sin @) 1 1—sing 
sin?z — 1 2 1+ sing 


i 

nae oa — sina 
1, mae + sin na)? 
ia. 

at 

Te 


“ 1 —sin?a 


jog (=) i 
COS @ 


= log (secaw + tana) + C. 


In like manner it may be shown that fcscadn = log (csc x — ctnz) + C. 
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69. Integrals of the forms if tan” x sec"x dx and f ctn™ x csc" x dx. 


Case I. If x is a positive even integer, we may write 


n— 


2 
if tan” sec"x dx = i tan™x(1+ tan’x) ? d(tan 2), 
n—2 
and i} cin” 2 scr dai fi ctn™v (1+ ctn’x) ? d(ctn 2), 


9 
v1) dee 
where 


is a positive integer. 


Ex. 1. Find the value of f tanta x sect 2 x dx. 
Placing sect 2% = sec? 2% sec?2x, we have 


f tant 2a sect 2.2 de = bf tantae(1 + tan?2 a) d(tan 22) 


=} tan? 2% + 4 tan?22+C. 


CasE II. If m is a positive odd integer, we place 


fins sec” x dx = f (tan w sec"—* z) (tan x sec 7 dz) 
m=1 
= f seortz (sec? —1) * d(sec zx), 


and penne esc" x dx = f (cinta cese"~* x) (ctn x esc x da) 


m—1 
== f esetta (ese? 1) 3" ad (ese 2), 


Uae AB ic Sur 5 
1s a positive integer. 


where 


Ex. 2. Find the value of f tan’ 3asec?3 2 dz. 


ftan32secl ade = f (tan®3e sec 43a) (tan 3a sec 3 x da) 


=! 


= bf seo“ 48.2 (sec? 8 « — 1)d(sec 32) 
=4 sec33 a — seci 83a + C. 


Case IIL Jf m is an even integer and n is an odd integer, 


the integral may be thrown under the cases of § 66 by placing 
sin @ 
seca = 


and tan 2 = 


COS w COS & 
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70. The substitution tan% =z. The substitution tan 5 = 2, o1 


“= 2tan*z, is of considerable value in the integration of trigo- 
nometric functions, since if the integrand involves only integral 
powers of the trigonometric functions, the result of this substitu- 
tion is a rational function of z. For, if 


tan =2, 
then sin # = 2 sin~ cos~ = BE ; 
: 2 2 1+2 
1=—2 
cog = es 
Cos x COs 5 oe 
x 
Pata 
2 
tan ¢=———=--4,, 
{tan 
an’5 
2 dz 
d dx = 2 
an x i 


When these values for sin 2, cos x, tan z, and dx are substituted, 
it is evident, as stated above, that the result is a rational function. 


Ex. Find the value of (22. 
1+ 2 cosz 


5 wv 1— 22 P 2 dz 
Placing tan = =Z, or 7 = 2 tan—1z, we have cos¢ = and dc = ——— 
2 ce 1+ 2 
hi d 
Therefore i a ee eo if & . 
1+ 2cosx 2—3 
=e 
to ee log g a = (6 
2V3 z+Vv3 
1 tan— +V8 
= —— log +0 
v3 tan- —V3 


This method is applicable to an integral of any one of the three 


dx dx (Of eretaceee 
Cee eearrers Ween a a cos “+ b sin a 
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71. Algebraic reduction formulas. It was shown in § 61 that 


an integral of the form | 2"(a + bx")?dx, where p is a rational 

m+1lem+1 
or 

n n 
integer. In general, however, an integral of this type is evaluated 
by use of the so-called reduction formulas, by means of which the 
original integral is made to depend upon another integral in which 
the power either of x or of the binomial a+ bz" is increased or 
decreased. 
The four reduction formulas are: 


+p is zero or an 


number, can be rationalized if 


ip a” (a + ba") ?da 


sm —n-+1 m\ p +1 — 
he +a + bat)y?**  (m—n+1)a x(a + ba")"dx, (1) 
(np +m +1)b (np+m+1)b, 


x(a + bx") ?dx 


m+1 nae 
es a (a + bu ae as npa foe =f ba ae, (2) 
np+m+i1 np+m+ 1 


x(a + bx")?dx 


pm+l La m\ p+1 
= a @ +- ba ye ba ie +1)b ant" (a, ab bx")"dax, (3) 
(m+1)a (m + 1)a 


ib x(a + bx") ’dx 


am+1 am\ p +1 / 
eee (a + bx ) + PERE EE fora + tary tide (4) 
n(p+1l)ja n(p+l)ja 


These formulas may be verified by differentiation; their deriva- 
tion will be given in the next article. 

Formulas (1) and (2) fail if np +m-+1=0; but in that case 
we proved in § 61 that the integrand can be rationalized. 

Formula (3) fails if m+1=0; and in that case also the inte- 
grand can be rationalized. 

Formula (4) fails if p + 1= 0; and in that case it is evident that 
the integration may be performed by the method of § 60. 
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72. Proof of reduction formulas. To derive formula (1), § 71, 
we note that d(a + ba”) = nba"~'dx, and accordingly place 


gm—ntl 
x™ (a + bx")? dx = (a + bx")? nba" da 
and integrate by parts, letting 
am —n+1 
ae uw, and (a+ bx")? nba*—dx = dv. 
= m\ p +1 
Then Te ee ea dan and v= (eae 
nbd eed! 
As a result, 
f a” (a + bx")? dx 
ym—n+l1 n\p+1 = 
= am (a+ bar) pis, m—n+1 aa + bx")? +1 la. (1) 
nb(p + 1) nb(p + 1) 


To bring this result into the required form, we place 
a —" (a + DxryP tT = ™—" (a + Da") (a + ba")? 


whence = (aa "+ bx”) (a + ba)?, 


ifs (a + ba")? ** da 
= af oma + bx")? da + » fa (a + bx")? da. 


Substituting this value in (1), we have 


fe (a + bx”)? dix 
. qin —n+l (a ae nag een = m—-n+ ] {a far-(a + bu")? da 
nb(p + 1) nb(p + 1) \ 
+0] a(at beryrdce | 2) 


Solving (2) for | w"(a + ba”)? da, we have formula (1), § 71. 


If we solve the equation defining formula (1), § 71, for 


Hi a™—" (a + bu")? da, 


and then replace m —n by m, the result is formula (3), § 71. 
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To derive (2), § 71, we integrate by parts, letting (4 + ba")?=u, 
Ang C200 wen) Hen 
1 1g Al ae 
Sa pay i= n\ p — = 5 
du = pnbz"~* (a + bx") ® and v=— rg 
Then 


ip ze" (a 4+ bx") da 


Go ita) npb ” oa 
= = ert (a + be")? de. (3 
m+ 1 m+ 1 fe Chet a, 2) 


To bring this result into the required form we place 


Fadl (5 ale Dar) eae 
Ae a “ ) (a + ba")P} 


{ a™(a + ba)? — as” (a + ba)? *}, 
whence 


fetes 
1 m n\ p a m n\ p—1 
=; /? (@ + bx") do—F f 2 (a@ + bx")?~* da. 


Substituting this value in (3), we have 


i a™ (a + ba")? dx 


a+? (a + bx")? . 
= ete’ an n d. 
m+1 meet Ces 


<0 fama bey tac. (4) 


Solving (4) for fa (a + bx")? dx, we have formula (2), § 71. 
If we solve the equation defining (2), § 71, for if aa + bx”)? dx, 


and replace p--1 by p, the result is formula (4), § 71. 
73. We will now apply these reduction formulas to the 
evaluation of a few integrals. Many of these can also be 


evaluated by substitution, without the use of the reduction 
formulas. 
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Db ile Find the value of {2 V a? + 22 de. 


Applying formula (1), §71, we make the given integral depend upon 


if aVa? + a? dx, an integral which can be evaluated by the elementary for- 
mulas. The work is: 
ee Va? + ade = 422 (a2 + a2)? — za? fa(a? + a2)? dx 
oe 2 (a2 + 22)? — 2, a2(a? + a2)? + C 


ts (Ba? — 2a) (a + 2)8 + 0. 


Ex. 2. Find the value of ey ee 
2 V a2 —_ nied 


Applying (8), § 71, we have 
dz wl a2 = 2)8 2 m2 
f Rayne : * y= ae wo. 
e2 Vg? — 2 —@a Te z ae arn 


Pe eve 
Ex. 3. Find the value of if Le ea da 
Hy, 


Applying (8), §71, we have 


(@—a)? alia? a) 4 tae 
i a dt = a — as ~- £7)3 da. (1) 
Applying (2), § 71, to the integral in the right-hand member of (1), we have 
fw — 22/8 dx = La (a? — 22)? + 3 af (a — 2) da. (2) 
Applying (2), § 71, again, we have 
1 1 a dx 
a? — 2?)4 dx = — 2 (a? — 22)? + ~ a? { ——_— 3 
fe — are = 52 oP pe (3) 
and [= = sin-1~ + C. 
V/ a2 — x2 a 


Substituting back, we have finally 
2 _ 92)8 2__ 42)8 2__ 928 
[= DD pes ke (a? — a?) x(a? — 0)? 
ie aa as 
ae sin-1= 4 ¢, 
25 ang 


8 
a (a2 — x2)? 
5 (a2 — 2 


Ex. 4. Find the value of Shicree cen “ey , where n is a positive integer. 
x? + a? 
Applying (4), § 71, we have 
ip Che a(t apy et —2n+8 f 
(a+ a2)" 2(—n+1)a2  2(—n + ltd (a2 + = n—1 


1 x 
= — 8) | —————_- |-- 
~ 2(n —1)a? eae eR eh 


This formula is the one which is sometimes used in integrating rational 


fractions. 


‘ 
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x dx 
Ex. 5. Find the value of f 
V2 


ax — x 
. 1 . 
If we divide both numerator and denominator of the integrand by ?, it 
1 


becomes eee ,a form to which we can apply a reduction formula. Apply- 
2a—2 
ing (1), § 71, we have 


x dx 2k = fal (2a —2)- iG 
V2ax — 2 


Eb peeere. 


5 4 da 
ee ee eae 


Cy 


= (= = sin * + C, 
Va? — (« — a)? & 
x dx a. 
Therefore [= - Vibe 2 + asin =v eeu 
V2 ax — x? 


Ex. 6. Find the yalue of (—— 
(2ax — a?)8 


Writing 2 ax — x? as a? — (x — a)?, and noting that de = d(x — a), we can 
apply (4), §71, to advantage. The result is 


tee = fta— (« — a)2}~#d 


_ (&—a)[a? — (x —a)? 2-4 
a2 


+0 f [@—@—a)73az 


=a 
SR ee +0. 
a2 V2 an — 22 


74. Trigonometric reduction formulas. It was proved in § 67 


that 
fiw x da =— tan*-'a — = f tan mae. (ay) 
n— 


ae 1 
Sunilarly, i cth"« dx =— i ctn® *2— if Chit a dae (2) 
nv — 


Formulas (1) and (2) are evidently reduction formulas for the 


integration of this particular type of integrand. There are four 
others which we shall derive, i.e. 
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sin” cos" #@ dx 


sin™** is cos" os Le Wie 1 m n—2 1 9 
—— S a 7 t 
rE tS rama In .cos’ "ada, (3) 


if sin” 2 cos" da 


sin™t1z cos**!7 min+2 . 
=— eT Gece oe cos" t? 7 da, (4) 
Nv 


I sin” cos" dz 


sin” cos*t+4 m—1 


= — ae if sin” "2 cos*@dg@, (Db) 


m+n m+n 


sin™2 cos"x dx 


sin”*'z cos*t1z mtn+t 2 


= Nl = EET fonts cos*w dx. (6) 


These formulas are useful when m and n are integers, either posi- 
tive or negative, or zero. 

Formulas (3) and (5) fail if m+2=0; but in that case the 
integral can be placed under (1) or (2), by expressing the integrand 
in terms of tan # or ctn a Formula (4) fails when 1+ 1=0 and 
formula (6) fails when m-+ 1=0; but in these cases the integra- 
tion can be performed by the methods of § 66. 

To derive (3) we place sin” cos"« dz = cos"~*a(sin” x cos x dx) 
and let cos"~ta = w and sin” cos «dx = dv for integration by parts. 

As a result 


sin™@ cos” a da 


Sin COs eeu 7 1 3 , 
= Pe] + Ro sin™T*7 cos" =*a dx. (1) 


To bring this into the required form we place 


gsin™t 2 x eos” - 2m 


m 2 


eet. 2) cos” 2a“= sin” x cos” 2a—sin™ x cos" x. 


Then 


fainn’ 2 cos” 72 dx 
ee cos" 7a dx = f sine cos" a da. 
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Substituting this value in (1), we have 


sin” @ cos" x2 dx 


sin™+1z cos" 12. n—I1 ; s 
= ot sin” x cos" ?2 dx 


m+1 m+ 1 


= ee fasnre cos" x dx. (2) 
m+ 1 


Solving (2) for iP sin”z cos"xz dz, we obtain formula (3). 


If we solve formula (3) for f sin”x cos” ?z dx and then replace 


n by n+ 2, the result is formula (4). 
The derivations of formulas (5) and (6) are left to the student. 


Ex. 1. Find the value of fosinte cos? a daz. 
By formula (5), 


fsinta cos?x dx = — 1 sin?x cos? a + 3 f sin x cos? x dx, 
and fosin x costa dx =— 4 cos®x, 
by the elementary integrals. 


Therefore fsinta cos24. de = — rs cos? (8 sin?a + 2)+ C,. 


Ex. 2. Find the value of [costa de. 
Applying formula (8), and noting that m = 0, we have 
f costa dx = 1 sin cosa + Bf costae dx. 
Applying formula (8) again, we have 
f costade = }sinz cose + 4 f ae =4sing cose + 4a. 
Therefore, by substitution, 


f costa da = 1sinz cos?x + 3 sing cosa + e+. 


75. Use of tables of integrals. In Chap. II we have evaluated 
many simple integrals by bringing them under the fundamental 
formulas collected in § 17, and in Chaps. VI and VII methods of 
dealing with more complex integrals have been discussed. But 
in the solution of problems involving integration it is found that 
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some integrals occur frequently. If these integrals are tabulated 
with the fundamental integrals, it is evident that the work of inte- 
gration may be considerably lightened by reference to such a table. 
Accordingly the reader is advised to acquire facility in the use of 
a table of integrals. 

No table of integrals will be inserted here, but the reader is 
referred to Professor B. O. Peirce’s “Short Table of Integrals.” 
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Find the values of the following integrals: 


Va da 14. [a9 (8.25 + 1)!de. 
Ve2 +1 
Se 15. fate + 8a8)tde. 
a—1 16. a. 
3. [pears NEBR a (303 + 2)3 
ay Ve. fae + otyhde. 
4, (ea a pee 
(G==/2)* = (% — 2)* Va +30 —2 
x dx 
a ie = 19. f da 
(@+1)§—-@+1) aV202+30+5 
V1i—« 
oa le ; © de. 20. —_ 
+2 aV3+20—22 


eye ETE ae Ae | dat : 
14+ 82+4+2V(1+4 32) (x? + @ +1)3 


8. [este TOE elo 29. a da 
z—V1+e Ve+ 2048. 
Vx die 23 i da 
1+ Ve YS Ve — 32 
6)3 9 
10. ire Le) da OA. f a? da 
if (1— a — 22)! 
da 
11 i x dx 
5)8 25 —— 
ee fe (2 —38a@ — 227)8 
bY 
si te (3+ «3/8 26. fsinte costa da. 
5 dd 
13. f- mane 27. f cost 3a sin?3 edz. 
(v? + 
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28. 
29. 
30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


4 


41 


42. 


43. 


44. 


45. 


46. 


47. 


jk sin’ « da. 
if cos’ x dx. 


fsin? (2@ + 1) da. 


f Gin 2x + cos 2a)?dz. 


(5 — cos 4) da. 
3 3 


sin’ ax cos? ax dx. 
fsin' x cos?a dx. 
ip sint x da. 
iE cos® 2 x dx. 
f sin as cos* os age 

2 2 


sin’ 2 x 
——— 
V cos? 2 x 


Aone 
sint — 
dx. 


x 
COS — 
2 


0. ie i 1 ae 
sin? 4a 


it dx 
“J sin’ 2a 


i da 

cos? 8x 

f tan? 38adz. 

cine 32 dx. 
#9 

f tant See 
2 
x 

fem te 
3 


f (cm x + tan x)3 dz. 


48. 


49, 


50. 


6 


\ 


i sec © de. 
2 

iE eset # daz. 
4 


f cse® 8x daz. 


F f seo? 2x du. 


cD 
P ih esc — dx. 
5 


: fein? eset 3 dx. 


ctn? ax 
‘ Hs dz. 
CSC Ax 


x aD 
5 fan — sec? — dx. 
2 2 


eff tan? — Nee dz. 


; f tanta sec’a da. 


. f seo85 « tan? 5a da. 
i da 

‘J 5+4cosa 

: {t cosa + 5 
ih da 

“J 34sina 


dx 
2. i: 
8 sina — 2 cosx 


ile dx 
a8 Vx? + a2 
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dx 
63) 
toe V a2 — 22 
69. foeve + a2da. 
70. favor — ede. 
71. fw Vat — ade. 
ada 
72. [ as 
dx 
73. : 
ibe + x88 
5 dx 
143 (eo 
Whe + «3)3 
75 —— 
x2(1 + at)? 
dz 
1657 (| 
re ab a3)8 
dx 
i. V2 ax — x2 


78. ype ae — HP a 
x 


79. fov2 ax — x2dx, 


80 if x2 da 
V2 ax — 22 
81, f sinter costa da. 
dx 
323. (ee 
laa cos? a 
dx 
83a7 (=. 
\eeee 
dx 
84. : 
lege 


85. ip ae 


cost2 x 
86. i : da 
sin82 a 


PROBLEMS 139 


, 2 2 
87. Find the area bounded by the hyperbola “ — . =1and the chord = h. 


88. Find the area of the loop of the curve cy? = (« — a) (« — b)2, (4 <b). 
89. Find the total area of the curve ay? = 23 (2a — 2). 

90. Find the area of the loop of the curve 16 aty? = b2a2 (a — 2az). 

91. Find the area of a loop of the curve y? (a? + 22) = a2 (a2 — 2%). 

92. Find the area of the loop of the curve (z + y)? = y2(y +1). 

93. Find the area inclosed by the four-cusped hypocycloid «3 + y3 = af. 


3 3 

94, Find the area inclosed by the curve (*) ok (") Sal, 
a 
95. Find the area included between the cissoid y? = - and its 
asymptote. RES 

, 2 

96. Find the area of the loop of the strophoid y2 = SAGE) 
a—@ 


and its asymptote, 


2 a 
97. Find the area bounded by the strophoid y?2 = eal CE Sta) 
excluding the area of the loop. rene 


98. Find the area of a loop of the curve r = acosné + b sin né. 
2 8 
99. Find the entire area bounded by the curve (*) a (‘) = 1, 
a 
100. Find the area of the loop of the Folium of Descartes, x23 + y3 — 8 ary =0, 
by the use of polar coédrdinates. 
101. Find the length of the spiral of Archimedes, r = a@, from the pole to the 
end of the first revolution. 
102. Find the length of the curve 8 ay = xt + 6 ax? from the origin to the 
point ¢ = 2a. 
103. Find the volume of the solid formed by revolving about OX the figure 
bounded by OX and an arch of the cycloid «= a(¢ — sing), y = a(1 — cos¢). 
104. Find the volume of the solid bounded by the surface formed by revoly- 


about its asymptote. 


: ; 8 
ing the witch ¥ = —— 
“2 + 4a? 
105. Find the volume of the solid generated by revolving about the asymptote 


the plane area bounded by the curve and the asymptote. 


of the cissoid y? = - 


106. A right circular cylinder of radius a is intersected by two planes, the 
first of which is perpendicular to the axis of the cylinder, and the second of 
which makes an angle @ with the first. Find the volume of the portion of the 
cylinder included between these two planes, if their line of intersection is tan- 
gent to the circle cut from the cylinder by the first plane. 

107. An ellipse and a parabola lie in two parallel horizontal planes, the 
distance between which is A, and are situated so that a vertex of the ellipse is 
vertically over the vertex of the parabola, the major axis of the ellipse being 
parallel to and in the same direction as the axis of the parabola, A trapezoid, 
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having for its upper base a double ordinate of the ellipse and for its lower base 
a double ordinate of the parabola, generates a solid, whose upper base is the 
ellipse, by moving with its plane always perpendicular to the two parallel 
planes, Find the volume of the solid, the semiaxes of the ellipse being a and b, 


and the distance from the vertex to the focus of the parabola being . 


108. Find the center of gravity of the arc of the cycloid x = a(¢ — sing), 
y = a(1—cos¢), between the first two cusps. 

109. Find the center of gravity of the plane surface bounded by the first 
arch of the cycloid and the axis of «. 

110. Find the center of gravity of the plane surface bounded by the two 
circles, x2 + y2= a? and x? + y? — 2a%=0, and the axis of 2. 

111. Find the center of gravity of that part of the plane surface bounded 
by the four-cusped hypocycloid 2? + y3 = ai, which is in the first quadrant. 


112. Find the center of gravity of the surface generated by the revolution 
about the initial line of one of the loops of the lemniscate r2 = 2 a2cos 26. 


CHAPTER VIII 
INTEGRATION OF SIMPLE DIFFERENTIAL EQUATIONS 


76. Definitions. A differential equation is an equation which con- 
tains derivatives. Such an equation can be changed into one which 
contains differentials, and hence its name, but this change is usually 
not desirable unless the equation contains the first derivative only. 

A differential equation containing x, y, and derivatives of y 
with respect to «, is said to be solved or integrated when a relation 
between # and y, but not containing the derivatives, has been 
found, which, if substituted in the differential equation, reduces 
it to an identity. 

The manner in which differential equations can occur in prac- 
tice and methods for their integration are illustrated in the two 
following examples: 


Ex. 1. Required a curve such that the length of the tangent from any point 
to its intersection with OY is constant. 


va 


Let P(x, y) (fig. 41) be any point on the required 
curve. Then the equation of the tangent at P is 


dx 


where (X, Y) are the variable coérdinates of a moving 
point of the tangent, (w, y) the constant codrdinates 
of a fixed point on the tangent (the point of tangency), 


and a is derived from the, as yet unknown, equa- 
i 
tion of the curye. The coérdinates of R, where the tangent intersects OY, 


: dy\? 
are then 7 = 0, Yo=y — He, and the length of PR is 4 [a2 + a2 (=) : 
da 


Representing by a the constant length of the tangent, we have 


Ls leat oy (1) 
dx i 
141 


or 
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which is the differential equation of the required curve. Its solution is clearly 


y= [YP Pate 


2 _ m2 
ey are pene eit (2) 
2“ a+Va? — 2? 


The arbitrary constant C shows that there are an infinite number of curves 
which satisfy the conditions of the problem. Assuming a fixed value for C, we 
see from (1) and (2) that the curve 
is symmetrical with respect to OY, 
that «2 cannot be greater than a?, 


va 


that % — 0 and y = C whenz =a, 
oe ay) Age 
and that dn becomes infinite as x 
x 


approaches zero. 

From these facts and the defining 
property the curve is easily sketched, 
as shown in fig. 42. The curve is 
called the tractriz (I, p. 299). 


Ex. 2. A uniform cable is sus- 
pended from two fixed points. Re- 
quired the curve in which it hangs. 


Let A (fig. 48) be the lowest 
point, and P any point on the re- 
quired curve, and let PT be the 
tangent at P. Since the cable is in 
equilibrium, we may consider the 
portion AP as a rigid body acted 
on by three forces,—the tension 
t at P acting along PT, the ten- 

Fic. 42 sion h at A acting horizontally, 

and the weight of AP acting ver- 

tically. Since the cable is uniform, the weight of AP is ps, where s is the 

length of AP and p the weight of the cable per unit of length. Equating the 
horizontal components of these forces, we have 


tcos¢ =h, 
and equating the vertical components, we have 


tsin ¢ = ps. 
From these two equations we haye 
p 
tan co) = - 8, 
d 
or (ee 8, 
da Fic. 43 


where ig = a, a constant, 
p 
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This equation contains three variables, x, y, and s, but by differentiating 
with respect to @ we have (I, § 105, (4)) 


dy - dy\2 
Be alae) (1) 


the differential equation of the required path. 


To solve (1), place - =p. Then (1) becomes 
ay 


Re V1 + p% 
dx TPs 
or co nt Oe Bhan 
Vi+p2 & 
whence log (p +-V1+4 p2) = “ +0. \ (2) 


Since A is the lowest point of the curve, we know that when z= 0, p = 0. 
Hence, in (2), C= 0, and we have 


ax x 
or = ie = ea): 
‘ d z 4 
whence, since p = a y= “(es MG =5) +0’, 
aL 


The value of O’ depends upon the position of OX, since y= a+ OC’ when 
x=0. We can, if we wish, so take OX that OA =a, Then C’=0, and we 
have, finally, 


Ye (er ar a) 


the equation of the catenary (I, p. 281). 


The order of a differential equation is equal to that of the 
derivative of the highest order in it. Hence (1), Ex. 1, is of the 
first order, and (1), Ex. 2, is of the second order. 

The simplest differential equation is that of the first order and 
of the first degree in the derivative, the general form of which is 


een elas 
dx 
or Mdx+Ndy=0, (1) 


where M and WN are functions of x and y,or constants. 
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We shall consider three cases in which this equation is readily 
solved. They are: 

1. When the variables can be easily separated. 

9. When Mand N are homogeneous functions of # and y of the 
same degree. 

3. When the equation is linear. 

77. The equation Mdx + Ndy=0 when the variables can be 
separated. If the equation (1), § 76, is in the form 


J, (a) dx + f(y) dy = 0, 
it is said that the variables are separated. The solution is then 


evidently if OVE if S MONS 


where ¢ is an arbitrary constant. 

The variables can be separated if JZ al N can each be factored 
into two factors, one of which is a function of 2 alone, and the 
other a function of y alone. The equation may then be divided 
by the factor of 1 which contains y multiplied by the factor of V 
which contains «. 


Hx ls dy =F (a) de: 
From this follows y = f #@ dz +c. 


Any indefinite integral may be regarded as the solution of a differential 
equation with separated variables. 


Bx. 2. V1—y2de +V1— xdy =0. 
This equation may be written 
dx dy 


ae a 0, 
Vi-2 vVi-y¥ 
whence, by integration, sin-l¢ + sin-ly =e. (1) 


This solution can be put into another form, thus: Let sin-!a=@ and 
sin~ly=y. Equation (1) is then ¢+yW=c, whence sin(¢ + y) = sinc ; that 
is, Sing cosy + cos¢siny = k, where k is a constant. But sing =a, siny = y, 
cos? =V1— «2, cosy =V1— y?; hence we have 


aV1l—y+yV1—2t =k. (2) 


In (1) and (2) we have not two solutions, but two forms of the same solution, 
of the differential equation. It is, in fact, an important theorem that the differ- 
ential equation Mdx + Ndy = 0 has only one solution involving an arbitrary 
constant. The student must be prepared, however, to meet different forms of 
the same solution. 
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Ex. 3. (1— 2?) ay + LY = an. 
dx 


This is readily written as 
(1— 2)dy + a(y — a)dx = 0, 
dy x dx 


or = 
y—a 1— 


whence, by integration, 
log (y — a) — 4} log (1 — 27) = ¢, 
SUE s 
V1 — 2 
and this may be written Y¥—G=kV1—22. 


which is the same as log 


78. The homogeneous equation Mdx + Ndy=0. A polynomial 
in z and y is said to be homogeneous when the sum of the expo- 
nents of those letters in each term is the same. Thus axz*+ bay + cy? 
is homogeneous of the second degree, az*?+ bay + cay’ + ey’ is 
homogeneous of the third degree. Hf, in such a polynomial, we 
place y = vx, it becomes x" /(v) where 1 is the degree of the poly- 
nomial. Thus  g,24 bay + cy? = a2 (a + bv + ov), 

an + bay + cay? + ey’? = 2 (a + bv + cv’ + ev’). 

This property enables us to extend the idea of homogeneity to 
functions which are not polynomials. Representing by /(2, 7) 
a function of « and y, we shall say that f(z, y) is a homogeneous 
function of « and y of the nth degree, if, when we place y = va, 
TS, Jv=e Fo). Thus V e+ is homogeneous of the first degree, 


since Veit y= aVi++?, and log # is homogeneous of degree 
0, since log ; =logv = x log ». 
When AT oie N are homogeneous functions of the same degree, 
the equation Max + Ndy =0 
is said to be homogeneous and can be solved as follows: 
Place y=v2. Then dy=vdx+ adv and the differential equa- 
tion becomes — yn Ft, (v) da + xf, (v) (vdx + xdv)= 0, 
or 7, (ve) + of, (v)] da + af, (v) dv = 0. fal) 
If 7, (v) + vf, (v) # 0, this can be written 
ax Le 0, 
KOE AO 


_" 
~ 
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where the variables are now separated and the equation may be 


solved as in § 77. 
If f,(v) + uf, (v) =0, (1) becomes dv=0, whence v=c and y= ca. 


Ex. (a? — y’) dx + 2aydy = 0. 
Place y = vz. There results 
(1 — v?) dx + 2v(x dv + vdz) = 0, 
dz  2vdv 
fae a + v2 i. 


or 


Integrating, we have logx+log(1+v)=c’, 


whence x (1 + v7) = ¢, 
u2 + y2 = cH, 


or 
79. The equation 
(aye + diy + ¢1) dx + (ao% + boy + C2) dy = 0 (1) 
is not homogeneous, but it can usually be made so, as follows: 
Place Ce tae Y= Yes (2) 


Equation (1) becomes 
(aya! + by’ + ayh + bik + cy) dx’ 


+ (ag + boy’ + azh + bok + cz) dy’= 0. (3) 
If, now, we can determine hf and k so that 
ah+bk+ce=0 
, (4) 
Agh + bok +¢Cg= 0 
(8) becomes (aya’ + bry’) da’ + (aen’ + doy’) dy’ = 0, 


which is homogeneous and can be solved as in § 78. - h 
Now (4) cannot be solved if aybz — deb; = 0. In this case, 2 ee Sd k, where 

k is some constant. Equation (1) is then of the form Ne: 
(aya + bry + ¢1) da + [k (aya + diy) + c2]dy = 0, (5) 

so that, if we place ax + biy = a’, (5) becomes 

dx’ — ade 

(a’ + cy) dx + (ka’ + ce) oe = 
1 


which is dx + Lean dx’ = 0, 
(bi _ ayk) wv’ + bic, — ayCeg 


0, 


and the variables are separated. 
Hence (1) can always be solved, 


80. The linear equation of the first order. The equation 
d 
at fy =fe(®) (1) 


where f(z) and f,(~) may reduce to constants but cannot contain 
y, is called a linear equation of the first order. It is a special case 
of Mdx + Ndy = 0, where M=/f,(«)y—f,(z), N=1. 
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To solve the equation we will try the experiment of placing 
y = ur, 


where w and v are unknown functions of x to be determined later 
in any way which may be advantageous. Then (1) becomes 


adv du 


Ea oe, that) ur =f, (2 ), 
or v E +f, (&) “| + we ia): (2) 


Let us now determine w so that the coefficient of v in (2) shall 


be zero. We have 
“ pe ==), 


or “ +f, (“\de = 
of which the general solution is 


log w + [Aleae UP 


Since, however, all we need is a particular function which will 
make the coefficient of v in (2) equal to zero, we may take c = 0. 


Then log u=— f, J, (“) da, 
— | fA, @)dx a 
or Uu =e f ‘ (3) 


With this value of w, (2) becomes 


ae dv a), 
Ee ie Boe (2), 
and ay i OF (ae) dz + ¢. (4) 


Whence, finally, since y = wv, 


pe 1 ee pions (5) 
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Ex. (1 — a) + “y = an. 
Ly 


Rewriting this equation as 


dy a ax 


Go Tt ee 


we recognize a linear equation in which 


Ae aa 
ve) = Ar) = . 
Si (©) eee S2(&) ae 
Then f Ale)de = — log V1 — 2%, and fOr _ png vinw 
th aes 
Hence y=vi-@ f—" _ar+eVi-# 
(1— ai 
=a-cevi— ee 


This example is the same as Ex. 8, § 77, showing that the methods of solving 
an equation are not always mutually exclusive. 


81. Bernouilli’s equation. 


The equation + fi(x)y = fo(x)y”, 
x 


while not linear, can be made so, as follows : 
Dividing by y”, we have 


dy 
yn 1-n — 7 
Ce + fi(a)y Fo(), 


and placing yi—” = z, and multiplying by 1 — n, we have 


dz : 
e + (l—n)fi(z)z = (1 — n)fo(a), 


a linear equation. 


Ex ei) — y = xy! 
ake, 
That is, y-4 qe Lact = x2, 
Came 
dz 3 
Or PGs = =— 3822, where z=y-3, 
We have now fa (x) dx = 3dx = log #3, 
oe 
whence Ap BENE Se eS 
1 
Hence z=— [(—8a5)dn+<, 
x3 8 
and See 
y 2 x3 
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82. Certain equations of the second order. There are certain 
equations of the second order, occurring frequently in practice, 
which are readily integrated. These are of the four types: 


1, £2 = F(a), ae 2aH(s eh 


ty dy 
2.—4= —}. 
dx’ i(e | 
We proceed to discuss these four types in order: 
dy 
1. —4=f(2). 
Chee J) 
By direct integration 


a = [fede Ci, 


ieee c,@ +.¢,, 


This method is equally applicable to the equation oy = (a). 


Ss 


Ex. 1. Differential equations of this type appear in the theory of the bend- 
ing of beams. Each of the forces which act on the beam, such as the loads and 
the reactions at the supports, has a moment about any cross section of the beam 
equal to the product of the force and the distance of its point of application from 
the section. The sum of these moments for all forces on one side of a given section 
is called the bending moment at the section. On the other hand, it is shown in 


: : EI 
the theory of beams that the bending moment is equal to ray where £, the 
v 


modulus of elasticity of the material of the beam, and J, the moment of inertia 
of the cross section about a horizontal line through its center, are constants, 
and R is the radius of curvature of the curve into which the beam is bent. Now 


by I, $191, ay 


ut 
Rk dy 3 
1 at 
PG) | 


where the axis of « is horizontal. But in most cases arising in practice d is 
x 


very small, and if we expand - by the binomial theorem, thus : 


Wl ee 3 (ce) | 
Deseret | eee Se 2A 
R al da, a 
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we may neglect all terms except the first without sensible error. Hence the 
2 . 

bending moment is taken to be HI in This expression equated to the bending 
i 


moment as defined above gives the differential equation of the shape of the beam. 

We will apply this to find the shape of a beam uniformly loaded and sup- 
ported at its ends. 

Let 1 be the distance between the supports, and w the load per foot-run. 
Take the origin of codrdinates at the lowest point of the beam, which, by sym- 
metry, is at its middle point. Take a plane section C (fig. 44) at a distance x 
from O and consider the forces at the 
right of C. These are the load on CB 
and the reaction of the support at B. 


; l ; 
The load on CB is w(; = e) , acting at 


Fie. 44 


——¢ 


' aie : 2 : 
the center of gravity of CB, which is at the distance of from C. Hence 


i 2 
w(-—a@ 
Go) 


the moment of the load is - —~~——, which is taken negative, since the load 


acts downward. The support B supports half the load equal to ae - The moment 


of this reaction about C is therefore (5 _ z). Hence we haye 


“4 


2 2 2 
rt =O 2) 25 *) =3(; - 2). 
Qe2Ne Ne) 2\4 


The general solution of this equation is 


Ind 4 
LG = a - yt Cie + Co. 


2\ 8 12 
But in the case of the beam, since, when « = 0, both y and a are 0, we have 
ae 


Cy = 0, Cg = 0. 
‘Hence the required equation is 


d*y a2 

dt 3-/(5 a 
The essential thing here is that the equation contains and ae ah 

but does not contain y except implicitly in these derivatives. Hence 

if we place —” = I a pe 1 tl 1 

2 Pp dz 2» We have 7 => and the equation becomes 

Te -= (2, p), which is of the first order in p and a. If we can find 


p from this equation, we can then find y from Te == pl his 
method has been exemplified in Ex. 2, § 76. 
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fol dy 
4 (2) 
dy d*y 
The essential thing here is that the equation contains ee and => le? 
dy 

but does not contain 2. As before, we place ae p, but now write 
dy dp dpdy a am d 

eee oe ee =, ee Chat the equation b ne 
ee cacy de =~ ie so that the equation becomes p dy HP)» 


which is of the first order in p and y. If we can find p from this 


: ; dy 
equation, we can find y from ia 


Ex. 2. Find the curve for which the radius of curvature at any point is equal 
to the length of the portion of the normal between the point and the axis of a. 


27% 

eal 

The length of the radius of curvature is OA Coan ol 
equation of the normal is (I, § 101) as 


(I, § 192). The 
Y—% me Lor er), 
dy 


ies F Ty ; 
This intersects OX at the point (« + Nee 0). The length of the normal is 
Ho 


therefore y J 1+ Cale 
dz 


The conditions of the problem are satisfied by either of the differential 
equations 


dy\2 1% 
bse) ae 
aL, dy 
— — 1 1 — il 
d?y ry e ee : (1) 
da 
273 
1+ (a) | 
mao A): @ 
PY dy v4 \ dx 
dan? 
A U 
Placing dy = foeniel Py ==: “Pin (1), we have 
da dx? dy ‘ 
1+p?= py: 
dy 
1 dy —pdp_ 
whence eT. 
The solution of the last equation is 
y=aV1+p, 
2 OG 


whence a= - 
C1 


‘%, 
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é dy cydy 
Replacing p by —, we have ———— 
dx Vy? — ef 


This is most neatly solved by the use of hyperbolic functions. We have (§ 15) 


= (hi, 


¢; cosh-1 Z =2—Co, 
C1 


wv — Co 
or y = ¢, cosh ——— 


1 
ere _ =e 
=—\e. +e CY . 

2 


This is the equation of a tine with its vertex at the point (Ce, ¢1). 


1 
If we place a =p pall nd ot = fi) oP in (2), we have 
da dy 
d 
1+p=— py, 
dy 
d = 
whence ele LD 
YL pe 
° A A . Cy 
The solution of this equation is ts 
V1+ p? 
2 42 
whence vei Y 
ad 
Replacing p by any we have pe ae 
dx or = y? 


Integrating, we have — Ve? —y?=2— Ce, 
2 Bad 80) 
or (@ — C2)? + y? = ce. 


This is the equation of a circle with its center on OY. 


4 oe FG). 


: : i 
If we multiply both sides of this equation by 2 a dz, we have 
B 


d*y dy dy 
CI ah ae 
2 ee aa dx = 2 f(y) a dix, 


dy\* 
or al (@) |= 2 f(y) dy. 
I : dy\ 
ntegrating, we have in =f? 2f (y)dy + ¢,, 
da 


whence, by separating the variables, we have 


if dy i 
= 45 
V2 fF(; y) dy + ¢, ; 
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Ex. 3. Consider the motion of a simple pendulum consisting of a particle P 
(fig. 45) of mass m suspended from a point C by a weightless string of length 0. 
Let the angle ACP = 6, where AC is the vertical, 


C 
and let AP=s. By I, § 108, the force acting in the 
2 
direction AP is equal to m at but the only force 


acting in this direction is the component of gravity. 
The weight of the pendulum being mg, its compo- 
nent in the direction AP is equal to — mgsin9@. 
Hence the differential equation of the motion is 


d2s 


m dp =— mg sin 6. A 


| ae 
% 


; 2 Fic. 45 
We shall treat this equation first on the hypothe- 


sis that the angle through which the pendulum swings is so small that we may 


2 : : : 8 ; 
place sin @ = 6, without sensible error. Then since @ = 7 the equation becomes 


Multiplying by 2 “it and integrating, we have — 
ds\? Geo Oy 
== 84 0 — 82 
(=) 1 I I ( ), 


where a? is a new arbitrary constant. Separating the variables, we have 
Oo J! at 
V/ a2 ae 2 l 


: 8 
whence sin-1—- = a: (t — to), 
a l 


where to is an arbitrary constant. From this, finally, 


Sh asing/¢ — to). 


The physical meaning of the arbitrary constants can be given. For a is the 
maximum value of s; it is therefore the amplitude of the swing. When ¢= fo, 
s= 0); hence fy is the time at which the pendulum passes through the vertical. 

We will next integrate the equation 

ds F 
m—=— mg sing 
dt? 
without assuming that the are of swing is small. Placing s = 10, multiplying 


by 2 a dt, and integrating, we have 


de\2 
l =2g9co0sé+ Cy. 
4) g 
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If, now, the pendulum does not make a complete revolution around the point of 


support C, = = 0 for some value of @ which we will call a. Hence C=— 2g cosa, 


dt 


8 dé 
whence if ea Geto 
0 ./2 (cos @ — cos a) l 


and our equation becomes do\2 
l () = 29g(cos @ — cos @), 


where fo is the value of ¢ for which @=0. To bring the integral into a famil- 


: 5. OF 
iar form, place cos@ = 1 — 2 oe cos @ = 1 — 2 sin? = and let k= sin 5. We 


have, then, 
=4/ (t — to). 
al eae _ sint 


Place, now, sin : =ksing. There results 


$ dp i! 
——— = (6 — to). 
4, WV k?2 sin? f l ( » 


If we measure time from the instant in which @ = 0, we have 


9/70 V1—k2sin2¢ 


The integral can be evaluated by expanding (1— k2sin2@)~ ? by the binomial 
theorem, the expansion being valid since k? sin?2¢< 1, and a table for the value 
of this series is found in B. O. Peirce’s Tables, p. 118. 

The pendulum makes one fourth of a complete swing when @ varies from 0 to 


a, and ¢ from 0 to a If 4 T is the time of a complete swing, then 


w il 1.8 1-8. 5\2 
SU Ke2 Sasol 
rifts GY eS aa) Pale a | 


as may be verified by the use of Ex. 2, § 27. 


PROBLEMS 
Solve the following equations: 
1 ade  ydy mi 4, sec2x dx + tana tany dy — 0. 
l+y 1l+2 5. (w2y2— y?) da + (a? + y2x2) dy =0. 
2. 2asinydz + cosydy = 0. 6. (x + y) dx —ady =0. 


3. eV1+yde+yV1+a2dy=—0. th (y + V22 + y2) da — xdy =0. 
8. (Ve y? — y sin-1 "ae + asin 12 dy =0. 


9. sinz sin y dx — cosy cosa dy = 0. 


PROBLEMS 


Y 


Vaio: 


dy 


10. (xsin® — y cosY t) ae + xeos day 08 
( y ay y pe 
11. \et+e =) ay bay dey eave x 
12. (2y2 — 8ay)dx + (8x2 — zy +. y?) dy = 0. 
13. @ + 2y — 3)dv+ (22 —y—1)dy =0. 
14. (y+3)de+(e+2y+4)dy=0. 
15. @@+y)dzr+(e+y+1)dy=0. 
16. SUE eee iat 
dx 
ly 
17. (7 +1) 4% —2y = (2 + 198, 
@+)4—-2y=e(@+)) 
dy 
18. @ +1) —y=(@ +1)% 
19. (« — ¥ Cos z)ite + #08 dy =0. 
20. Ey ey. 
dz 
21. (y + xy) dx + (a — xy?) dy = 0. 
22, xdy —ydz + Va? 4+ y2dx = 0. 
OY US Tat 
Gi heb ae 
OY LK, SRE iS 
GC Vita? V1-+ 3 
25, a 
daz 
26. (x? —2y*)dx+(8a?+4ay)dy =0. 
OTM ee ee et, 
Cita 2 
dy v2+1 
4s), . 
dx e 2y 
29. a2 (1+ 2%) ) ie ay = 9°. 
oy dy 
30. (1422) 4% y+ y2=0. 
dx 
31. wy(1+4+ ) dy — (1 — y*) dx = 0. 
32. (x? V 23 +43 — y3)da + xy2dy =0. 
pS eee ea 
de e+1 


34. 3 —ysece = yttana. 
dx 


35. —2y—722. 
dx Ue 
dy 
36. — — ay = e™. 
75 i= 
2 
37. ay? = sin ax 
da? 
38. a = rex 
da? 
2 
39. Oars. x log x 
dx? 
2. 
Ae) ee 0, 
dx? dx 
2 
dx? dx 
d2y ay 
a2 ey eee\ (2 
8) as ae 
d?y dy\? 
43. (14) 24 ( ) yi} 
ay cx : dx 
d?y a) dy 
COR a ( Ap: 
ui dic? 2 dx - dx 
dy dy 
NGS gp = — ele 
"dd 
2 
46. d*y dy ==(N\, 
dx? da 
2. 2 
ri re (2) Pye 
dx? dx 
2 lyj\2 
48, 2y% ¥_2(c) = 8 
dx? dx 
ad2y fae 
49. =——}— — i= (0, 
(« dz? dxu/ dx 
50, 4 =— by. 
- dix? 
2. 
51. Cm — k? 
dan? 


\ 
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52. Sol Loa under the hypothesis that when « = 1, y = land dy = Zs 
- Solve 73 = 3% yp ; me 
27a : T 
53. Solve ie sin 2y, under the hypothesis that when x=1, y= 5 
0: © 
and dy = 1, 
dx 
dy : ‘ dy 
54. Solve ae = sin 2 y, under the hypothesis that when y = 0, — = 0. 
x 


dz 
2 2 d 
55. Solve 2 Uae, = ee under the hypothesis that Y — 9 when y= oo. 
da y? dz 


d2y : dy 
56. Solve eae Chin 1, under the hypothesis that when x = 2, y = 0 and int iL, 
j hy 


57. Find the curve in which the slope of the tangent at any point is n times 
the slope of the straight line joining the point to the origin. 

58. Find the curve in which the chain of a suspension bridge hangs, assuming 
that the load on the chain is proportional to its projection on a horizontal line. 

59. Find the curve in which the angle between the radius vector and the 
tangent is n times the vectorial angle. 

60. Find the curve such that the area included between the curve, the axis 
of «, a fixed ordinate, and a variable ordinate is proportional to the variable 
ordinate. 

61. Show that, if the normal to a curve always passes through a fixed point, 
the curve is a circle. 

62. Find the curve in which the length of the portion of the normal between 
the curve and the axis of x is proportional to the square of the ordinate. 

63. Find the curve in which the perpendicular from the origin upon the 
tangent is equal to the abscissa of the point of contact. 


64. Find the curve in which the perpendicular upon the tangent from the 
foot of the ordinate of the point of contact is constant. 


65. Find the curve in which the length of the arc from a fixed point to any 
point P is proportional to the square root of the abscissa of P. 


66. Find the curve in which the area bounded by the curve, the axis of a, 
a fixed ordinate, and a variable ordinate is proportional to the length of the 
are which is part of the boundary. 


67. Find the deflection of a beam fixed at one end and weighted at the 
other. 


68. Find the deflection of a beam fixed at one end and uniformly loaded. 


69. Find the deflection of a beam loaded at its center and supported at its 
ends. 


70. Find the curve whose radius of curvature is constant. 


71. Find the curve in which the radius of curvature at any point varies as 
the cube of the length of the normal between that point and the axis of a. 


PROBLEMS ive 


72. A particle moves in a straight line under the influence of an attracting 
force directed toward a fixed point on that line and varying as the distance from 
the point. Determine the motion. 


73. A particle moves in a straight line under the influence of an attracting 
force directed toward a point on the line and varying inversely as the square of 
the distance from that point. Determine the motion. 


74. Find the velocity acquired by a body sliding down a curve without 
friction, under the influence of gravity. 

75. Assuming that gravity varies inversely as the square of the distance from 
the center of the earth, find the velocity acquired by a body falling from infinity 
to the surface of the earth. 


CHAPTER IX 
FUNCTIONS OF SEVERAL VARIABLES 


83. Functions of more than one variable. A quantity z is said 
to be a function of two variables, « and y, Uf the values of z are 
determined when the values of x and y are given. This relation is 
expressed by the symbols z=/(a, y), =F (2, y), ete. 

Similarly, w is a function of three variables, ~, y, and 2, if the 
values of w are determined when the values of 2, y, and 2 are 
given. This relation is expressed by the symbols u=/(2, y, 2), 
u= F(x, y, 2), ete. 

Ex. 1. Ifr is the radius of the base of a circular cone, h its altitude, and v 


its volume, v = 3 rr’, and v is a function of the two variables, r and h. 


Ex. 2. If f denotes the centrifugal force of a mass m revolving with a velocity 


mv? F ; : : 
, and fis a function of the three variables, m, 
r 


v ina circle of radius r, f= 


v, and 7. : 
Ex. 8. Let v denote a volume of a perfect gas, ¢ its absolute temperature, 
2 v : 3 ; 
and p its pressure. Then = =k, where k isa constant. This equation may be 


‘ , t 1 : 
written in the three equivalent forms: p=k-,v=k i = Peas by which each 
v 


of the quantities, p, v, and ¢, is explicitly expressed as a function of the other two. 


A function of a single variable is defined explicitly by the equa- 
tion ¥ = f(x), and implicitly by the equation F(x, y)= 0. In either 
case the relation between # and y is represented graphically by 
a plane curve. Similarly, a function of two variables may be 
defined explicitly by the equation z= f(a, y), or implicitly by the 
equation F(z, y, z)=0. In either case the graphical representa- 
tion of the function of two variables is the same, and may be 
made by introducing the conception of space codrdinates. 

84. Rectangular coordinates in space. To locate a point in 
space of three dimensions, we may assume three number scales, 

X', YY', ZZ! (fig. 46), mutually perpendicular, and having their 
zero points coincident at O. They will determine three planes, 
158 
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AOY, YOZ, ZOX, each of which is perpendicular to the other 
two. The planes are called the codrdinate planes, and the three 
lines, XX', YY’; and ZZ', are called the axes of 2, y, and z 
respectively, or the codrdinate axes, and the point O is called the 
origin of cobrdinates. 

Let P be any point in space, and through P pass planes perpen- 
dicular respectively to XX’, YY’, and ZZ’, intersecting them at 
the points L, M, and N respectively. Then 
if we place «=OL, y=OM, and z=ON, 
as in I, § 16, it is evident that to any 
point there corresponds one, and only one, 
set of values of 2, y, and z; and that to 
any set of values of 2, y, and z there cor- 
responds one, and only one, point. These 
values of a, y, and z are called the codrdi- 
nates of the point, which is expressed as | 
El, Y, 2). 

From the definition of x it follows that x is equal, in magnitude 
and direction, to the distance of the point from the codrdinate 
plane YOZ. Similar meanings are evident for y and z. It follows 
that a point may be plotted in several different ways by construct- 
ing in succession any three nonparallel edges of the parallelopiped 
(fig. 46) beginning at the origin and ending at the point. 


In case the axes are not mutually perpendicular, we have a system of oblique 
codrdinates. In this case the planes are passed through the point parallel to the 
coérdinate planes. Then a gives the distance and the direction from the plane 
Y OZ to the point, measured parallel to OX, and similar meanings are assigned 
to yand z. It follows that rectangular codrdinates are a special case of oblique 
coordinates. 


85. Graphical representation of a function of two variables. 
Let f(«, y) be any function of two variables, and place 


a= f(x, y). (1) 
Then the locus of all points the codrdinates of which satisfy (1) is 
the graphical representation of the function /(, y). To construct 


this locus we may assign values to # and y, as w=a, and y=¥,, 
and compute from (1) the corresponding values of z There will 


\ 
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be, in general, distinct values of z, and if (1) defines an algebraic 
function, their number will be finite. The corresponding points all 
lie on a line parallel to OZ and intersecting XOY at the point 
P,(x,, y,), and these points alone of this line are points of the locus, 
and the portions of the line between them do not belong to the 
locus. As different values are assigned to # and y, new lines 
parallel to OZ are drawn on which there are, in general, isolated 
points of the locus. It follows that the locus has extension in 
only two dimensions, ie. has no thickness, and is, accordingly, a 
surface. Therefore the graphical representation of a function of 
two variables is a surface.* 

If f(z, y) is indeterminate for particular values of # and y, the 
corresponding line parallel to OZ lies entirely on the locus. 

Since the equations z= f(a, y) and F(a, y, 2) = 0 are equivalent, 
and their graphical representations are the same, it follows that 
the locus of any single equation in x, y, and z is a surface. 

% 


There are apparent exceptions to the above theorem, if we demand that the 

surface shall have real existence. Thus, for example, 
P+yr+2=—1 

is satisfied by no real values of the codrdinates. It is convenient in such cases, 
however, to speak of ‘‘ imaginary surfaces.’’ 

Moreover, it may happen that the real codrdinates which satisfy the equa- 
tion may give points which lie upon a certain line, or are even isolated points. 
For example, the equation a2 + y2—0 


‘is satisfied in real coérdinates only by the points (0, 0, z) which lie upon the 
axis of z; while the equation a2 + y2 + 22=0 


is satisfied, as far as real points go, only by (0,0,0). In such cases it is still con- 
venient to speak of a surface as represented by the equation, and to consider 
the part which may be actually constructed as the real part of that surface. The 
imaginary part is considered as made up of the points corresponding to sets of 
complex values of x, y, and z which satisfy the equation. 


86. The appearance of any surface can be thus determined from 
its equation by assigning values to any two of the codrdinates and 
computing the corresponding values of the third. This method, 
however, has practical difficulties. In place of it we may study 

*It is to be noted that this method of graphically representing a function cannot 


be extended to functions of more than two variables, since we have but three dimen- 
sions in space. 
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any surface by means of the sections of the surface made by planes 
parallel to the coordinate planes. If, for example, we place z = 0 in 
the equation of any surface, the resulting equation in # and y is 
evidently the equation of the plane curve cut from the surface by 
the plane YOY. Again, if we place z= <%,, where z, is some fixed 
finite value, the resulting equation in # and y is the equation of 
the plane curve cut from the surface by a plane parallel to the 
plane YOY and 2, units distant from it, and referred to new 
axes O!X’ and OY’, which are the intersections of the plane z =z, 
with the planes XOZ and YOZ respectively ; for by placing z= 2, 
instead of z= 0, we have virtually transferred the plane YOY, 
parallel to itself, through the distance <,. 

In applying this method it is advisable to find first the three 
plane sections made by the coordinate planes « = 0, y=0, z= 0. 
These alone will sometimes give a general idea of the appearance 
of the surface, but it is usually desirable to study other plane sec- 
tions on account of the additional information that may be derived. 

The following surfaces have been chosen for illustration because 
it is important that the student should be familiar with them. 


Ex.1. Av+ By +Cz+D=0. 
Placing z = 0, we have (fig. 47) 

Az+ By+D=0. (1) 
Hence the plane X OY cuts this surface in a straight line. Placing y = 0 


and then « = 0, we find the sections of this surface made by the planes ZOY 
and Y OZ to be respectively the straight lines 


Ag + 0z+D=0, (2) 

and By + Cz+D=0. (8) 
Placing z = 21, we have 

Az + By + Cz, + D=0, (4) 


which is the equation of a straight line in the 
plane z=4%,. The line (4) is parallel to the y 


A 
line (1), since they make the angle tan! (- 3) 
B) Yr, 


Fia. 47 

with the parallel lines O-X’ and OX and lie in 

parallel planes. To find the point where (4) intersects the plane XY OZ, we place 
y = 0, and the result Ax + Oz; + D=0 shows that this point is a point of the 


line (2). This result is true for all values of 21. Hence this surface is the locus 
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of a straight line which moves along a fixed straight line always remaining 
parallel to a given initial position; hence it is a plane. 

Since the equation Aa + By + Cz + D = 0 is the most general linear equation in 
three codrdinates, we have proved that the locus of every linear equation is a plane. 


Bx. 2. 2= ax? + by?, wherea>0, b>0. 
Placing z = 0, we have ax? + by? = 0, (1) 


and hence the XOY plane cuts the surface in a point (fig. 48). Placing y = 0, 
we have z= aa, (2) 


which is the equation of a pa- 
rabola with its vertex at O 
and its axis along OZ. Plac- 
ing = 0, we have 
z = by?, (3) 

which is also the equation of a 
parabola with its vertex at O 
and its axis along OZ. 

Placing 2 = 21, where 2, >0, 
we may write the resulting equa- 
tion in the form 


Geel 4 
pe rae sien (4) 


which is the equation of an ellipse 


; 4 z Zz 
with semiaxes Ae and Ae 5 
a 


As the plane recedes from the 
origin, i.e. as 2, increases, it is 
evident that the ellipse increases 
in magnitude. 


Fic. 48 


If we place z = — 2, the result may be written in the form =a + io y=—1, 
1 z 


and hence there is no part of this surface on the negative side of the plane XOY. 

The surface is called an elliptic paraboloid, and evidently may be generated by 
moving an ellipse of variable magnitude always parallel to the plane XOY, the 
ends of its axes always lying respectively on the parabolas z = ax? and z = by?. 

While the appearance of the surface is now completely determined, we shall, 
nevertheless, find it of interest to make two more sections. In the first place, we 
note that both the codrdinate planes through OZ cut the surface in parabolas 
with their vertices at O and their axes along OZ, and hence arises the question, 
Do all planes through OZ cut the surface in parabolas ? 

To answer this question we shall make a transformation of codrdinates by 
revolving the plane XOZ through an angle ¢ about OZ as an axis. The formulas 


ryt eer : : 
of transformation will be a= «a cosg — y'sing, 


y= sing + y’ cosd, 
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for z will not be changed at all, and x and y will be changed in the same man-- 
ner as in I, § 115. The transformed equation is 


z= a(x’ cosp — y’sin g)? + b(x’ sing + 7 cos¢)?. 

Placing y’ = 0, we have 2 = (a cos? + b sin? ¢) a, (5) 
which is a parabola with its vertex at O and its axis along OZ. But by chang- 
ing @ we cah make the plane X’OZ any plane through OZ, and hence every 
plane through OZ cuts this surface in a parabola with its vertex at O and its 
axis along OZ. 

Finally, we will place 
y = y1 and write the result- 
ing equation in the form 


il 
at = — (2 — by2), 


which is the equation of a 
parabola with its axis par- 
allel to OZ and its vertex 
at a distance by? from the 
plane XOY. 


Placing z = 0, we have 


a2 yy? 
ee 


which is the equation of an ellipse with semiaxes a and b (fig. 49). Placing 
y = 0, we have 2 22 


eo gah (2) 


which is the equation of an hyperbola with its transverse axis along OX and 
its conjugate axis along OZ. Placing « = 0, we have 


which is the equation of an hyperbola with its transverse axis along OY and 


its conjugate axis along OZ. 
If we place z = + 21, and write the resulting equation in the form 


2 42 
——_— + y r =1, (4) 
a? (: + “t) ae 4 “4 

c2 C2 


2 2 
a z 
rok F ; aie ted 1 1 
we see that the section is an ellipse with semiaxes a 1+ 3 and b \i = 
C 2 


which accordingly increases in magnitude as the cutting plane recedes from 
the origin, and that the surface is symmetrical with respect to the plane XOY, 
the result being independent of the sign of 2}. 
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Accordingly this surface, called the unparted hyperboloid or the hyperboloid 
of one sheet, may be generated by an ellipse of variable magnitude moving 
always parallel to the plane XOY and with the ends of its axes always lying 

2 g2 A Yy z ia 
on the hyperbolas a aS land cor 1 

If now we revolve the plane XYOZ about OZ as an axis by making the trans- 

coe aeiOn x=2 cos¢—y’ sing, y=27 sing + ¥’ cos¢, 


the transformed equation is - 


(2 cos¢ —y’sing)?  (w’ sing + y’cos¢)? 2? 
2 = 2 a 

a b? c 

: ee cos?@ , sin?¢\ ,. 27 _ 
Placing y’ = 0, we have (“ Ae Syreak: a ip (5) 
and haye thus proved that the section made by any plane through OZ is an 
hyperbola with its conjugate axis along OZ. 
Finally, we place y =+ 41, and write the resulting equation in the form 


ee 1 Yy 
a OP 
whence we see that the surface is symmetrical with respect to the plane XY OZ. 
To discuss the equation further we shall have to make three cases according to 


the value of 7. 
If y,< 6, we put the equation in the form 


x 22 


which is the equation of an hyperbola with its transverse axis equal to 


| 2 
2a\1— ut and parallel to OX. Hence the vertices will approach coincidence 


as the cutting plane recedes from the origin. 
If y; = b, the equation may be put in the form 


My z x z 
G5) (G+3)=% 


which is the equation of two straight lines which intersect on OY. 
If ¥,> 6, we write the equation in the form 


2 x 


THER nw. 
oY a 2 ( gcse 
“(; ) “( :) 
which is the equation of an hyperbola with its transverse axis equal to 
2 


y 
2¢ 5 —1 and parallel to OZ. Hence the vertices separate as the cutting 


plane recedes from the origin. 
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This surface (fig. 50) is a 
cone, with OZ as its axis and 
its vertex at O. 


This surface (fig. 51) is the 
ellipsoid. 


This surface (fig. 52) is the 
biparted hyperboloid or the hy- 
perboloid of two sheets. Fie. 50 

The discussions of the last 
three surfaces are very similar to that of the unparted hyperboloid, and for 
that reason they have been left to the student. 


Ex. 7. z= az? — by?, wherea>0, d>0. 
Placing z = 0, we obtain the equation 
ax? — by? = 0, (1) 
i.e. two straight lines intersecting at the origin (fig. 53). Placing y = 0, we have 
BZ UG. (2) 


the equation of a parabola with its vertex at O and its axis along the positive 
direction of OZ. 

Placing x = 0, we 
have : 

z=— by*, (8) 

the equation of a pa- 
rabola with its ver- 
tex at O and its axis 
along the negative 
direction of OZ. 

Placing « =+ 2%, 
we have 

z= aa? — by?, 
or 


Fic. 51 y= — Rc Fo ax?), (4) 


a parabola with its axis parallel to OZ and its vertex at a distance ax? from 
the plane YOY. It is evident, moreover, that the surface is symmetrical with 
respect to the plane YOZ, and that the vertices of these parabolas, as different 
yalues are assigned to 2, all lie on the parabola z = ax. 
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Hence this surface’ may be generated by the parabola z =— by? moving 
always parallel to the plane YOZ, its vertex lying on the parabola z= az?. 
The surface is called the Z 
hyperbolic paraboloid. 

Finally, placing z=21, 
where 2; > 0, we have 


Za = an? — by?, 
b 
or —a#?——y?=1, (5) 


an hyperbola with its 
transverse axis parallel 
to OX and increasing in 
length as the cutting y 
plane recedes from the 
origin. 

If z=— 21, we may 
write the equation in the 


form 


b a 
eo ee 
zi Be =U EKe) Fie. 52 


an hyperbola with its transverse axis parallel to OY and increasing in length 
as the cutting plane recedes from the origin. 


aw 
\ 
A \. ee 


/ 
1a i qd ‘ 
ra NN 
ans ‘ “ay \ 
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JBC She ft SR 

As the algebraic sign of the constant & merely shows which side of the plane 
XOY we take as the positive side, we will assume k>0, and discuss the surface 
(fig. 54) on that hypothesis. 

Placing z = 0, we have zy = 0, which is the equation of the axes OX and OY. 
Placing y= 0, or e=0, we have z= 0, and gain no new information about 
the surface. 

Placing z = 21, where z; > 0, we have 


z 

oy = 7 (1) 

an hyperbola referred to its asymptotes as axes (I, § 117, Ex.). Placing z =— z, 
we have the hyperbola Zz 

oe ny = 2. (2) 


(4) 


=ssa-=----=---5 


Hence all sections made by planes parallel to XOY are hyperbolas with OX 
and OY as their asymptotes, and lying in the first and the third quadrants or in 
the second and the fourth quadrants according as the cutting plane is on the 
positive or the negative side of the YOY plane. 

Placing @ = 21, where x; > 0, we have 


Zi CY, (38) 
which is the equation of a straight line intersecting OX and parallel to the 
plane YOZ. If «=— «1, we have the straight line 

2=— kay. (4) 


Similarly, placing y = y1, where y; > 0, we have 


Z= ky, (5) 


\ 
168 FUNCTIONS OF SEVERAL VARIABLES 


which is the equation of a straight line intersecting OY and parallel to the plane 
ZOX. If y=— 1, we have the straight line 


2=— kyr. (6) 


As the cutting plane recedes from the origin it is evident that these straight 
lines revolve about OX and OY respectively as they move along them, but 
always remain parallel to the planes YOZ and ZOX respectively. 

Finally, we will revolve the plane XY OZ 
about OZ as an axis, the transformed equa- 
tion being 


z= k(x cos? — y’sing)(z’sing + y’ cos ¢). 
Placing y’ = 0, we have 
z= kx’? cos¢ sin ¢, (7) 


the equation of a parabola 
with its vertex at O and its 
axis along OZ. Hence all 
planes through OZ cut this 
surface in parabolas with 
their axes along OZ. 

The surface is a special 
ease of the hyperbolic pa- 
wa raboloid of Ex. 7; for if 
a We we keep OZ in its original position and 
ye “ swing OX and OY into new positions by 
SEE RSS See Eee SE OSI V the formulas of I, § 117, and choose the 

angle ¢ as in the illustrative example of 
that article, the equation z= ax? — by? 
zy. Here the codrdinates are oblique unless b = a; 


was) 
Wy 
iN 


SEAS Stee bee 


4 ab 
a + 
but if b=a, the codrdinates are rectangular and we have the case just con- 
sidered, where k = 2a. 
The portion of this surface on which the codrdinates are all positive shows 
graphically the relations between the pressure, the volume, and the tempera- 
ture of a perfect gas (§ 83, Ex. 3). This part of the surface is shown in fig. 55. 


assumes the form z = 


87. Surfaces of revolution. If the sections of a surface made 
by planes parallel to one of the coordinate planes are circles with 
their centers on the axis of coordinates which is perpendicular to the 
cutting planes, the surface is a surface of revolution (§ 37) with that 
coordinate axis as the axis of revolution. This will always occur 
when the equation of the surface is in the form F (V e+ yf, 2)—= 0} 
which means that the two codrdinates # and y enter only in the 
combination V2?+ y?; for if we place z= z, in this equation to 
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find the corresponding section,and solve the resulting equation for 
x+y’, we have, as a result, the equation of one or more circles, 
according to the number of roots of the equation in a+ 7. 

Again, if we place =0, we have the equation F(y, z)=0, 
which is the equation of the generating curve in the plane YOZ. 
Similarly, if we place y=0, we have F(z, z2)=0, which is the 
equation of the generating curve in the plane YOZ. It should be 
noted that the codrdinate which appears uniquely in the equation 
shows which axis of coordinates is the axis of revolution. 

Conversely, if we have any plane curve F(z, z)= 0 in the plane 
X OZ, the equation of the surface formed by revolving it about OZ as 
an axis is F(Va?+ 4’, z) = 0, which is formed by simply replacing 
# in the equation of the curve by Va?+ y’. 


2 2 92 
Ex. 1. Show that the unparted hyperboloid = _ — + = = 1 is a surface of 
revolution. cee? 
Writing this equation in the form 
2 2 2 
% es ae Wie SS 1D 


we see that it is a surface of revolution with OY as the axis. 
F x? Z é 
Placing z= 0, we have ies = = 1, an hyperbola, as the generating curve. 
a 
The hyperbola was revolved about its conjugate axis. 


Ex. 2. Find the paraboloid of revolution generated by revolving the parabola 
y? = 4px about its axis. 


Replacing y by Vy? + z2, we have as the equation of the required surface 
y2+ 22=4 pe. 


88. Cylinders. If a given equation is of the form F(a, y) = 0, 
involving only two of the coordinates, it might appear to represent 
a curve lying in the plane of those coordinates. But if we are 
dealing with space of three dimensions, such an interpretation would 
be incorrect, in that it amounts to restricting z to the value z= 0, 
whereas, in fact, the value of z corresponding to any simultane- 
ous values of # and y satisfying the equation /'(”, y)=0 may be 
anything whatever. Hence, corresponding to every point of the 
curve F(x, y) = 0 in the plane YOY, there is an entire straight line, 
parallel to OZ, on the surface F(x, y)=0. Such a surface is a 
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cylinder, its directrix being the plane curve F(x, y)=0 in the 
plane z= 0, and its elements being parallel to OZ, the axis of the 
coordinate not present. 

For example, z?+ y’?= a’ is the equation of a circular cylinder, 
its elements being parallel to OZ, and its directrix being the circle 
x+y =a’ in the plane XOY. 

In like manner, 2*= ky is a parabolic cylinder with its elements 
parallel to OX. 

If only one coordinate is present in the equation, the locus is a 
number of planes. For example, the equation #°—(a+b)2+ab=0 
may be written in the form (#—a)(#—b)=0, which represents 
the two planes «—a=0 and «—b=0. Similarly, any equation 
involving only one codrdinate determines values of that coordinate 
only and the locus is a number of planes. 

Regarding a plane as a cylinder of which the directrix is a 
straight line, we may say that any equation not containing all the 
cobrdinates represents a cylinder. 

If the axes are oblique, the elements of the cylinders are not 
perpendicular to the plane of the directrix. 

89. Space curves. The two surfaces represented respectively by 
the equations /, (2, y, 2) = 0 and /, (a, y, 2) = 0 intersect, in general, 
in a curve, the coordinates of every point of which satisfy each of 
the equations. Conversely, any point the coordinates of which 
satisfy these equations simultaneously is in their curve of inter- 
section. Hence, in general, the locus of two simultaneous equations 
Mm x, y, and zis a curve. 

In particular, the locus of the two simultaneous linear equations, 


Ad Bed EP Cae a) eae 
A,x+ By + Cz+D,= 0, 


is a straight line, since it is the line of intersection of the two 
planes respectively represented by the two equations. 

If, in the equations f(a, y, z)=0, f,(a, y, 2) =0, we assign a 
value to one of the coordinates, as « for example, there are two 
equations from which to determine the corresponding values of 
y and z, in general a determinate problem. But if values are 
assigned to two of the coordinates, as # and y, there are two 


SPACE CURVES ral 


equations from which to determine a single unknown 2, a prob- 
lem generally impossible. Hence there is only one independent 
variable in the equations of a curve. 

In general, we may make # the independent variable and place 
the equations of the curve in the form y= ¢,(z), z= ¢,(z), by 
solving the original equations of the curve for y and z in terms 
of z The new surfaces, y = ¢, (x), z= ¢, (x), determining the curve, 
are cylinders (§ 88), with elements parallel to OZ and OY respec- 
tively. The equation y = ¢,(«) interpreted in the plane YOY is 
the equation of the projection (§ 92) of the curve on that plane. 
Similarly, the equation z= ¢,(z), interpreted in the plane ZOX, is 
the equation of the projection of the curve on that plane. 

In particular, if we solve the equations 


Aat By + Cz+ 1, = 
Aj + Boy + O2-- D, = 0, 
for y and z in terms of w, we have two equations of the form 
Y = put q, Z=7L +S, 
as the equations of the same straight line that was represented by 


the original equations. 


90. If ¢ is any variable parameter, and we make « a function 
of t, as e=/,(t), and substitute this value of # in the equations 


y = $,(2),2 = ,(#) (§ 89), we have 
c=f,), y=f,), 2#=S,(¢); 


as the parametric equations of the curve. 
More generally, the three equations 


=f), y=h), 2=Sed) 


represent a curve, the equations of which may be generally put in 
the form y = ¢,(z),2= $,(z), by eliminating ¢ from the first and 
the second equations, and from the first and the third equations. 


Ex. The space curve, called the helix, is the path of a point which moves 
around the surface of a right circular cylinder with a constant angular velocity 
and at the same time moves parallel to the axis of the cylinder with a constant 


linear velocity. 
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Let the radius of the cylinder (fig. 56) be a, and let its axis coincide with 
OZ. Let the constant angular velocity be w and the constant linear velocity 
bev. Then if 6 denotes the angle through 
which the plane ZOP has swung from its 
initial position ZOX, the codrdinates of 
any point P (a, y, 2) of the helix are given 
by the equations 


0 = CCS 0, 4! =. SIMO 210. 
But 6 = wt, and accordingly we may have 
as the parametric equations of the helix 


t=acoswt, y=asinwt, z= vt, 
t being the variable parameter. 

Or, since t= ay we may regard @ as 
the variable Baraneter and the equa- 
tions are 

TVA COS OKs 7 — Or SIMO zi — IO 
where k is the constant - 

91. Ruled surfaces. A surface 
which may be generated by a mov- 
ing straight line is called a ruled 
surface. The plane, the cone, and 
the cylinder are simple examples 
of ruled surfaces, and in § 86, Ex. 8, it was shown that the hyper- 
bolic paraboloid is a ruled surface. , 


Y Fic. 56 


Ex. 1. Prove that the ruled surface generated by a straight line which 
moves so as to intersect two fixed straight lines not in the same plane and at 
the same time remain parallel to a fixed plane is an hyperbolic paraboloid. 

Let the fixed straight lines have the equations y = 0,z = 0, andy = c, z = ka, 
and let YOZ be the fixed plane, the axes of codrdinates being oblique. Then the 
straight line « = a, y = mz is a straight line which is parallel to the plane YOZ 
and intersects the line y= 0, g=0, for all values of a and m. If this line 


, é P c 
intersects the line y=c, z= kx, evidently m = Fai Therefore the equations of 
a 
3 : c 
the required line arex =a, y=—z. Any values of x, y, z which satisfy these 
3 : ; ka ¢ k : 
equations satisfy their product ry = Ae Oe qu: Hence the line always 


lies on the surface z = om an hyperbolic paraboloid (§ 86, Ex. 8). 
g2 y2 22 
Ex. 2. Prove that the unparted hyperboloid 2 = a = = Wisia ruled ssur- 
2 2 
face having two sets of rectilinear generators, i.e. that through every point of it 
two straight lines may be drawn, each of which shall lie entirely on the surface. 
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If we write the equation of the hyperboloid in the form 


g2 y2 
a Fa b2 (1) 


(2) 


for any value of k,. But (2) are the equations of a straight line (§ 89). More- 
over, this straight line lies entirely on the surface, since the codrdinates of every 
point of it satisfy (2) and hence (1). As different values are assigned to k,, we 
obtain a series of straight lines lying entirely on the surface. 

Conversely, if P (a1, 71, 21) is any point of (1), 


tS eel yaa 
a Cc b 
18 4,4 

b a Cc 


Therefore P; determines the same value of k, from both equations (2). Hence 
every point of (1) lies in one and only one line (2). 
We may also regard (1) as the product of the two equations 


z y 
= 5 == hp (Us Shy 
@ (1+ 4) 


Zz il Yy 
+= 1 ), 
a Cc = ( b 


whence it is evident that there is a second set of straight lines lying entirely on 
the surface, one and only one of which may be drawn through any point of 
the surface. 

Equations (2) and (8) are the equations of the rectilinear generators, and 
every point of the surface may be regarded as the point of intersection of one 
line from each set. 

Ex. 8. The conoid (Ex. 52, p. 883) is evidently a ruled surface, since it is gen- 
erated by a straight line moving always parallel to a given plane and at the 
same time intersecting a given curve and a given straight line. 


(3) 


Ex. 4. Another example of a ruled surface is the cylindroid, i.e. the surface 
generated by a straight line moving parallel to a given plane and touching two 
given curves. 

Ex. 5. Show that the prismoidal formula (§ 39) applies to the volume 
bounded by a ruled surface and two parallel planes. 

The equations x = pz + q, y=1rz +8 represent a straight line. If p,q, r, and 
s are functions of a single independent parameter ¢, the line generates a ruled 
surface, 
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If we place z = 0, we have « = q, y =8, the parametric equations of the sec- 
tion of the ruled surface by the plane XOY. Similarly, if we place z= 21, we 
have 2 = pzit+q,y=1721+8, the parametric equations of a section parallel to 
XOY. Suppose now when ¢ varies trom to to t,, the straight-line generator of 
the surface traverses the perimeter of the section zg =z. Then the area of this 


t 4 dp 2) 
= 3) 8 —)adt 
I oe fs aes ee eas 


1 dp 1 / dp Z) 4 dg 
= 22 Zz ify NO 3— dt. 
a ae taf (s+ i) ea 


section is 


This is a quadratic polynomial in z;. Hence the prismoidal formula holds for 
a portion of a ruled surface bounded by parailel planes. 
The prismoid itself is a special case of such a surface. 


PROBLEMS 


1. Show that the surface If; (a, y, 2) + kfo(«, y, 2) =0, where J and k are 
constants, is a surface passing through all the points common to the two sur- 
faces fi (x, y, 2) = 0 and fo(x, y, 2) = 0, and meeting them at no other points. 


2. Discuss the surface xyz = a? by means of plane sections. 


3. Show that the surface z= a —V«? + y? is a cone of revolution, and find 
its vertex and axis. 


4. Prove that the surface az + by = cz? is a cylindroid, and discuss its 
plane sections. 


ie 1 fi 1 bk A 
5. Discuss the surface x2 + y? + z2 = a? by means of plane sections. 
y Be 


6. Prove that the surface (ax + by)? = cz is a cylindroid, and discuss its 
plane sections. 


7. Discuss the surface x3 + y3 + z3 = a3 by means of plane sections. 


8. Find the equation of a right circular cylinder which is tangent to the 
plane XOZ and has its axis in the plane YOZ. 


9. Find the equation of a right circular cylinder which is tangent to the 
planes XYOZ and X OY. 


10. Describe the locus of the equation z + (y +1)2=0. 
11. Describe the locus of the equation 2 y2 —5y —3=0. 
12. Describe the locus of the equation (ax + by)? — cz? = 0. 


13. Find the equation of the oblate spheroid, i.e. the surface generated by 
an ellipse revolving about its minor axis. 


14, Find the equation of a biparted hyperboloid of revolution with OY 
as its axis. 


15. Find the equation of the prolate spheroid, i.e. the surface generated by 
revolving an ellipse about its major axis. 
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F ae the ee of the surface generated by revolving the parabola 
y? = 4px about as an axis, 


17. Find the equation of the ring surface generated by revolving about OX 
the circle x? + (y — 6)? = a?, where a <b. 

18. Write the equation of the surface generated by revolving the hyperbola 
xy = c about either of its asymptotes as an axis. 


19, Find the equation of the surface formed by revolving the four-cusped 
hypocycloid x + y? =a? about OY as an axis. 


20. What surface is represented by the equation x? + (yy? + z2)t =a?? 
21. What surface is represented by the equation x? + 22 — y8 = 0? 


22. What is the line represented by the equations y? + z?—6z2=0, 
%*—3=0? 

23. Show that the line of intersection of the surfaces 2? + y?= a? and y= z 
is an ellipse. (Rotate the axes about OX through 45°.) 


24. Show that the projections of the skew cubic 2 =¢, y = #2, z = ¢8 on the 
coérdinate planes are a parabola, a semicubical parabola, and a cubical 
parabola. 

25. Prove that the projections of the helix = acosé, y=asing, z= ko 
on the planes XOZ and YOZ are sine curves, the width of each arch of 
which is kz. 

26. Prove that the projection of the curve e=et, y=e-t, z= t-v2, on 
the plane XOY is an equilateral hyperbola. 


27. Turn the plane XY OZ about OZ as an axis through an angle of 45°, and 
show that the projection of the curve r=et, y=e-, z =t V2 on the new 
X OZ plane is a catenary. 

28. Show that the curve «= #, y=2t, g=7 is a plane section of a para- 
bolic cylinder. 

29. Prove that the skew quartic 7 =t, y =, z = ¢* is the intersection of 
an hyperbolic paraboloid and a cylinder the directrix of which is a cubical 

- parabola. 

30. The vertical angle of a cone of revolution is 90°, its vertex is at O, and 
its axis coincides with OZ. A point, starting from the vertex, moves in a spiral 
path along the surface of the cone so that the measure of the distance it has 
traveled parallel to the axis of the cone is equal to the circular measure of the 
angle through which it has revolved about the axis cf the cone. Prove that the 
equations of its path, called the conical helix, are x = t cost, y = tsint, z=t. 


CHAPTER X 
PLANE AND STRAIGHT LINE 


92. Projection. The projection of a point on a straight line 
is defined as the point of intersection of the line and a plane 
through the point perpendicular to the line. Hence in fig. 46 
L, M, and WN are the projections of the point P on the axes of 2, y, 
and 2 respectively. 

The projection of one straight line of finite length upon a 
second straight line is the part of the second line included 
between the projections of the ends of the first line, its direction 
being from the projection of the 
initial point of the first line to the 
projection of the terminal point of 
the first lime. In fe 57, tor ex- 
ample, the projections of A and B 
on MN being A’ and B’ respec- 
tively, the projection of AB on 
MN is A'B', and the projection of 
BA on MN is B'A’. If MN and 
AB denote the positive directions 
respectively of these lines, it fol- 
lows that A’B’ is positive when it has the same direction as MN 
and is negative when it has the opposite direction to IN. 

In particular, the projection on OX of the straight line PP, drawn 
from: Ai(#;,945°¢,) to BD n,0y,, 2) 189 be, wheres OL and 
OL,= 2, But L,L,=,—2#, by I, $13. Hence the projection 
of FE on OX is w,—a,; and similarly, its projections on OY 
and OZ are respectively y,— y, and z,—2,. 

If we define the angle between any two lines in space as the 
angle between lines parallel to them and drawn from a common 
point, then the projection of one straight line on a second is the 
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product of the length of the first line and the cosine of the angle 
between the positive directions of the two lines. Then if ¢ is the 
angle between AB and JLN (fig. 57), 


A'B'= AB cos ¢. 


To prove this proposition, draw 4’C' parallel to AB and meet- 
ing the plane ST at C. Then A'C=AB, and A'B'=A'C cos ¢, 
by I, § 14, whence the truth of the proposition is evident. 

Defining the projection of a broken line upon a 
straight line as the sum of the projections 
of its segments, we may prove, as in I, 
§ 15, that the projections on any straight 
line of a broken line and the 
straight line goning its ends 
are the same. 

We will now 
show that the 
projection 
of any 
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plane area wpon another plane is the product of that area and 
the cosine of the angle between the planes. 

Let X'OY (fig. 58) be any plane through OY making an angle 
¢@ with the plane XOY. Let A’B’ be any area in X’/OY such that 
any straight line parallel to OY’ intersects its boundary in not 
more than two points, and let 4B be its projection on YOY. 


Then (§ 35) area A’ B! =f at) dy, (1) 
the limits of integration being taken so as to include the whole area. 
In like manner, area AB = i (2, — x,) dy, (2) 


the limits of integration being taken so as to cover the whole area. 
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But the values of y are the same in both planes, since they 
are measured parallel to the line of intersection of the two planes; 
and hence the limits in (1) and (2) are the same. Since the # 
coordinate is measured perpendicular to the line of intersection, 
een 6 ees 9 
az, = x) cos b, #, = x| cos d, and (2) becomes 


area AB = | (x}— a1) cos dy 
= cos d Wp (xi — at) dy 
= (cos ¢) (area A’ B’), 


93. Distance between two points. Let A(wv,, y,, 2%) and R(z,, 
Yo %) (fig. 59) be any two points. Pass planes through & and F 
parallel to the codrdinate planes, thereby forming a rectangular 

parallelopiped having the edges parallel 

to OX, OY, and OZ, and having BF as 

a diagonal. Then the edges are equal 

respectively to x,—2#,, ¥,—Y, and 2,—2, 

($ 92), being equal to the projections of 
x £B on OX, OY, and OZ. 

Hence 


Y eS es f= V (2,— @) A (Ye Y) +(e 


If the two points have two codrdinates the same, as, for example, 
Yn = Yy % = 2, the formula reduces to RB = a,— 2, 


Ex. 1. Find a point V14 units distant from each of the three points 
(1, 0, 3), (2, —1, 1), (8, 1, 2). 
Let P(x, y, z) be the required point. 
Then (x — 1)2 + (y — 0)? + (2 — 8)? = 14, 
(@- 22+ +12?+@-P=14, 
(© — 8)? + (y —1)2 + (2 — 2)2 = 14. 
Solving these three equations, we determine the two points (0, 2, 0) and (4, —2, 4). 
Ex. 2. Find the equation of a sphere of radius r with its center at 
Py (1, 41, 21). 
Ii P(x, y, 2) is any point of the sphere, 
(© — @1)? + (y — yr)? + (2 — 21)2 = 7. (1) 
Conversely, if P(x, y, Z) is any point the codrdinates of which satisfy (aby 


P is at the distance r from P;, and hence is a point of the sphere. Therefore 
(1) is the required equation of the sphere, 
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94. Length of a space curve in rectangular codrdinates. The 
method of finding the length of a space curve is similar to that of 
finding the length of a plane curve, so that the proof of § 40 ray 
be repeated. 

If AB (fig. 60) is the given curve, we assume u—1 points 
fi, L,, fy, +++, _, between A and B, and connect each pair of 
consecutive points by a straight line: The length AB is then 
defined as the limit of the sum . 
of the lengths of the » chords AJ}, 
ELL: ++, B_,B, a8 n is increased 
without limit and the length of 
each chord approaches zero as a 
limit (I, § 104). 

Let the codrdinates of 7? be (z, y, %) and those of ft ot 
(4,+ Az, y,+ Ay, 2,4+ Az). Then PP ,,=V Av "4+ Ay” +Az (§ A 
Now if w, y, z are functions of a variable parameter ¢ (§ 90), and 

dn dy dz a Et aA aT Ce. 
7 ae Peay Viz + Ay + Az is an 
infinitesimal which differs from the infinitesimal Vdz*+ dy’ + dz 


by an infinitesimal of higher order. For we have 
Aa\* (Ay\? , (Az 
a rs () a i At 
ly: wa dy se da? at 
)+Ga) +(@ 
Since ¢ is the independent variable, At = dt (§ 4); also 


Lim (42 _ ae ete, 
at=o\ At dt 


Vite age _ 
Vida? + dy? + dz 


4 PRP 


I, p 
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vay +Ay’ +B7 _ 
Vda" + dy’ + d# 


Hence Lim 


Therefore (§ 3), in finding the length of the curve, we may 
replace Av + Ay +Az7 by ¥ du? + dy*+ dz. Hence, if s denotes 
the length of AB, we have 


(B) 
r= Vda? + dy? + de, 
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where (A) and (B) denote the values of the independent variable 
for the points A and B respectively. From this formula for s it 
follows (§ 9) that 


ds =Vdax? + dy? + dz’. 


Ex. Find the length of an arc of the helix x =acosé, y=asind, z=k9, 
corresponding to an increase of 27 in @. 
Here dz =— asiné dé, dy = acosé dé, and dz =k da. 


61+ 27 


Therefore ‘Si a Va + ede 


=29Va? + ie. 


95. Direction of a straight line. The direction of any straight 
line in space is determined by means of the angles which it makes 
with the positive directions of the coordinate axes OXY, OY, OZ, 
We denote these angles by a, 8, and 
y respectively (fig. 61). Then their 
cosines, Le. cosa, cos PB, cosy, are 
called the direction cosines of the 
line. 

It is to be noted that the same 
straight line makes the angles @,, £,, 
y, oO 7—@,,7—f,, 7 —+y, with the 
coordinate axes, according to the di- 
rection in which the line is drawn. 
Hence its direction cosines are either cosa,, cos®,, cosy, or 
—cosa,, —cos§,, —cosy,. A straight line in which the direc- 
tion is fixed has only one set of direction cosines. 

The three direction cosines are not independent, for they satisfy 
the equation 


Yy Fie. 61 


cos’a@ + cos’*8 + cos*y = 1; 


that is, the swm of the squares of the direction cosines of any 
straight line is always equal to wnity. 

To prove this theorem, let the line RF (fig. 59) be any straight 
line and let it make the angles a, 8, and y with OX, OY, and 
OZ respectively. Then 


e@) 
COs — 5 pene aes bis 
fae ER ie 
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Squaring and adding these equations, we have 


RY +E +ES 


cos’a@ + cos*8 + cos*y = 5 
EB 


But POTPR PS =PP. 


Therefore cos’a@ + cos’8 + cos*y = 1. 

96. If A (x,, y,, 2,) is any fixed point (fig. 59), the coordinates of 
any second point 2 may be denoted by (#,+ Az, y,+ Ay, z,+ Az), 
where Az, Ay, and Az are arbitrary. 

If cosa, cos 8, cosy are the direction cosines of the straight 
lne FL, we have, by the work of the last article, 


Ax Ay 


oy SANE: ee as 7 Noe 
cos y = ey , 
VAG Ay + Az 
for =a Nae ye NYS ELS =A, 
and Li AG Ay + Az . 


Hence, if Az, Ay, and Az are given, the direction of a straight 
line is determined, but the particular straight line having that di- 
rection is not determined, for the values of Aw, Ay, and Az in no 
way determine ~,, y,, and z,, the codrdinates of the initial point of 
the line. Moreover, the ratios of Az, Ay, and Az are alone essen- 
tial in determining the direction of the line. Accordingly we may 
speak of the direction Az: Ay: Az, meaning thereby the direction 
of a straight line, the direction cosines of which are respectively 


eri wih BY ee ; 
Van +Ay the Vax Ay*+ Ae VAn'+Ay"+ Az 


Furthermore, if 4, B, and C are any three given numbers, we 
may speak of the direction 4:B:C. For we may place Av = 4, 
Ay = B, Az=C, and thus determine a direction, the direction 
cosines of which are 

A B C ; 
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97. Direction of a space curve. If we regard the position of a 
point P(x, y, 2) of a curve as determined by s, —its distance along 
the curve from some fixed point of the curve, —as in I, § 105, 2, 
y, and z are functions of s, Le. 


a= f,(s), y =f,(s), z= f;(s). 

Then if s is increased by an increment As, a second point 

Q(z +Aa, y+Ay, 2+Az) of the curve is located, and the direc- 
tion cosines of the chord PQ are 

Ax Ay Az 


Var +Ay'+hz VAa'+Ay't Az VAx+Ay'+Az 


5° (§ 96) 


2 


The limits of these ratios, as As = 0, are the direction cosines of 
the tangent to the curve at P. 


NG (NIG As 


Now = . , 
V Ax + Ay’ + Az’ 4S VA + Ay + Az 
. Aw dx 
whence Lin —— Sees 4 
eae V Ax? + Ag+ Az ds 
for Lim a =1. (I, § 104) 


Via + Ay’ + Ae" 


Proceeding in the same way with the other two ratios, we have 


dz dy dz Lee ; 
ar a a the direction cosines of the curve at any point, 
ds ds ds 


since the directions of the tangent and the curve at any point are 
the same. 

Instead of giving the direction cosines, we may speak of the 
direction of the curve as the direction dx: dy: dz, since 


ds =Vda? + dy? + d?. ($ 94) 


Ex. Find the direction of the helix 
%=acos#, y=asing, z2=ké, 
at the point for which 6= 0. 


Here dz =— asinédé, dy=acosédé, dz=kdo. Therefore, at the point 
for which ¢=0, the direction is the direction 0:ad0:kd6, and the direction 
a k 


cosines are 0, ; : 
Vat +h? Vat+ ke 
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98. Angle between two straight lines. Let the directions of any 
two straight lines be respectively A,v:A,y:A,z and A,w: Ay: A,z, 
where the subscripts are used merely to distinguish the two diree- 


tions. If two straight lines having these direc- BR 
tions are drawn from any point P(x, y, z) they 

will pass through the two points A(«+A,2, PB, 
yt+A,y, 2+A,2) and B(a@+A,e, y+A.y,2+Az) pA 

(fig.62) respectively. ey 


Then if @ is the angle between these two lines, we have, by 
trigonometry, 


PE'+PR RB 1) 
MA AEN a ( 
But PP = Ae + Ay + A, 
PR =A thy +Ay’, 
Rh = (Ae—Aye) + (Ay—Ay)+Az—Ay, ($93) 
whence, by substitution in (1) and simplification, 
Aj.w-Aj,w+tAy-Ajy +A,2-A,z 
VAo"+ Ay + Az ; VA,2"+ Avy + Az 
or if cos a@,, cos B,, cosy, are the direction cosines of any straight 
line with the first direction, and cos @,, cos 8,, cos y, are the direc- 


tion cosines of any straight line with the second direction, the 
above formula becomes 


cos 6 = 


cos 8 = 


(2) 


cos # = cos @, cos a, + cos 8, cos 8, + cos ¥, COS ¥,. (3) 


If the two directions are given as 4,:B,:C,, and 4,:B,:C,, 


(2) evidently becomes 
A, 4; a B, B, a C, C, 


ea) A}+ Bi+ C2 V A+ Bi + 0} “ 
If the lines are perpendicular to each other, 
A,A,+ B,B,+6,0,= 9, (5) 
since cos@ = 0; and if they are parallel to each other, 


since cosa@,=cosa@,, cosP,=cosP,, COS 7,= COS. 
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If 6 represents the angle between any two curves, we have, 
from § 97, 


la (da dy\ (dy dz\ (dz 
6=(4 pe (ee if 
re Pak Blas G L\ as fy (7) 


99. Direction of the normal to a plane. Let R(x, y,, 2,) and 
P(x, +Az, y,+ Ay, z,+Az) be any two points of the plane 


Ac + By+ Cz+D=0. (1) 

Substituting their coordinates in (1), we have 
Av, + By, + Cz,+D=0, (2) 
A (a, + Ax) + B(y,+ Ay) + C(z,+A2)+D = 0. (3) 


Subtracting (2) from (3), we have 
A-Ac+B-Ay+C-Az=0, (4) 


whence, by (5), § 98, the direction A: B: C is normal to the direc- 
tion Av: Ay:Az. But the latter direction is the direction of 
any straight line of the plane. Hence the direction A: B: C 1s the 
direction of the normal to the plane Av + By + Cz+D=0. 

We may now show that the equation of any plane is a linear 
equation of the form (1). For let the given plane pass through 
a fixed point #(x,, y,, 2,) and be perpendicular to a straight line 
having the direction 4: B: C. 

Now the equation 4, 4+ By+Cz+D=0 


represents a plane perpendicular to the direction 4:B:C. This 
plane will pass through F if 


Az,+ By,+ Cz,+D=0, 
whence =— (Ax, + By,+ Cz,). 
Therefore A(#—z,)+B(y—y,)+C(z—z,)=0 (5) 


represents a plane perpendicular to the direction A:B:C and 
passing through the fixed point F(x, y,,2,). But only one plane 
can satisfy these conditions; hence the given plane has the equa- 
tion just determined. Any plane may be determined in this way, 
however, and hence every plane may be represented by a linear 
equation. 
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Ex. Find the equation of a plane passing through the point (1, 2, 1) and 
normal to the straight line having the direction 2:3: —1. 


The equation is 2(e¢ —1)+8(y —2)-1¢-1)=0, 


or 24+ 8y—z2-T=0. 


100. Normal equation of a plane. Let a plane be passed through 
the point #(,, y,, 2,) perpendicular to the straight line OR (fig. 63). 
By § 96, the direction 
of OF is the direction 
“,:Y,:2,, and hence the 
equation of the required 
plane is, by (5), § 99, 


a (t—2,) IH; (Y=) 

+ 2,(2—2,)= 0, (1) 
which may be put in the 
form 


LL YY + 2% 
— (ap + yt + 27) = 9. (2) 
If the direction cosines of ¥ 
OF are denoted respectively by J, m, and n, i.e. l=cos a, m=cos B, 
nm = cosy, and the length of OF is denoted by p, then 
pe, ae pice ie ae, (haa sy 
Vai+ yt a Voit yt a Vai t yet 2 


Fic. 63 


and pavanet yet 2. 
Accordingly, if we divide equation (2) by V2 + y?+22,it becomes 
la+my+nz—p=0, (3) 
which is known as the normal equation of the plane. 

Equation (3) may also be derived geometrically as follows: 
Let P(x, y, 2) (fig. 63) be any point of the plane, and let OL=z, 
LM=y, MP=z. Draw OP. Then the projection of OP on OF 
is OP, and the projection of the broken line OLMP on OF; is 
1-OL+m-LM+n-MP (§ 92). Hence 

1-OL+m-LM+n-MP—OF=0, 
or le + my + nz—p= 0. 
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The general equation of the plane 
Au + By + Cz+D=0 


may evidently be made to assume the normal form by dividing the 
equation by V.4?+ B?+ 0”, since the direction of the normal to 
the plane is the direction 4: B:C. The sign 6f the radical must 
be taken opposite to the sign of D in order that the constant term 
may be the negative of the distance of. the plane from the origin, 
as in (3). 


Ex. Find the direction cosines of the normal to the plane 2x—3y+6z-+ 14=0, 
also its distance from the origin. 


Dividing by — 22 4 32 + 67; 1.6. — 7, 


we haye —2un+3y §z—2=0. 
Hence the direction cosines of the normal to this plane are —2, #, — $, and 


the plane is 2 units distant from the origin. 


101. Angle between two planes. Let the two planes be 
A,e+By+C2+D,= 9, (1) 
Ave Bey C2 Drea 0. (2) 


The angle between these planes is the same as the angle between 
their respective normals, the directions of which are respectively 
the directions A,: B,:C, and A,:B,:C,. Hence if @ is the angle 
between the two planes, 

A Ast BB CC, 


cos 9 = —— 
V A2+ BP + 02 “VAP BE 62 


» (by (4), § 98) 


The conditions for perpendicularity and parallelism of the planes 


are respectively A,A,+B,B,+ 0,0,=0 
and oS = a | a 
AS ae Ce 


102. Determination of the direction cosines of any straight line. 
Let the equations of the straight line be in the form 

A,t+ By + CZ Di =0, (1) 

Au + By +Cz+D,=0, (2) 
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and let its direction cosines be J, m, and n. Since the line lies in 
both planes (1) and (2), it is perpendicular to the normal to each. 
Therefore (by (5), § 98), 

Al+Bym-+Cn=0, 

Ai + Bm + On=0; 
also P+ m+n? = 1. (§ 95) 


Here are three equations from which the values of J, m, and n may 
be found. 
From the first two equations we have (I, § 8) 


B, || oteedtaeR. 


i:m:n= Pen eC. ist B, 


Ex. Find the direction cosines of the straight line 2%+ 3y+z—4=0, 
4x+y—24+7=0. 
The three equations for 1, m, and n are 
214+3m+n=0, 
4l+m—n=0, 


12+ m*% + n?=1, 
the solutions of which are 


2 3 5 
1=-—_, r= = — SS) n= = 
V38 V38 V/38 
or l 2 m 8 n 2 
=— ——, = — 4 = — 
/38 V38 V38 
Since cos (180° — ¢) = — cos 4, it is evident that if the angles corresponding 


to the first solution are a, 61, y1, the angles corresponding to the second solu- 
tion are 180° — ay, 180° — B,, 180° — 71. Since these two directions are each the 
negative of the other, it is sufficient to take either solution and ignore the other. 


103. Equations of a straight line determined by two points. 
Let P(x, y, 2) be a point on the straight line determined by 
P(&,, Y, %) and B(«,, ¥,, %,), 80 situated that RP=k(FL). Then, 
as in I, § 18, there are three cases to consider according to the 
position of the point P. If P is between F and &, RP and LE 
have the same direction, and RP<#&; accordingly & is a posi- 
tive number less than unity. If P is beyond #, from &, EP 
and PP still have the same direction, but RP> ARF; there- 
fore k is a positive number greater than unity. Finally, if P 


2% 
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is beyond PB from RB, RP and FE# have opposite directions, and 
k is a negative number, its numerical value ranging all the way 
from 0 to oo. 

In fig. 64, which represents the first case, pass planes through 
R, P, and B& perpendicular to OX; and let them intersect OX at 
the points 17, M, and M, respectively. Then OM=OM,+ MM; 
and since RP =k(FR), by geometry MM = k(M,M,). 


“.OM=0M,+ k(i,N,), 


whence, by substitution, 
toe Xy+ k (£,— %,). (1) 


By passing the planes through the points perpendicular to OY 
and perpendicular to OZ, it may be proved in the same way that 
Z Y=AtkY,—Y), (2) 

z= 2,+ k(z,— 2). (3) 


The construction and the 

—_X proof for the other two cases 
are the same, and the re- 
sults are the same in all the 
cases. 

By assigning different values to & we can make equations (1), 
(2), and (3) represent any point on the straight line determined 
by the points # and &. Conversely, if x, y, and 2 satisfy these 
three equations, the point must be a point of the straight line 
FR. Hence (1), (2), and (3) are the parametric equations of the 
straight line determined by two points, # being the variable 
parameter. 


104. By eliminating % from the three equations (1), (2), and (3) 
of the last article, we have 


Ww Fie. 64 


Bo Uy 


= (1) 


Ca ee oe 2 


Here are but two independent equations in 2, y, and z. This 
result proves the converse of § 89, that two linear equations 
always represent a straight line; for we have any straight line 
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represented by two linear equations. The direction of the line 
is the direction ~,— #,: y,— y,: %— 2, (§ 96). 

It is to be noted that, if in the formation of these fractions any 
denominator is zero, the corresponding direction cosine is zero, and 
the line is perpendicular to the corresponding axis. 


Ex. Find the equations of the straight line determined by the points 
(1, 5, — 1) and (2, — 3, — 1). 


Hence the two equations of the line are z + 1=0, since the line is parallel to 
the XY OY plane and passes through a point for which z= —1, and8z+y—13=0, 
formed by equating the first two fractions. 

105. Equations of a tangent line toaspacecurve. IfR(x,,y,,2,) 
is any given point of a space curve, and # (x,+ Az, y, + Ay, z,+ Az) 
is any second point of the curve, the equations of the secant £B are 

Wim ig scam Ye ee 
Ax Ay Az 
Bios Hn Ul ee Ie, 
or = 
Ax Ay Az 
As As As 


where As is the length of the are FF. 
Defining the tangent at # as in I, § 59, we have as its equa- 
tions 


> (§ 104) 


eae oes 1 
or ia: a eae) 


where dz, dy, dz are to be computed at the point £. 


Ex. Find the equations of the tangent to the helix 


CO COS Oy = C810, ei 60 
at the origin. 
Since dx =— asingd0, dy = acos0d0, dz = k dé, the required equations are 


Ae welt iaens4 y 2 
—~—*=-~-, or (§104)2=0,-=-.- 
he 1G (3 ) Qa 
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106. Equations of a straight line in terms of its direction 
cosines and a known point upon it. Let A(z, y,, %,) (fig. 65) be 
a known point of the line, and let /, m, and » be its direction 
cosines. Let P(x, y, 2) be any point of the line. On FP as a 
diagonal construct a parallelopiped as in § 93. Then if we 
denote BP by 7, we have 


POSIT Pi e=anr, Eo ti 
But LQO=4—4, LA=Y—Y, ES = ee 
whence #=2,+/r, Y=Y,+ mr, R= 2,-+ nr. (1) 


These are the parametric equations of the line, the variable param- 
eter being 7, 7 being positive if the 
point is in one direction from &, and 
negative if it is in the other direction 
ORO OM eR 

By eliminating 7 we have 


Gh, _ YY, _%—2 


sy (2) 


Fic. 65 which are but two independent linear 
equations. 
107. Problems on the plane and the straight line. In this 
article we shall solve some problems illustrating the use of the 
equations of the plane and the straight line. 


l m n 


1. Plane determined by three known points. Let the three given 
points be B(2,, ¥1, 2%), B(®o. Yo %), and B(x,, yq; 2), and let the 
equation of the plane determined by them be 

Az + By + Cz+D=0. (1) 


Since Ff, 2, and # are points of the plane, their codrdinates 
satisfy (1). Therefore 


Ai, BY, 02, D = 0), (2) 
Ax, + By, + Cz,+D=0, (3) 
Ax, + By, + Cz,+D = 0. (4) 


We may now solve (2), (3), and (4) for the ratios of the unknown 
constants 4, B, C,and D, and substitute in (1), or we may eliminate 


PROBLEMS 191 


A, B, C, and D from the four equations (1), (2), (3), and. (4). By 
either method the equation of the required plane is found to be 


a ee | 
oa ay zy 1 = 0 
eer. meee | : 
Gy ae ek 


Ex. 1. Find the equation of the plane determined by the three points 
(1, 1, 1), (—1, 1, 2), and (2, — 8, =11). 
The required equation is 


x y Al 
1 1 ap a 
eo Se to age 
2 —3 — 1 
or 4%—8y+8z2-9=0. 


If the three given points are on the same straight line, no plane 
is determined, and the above equation reduces to 0 = 0. 

2. Distance of a point from a plane. Let the given point be 
F(X, Y %), and at first let the equation of the plane be in the 
normal form le ny ene —p = 0. | (1) 
Then the equation of a plane through # parallel to (1) is, by (5), § 99, 

i(w—m,) + mly—y,) + n(2—%) =O, (2) 
which may be put in the form 


le + my + nz— (lx, + my, + nz,) = 0. (3) 


Since equation (3) is in normal form, it is evident that the dis- 
tance of this plane from the origin is Ja,+ my,+ nz, Hence the 
distance between the two parallel planes is in magnitude 


lx, + my, + nz,— p, (4) 
this result being positive if the plane through F is beyond plane 
(1) from the origin, and negative if the plane through # is on 
the same side of plane (1) as the origin. But the distance 
between the two planes is the same as the distance of / from 
the given plane. Hence lz,+ my,+nz,—p is the required dis- 
tance in magnitude. 
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If the equation of the plane is in the form 
At+ By +Cz+D=0, 
finding the values of J, m, n, and p, and substituting in (4), we have 
Ag, by, + Cz, D 
VA + B+ 0? 


as the magnitude of the required distance, being positive for all 
points on one side of the plane and negative for all points on the 
other side. If we choose, we may take the sign of the radical 
always positive, in which case we can determine for which side of 
the plane the above result is positive by testing for some one point, 
preferably the origin. 

Ex. 2. Find the distance of the point (1,2, 1) from the plane 2z—3y 
+6z2+14=0. The required distance is 


9 (1) = 8(2) 4 61) 414 
7 


= 22. 


Furthermore the point is on the same side of the plane as the origin, for if (0, 0, 0) 
had been substituted, the result would have been 2, i.e. of same sign as 22. 


3. Plane through a given line and subject to one other condi- 
tion. Let the given line be 


Att Gwe =), (1) 
Axe + Boy C2 D, = 0: (2) 


Multiplying the left-hand members of (1) and (2) by &, and &, 
respectively, where #, and k, are any two quantities independent 
of x, y, and z, and placing the sum of these products equal to zero, 
we have the equation 


K(A@t BY +t Ceg+D)+h Ag+ By + Cz+D,)=0- (3) 


Equation (3) is the equation of a plane, since it is a linear equa- 
tion, and furthermore it passes through the given straight line, 
since the coordinates of every point of that line satisfy (3) by 
virtue of (1) and (2). Hence (3) is the required plane, and it may 
be made to satisfy another condition by determining the values of 
k, and k, appropriately. 
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Ex. 3. Find the equation of the plane determined by the point (0, 1, 0) and 
the line 4a + 38y+2z2—4=0, 2a—1ly —4z —12=0. 


The equation of the required plane may be written 
ky (4% + 8y+ 2z2—4)+ hg (2x —1ly — 4z — 12) = 0. (1) 
Since (0, 1, 0) is a point of this plane, its codrdinates satisfy (1), and hence 
ky + 23 ke = 0, or ky = — 23 ko. 


Substituting this value of x, in (1) and reducing, we have as the required 


equation 
9%¢+8y+5z2-8=0. 


Ex. 4. Find the equation of the plane passing through the line 42+ 38y + 2z 
—4=0, 2%—1ly—4z-—12=0, and perpendicular to the plane 22+ y —2z 
+1=0. 


The equation of the required plane may be written 
ky(40+38y+2z2—4)+ke(2e—l1ly —4z2—12)=0, (1) 
or (4k, + 2ke)a + (Bky — 11 ke) y + (2k, — 4h) 2 + (— 4h — 12 kg) = 0. 
Since this plane is to be perpendicular to the plane 2% + y —-2z2+1=0, 
2 (41 + 2k) + 1(8 ky — 11 ke) — 2(2hk; — 4he) = 0, 


whence kp = — 7k. 

Substituting this value of ka in (1) and reducing, we have as the required 
equation Pas ONS YES 0, 

108. Change of coérdinates. 1. Change of origin without change 
of direction of axes. Let O'(a9, Yo, %) be taken as a new origin of 
coordinates, the new axes being parallel respectively to the original 
axes, ie. O!X' parallel to OX, O' Y’ parallel to OY, and O'Z' parallel 
to OZ. Let x, y, and z be the codrdinates of any point P with 
respect to the original axes, and let a’, y’, and 2’ be the coordinates 
of the same point with respect to the new axes. Then 


* 


“= a+ a, Y=Yt y', Z=ate’, (1) 
the proof being similar to that of I, § 112. 


2. Change of direction of axes without change of origin. Let 
OX, OY, OZ, and OX', OY’, OZ' be two sets of rectangular axes 
meeting at O and making angles with each other, whose cosines 
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are given in the following table, where /, is the cosine of the angle 
between OX and OX’, /, is the cosine of the angle between OX 
and OY’, etc. Let x, y, and z be the codrdinates of any point P 
with respect to the axes OX, OY, OZ, and let a’, y’, and 2’ be the 


coordinates of the same point with respect to the axes OX’, OY', 
OZ'. Then if OP is drawn, the projection of OP on OX is x, and 
the projection on OX of the broken line joining O and P, formed 
by constructing the codrdinates 2’, y’, 2’, is la’ + l,y'+ l,2' (§ 92). 
But these two projections are equal. Hence 
— Al / ie 
= 1 + boy! + U2! s 
in like manner, y =m,e'+ my' + mz; (2) 
c= nal + ny! + ng. 
In like manner we may derive the formulas 
al =lLa+ my + n2, 
y' =a + my + 1,2, (3) 
2 = la + my + N42. 
Formulas (2) and (3) may be expressed concisely by the above table. 
Since both systems of codrdinates are rectangular, we have, by 
aN Rete 
(5), § 98, LJ,+m,m,+ n,n, =0, 
LJ,+ m,m,+ n,n, = 0, 
LL, + mam, + n,n, = 0; 
and Lm,+lm,+ l,m,= 0, 
Mf, -- Mn, + m,n, = 0, 
n,1,+ n,J,+ n,l,= 0. 
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Also, by § 95, 124 m2+n2=1, 
2+m2+n2=1, 
B+mj+nZ=1; 
and 7+ 12+ 1?=1, 
mi +m;+m27=1, 
Ne + ng+n2=1. 


All these formulas are easily remembered by aid of the above table. 


PROBLEMS 


1. Find a point of the plane 22+ 3y +2z=0 equally distant from the 
three points (0, 0, — 1), (8, 1, 1), (— 2, — 1, 0). 

2. Find a point on the line 82 —y —z—-5=0,2-y+z—5=0 equally 
distant from the origin and the point (— 2, 1, — 2). 

3. Find the equation of the sphere passing through the points (—1, 4, 4), 
(— 5, 1, 3), (4, 0, 7), (— 1, 1, — 5). 

4, A point moves so that its distances from two fixed points are in the 
constant ratio k. Prove that its locus is a sphere or a plane according as 
kxzlork=1. 

5. Prove that the locus of points from which tangents of equal length can 
be drawn to two given spheres is a plane perpendicular to their line of centers. 

6. Find the length of the curve « = ¢, y = 2t, z =t from the origin to the 
point for which t= 1. 

7. Find the length of the curve « = e+, y= e-t, z= t V2 between the points 
for which 4= 0 and t= 1. 

8. Find the length of the conical helix « =tcost, y = tsint, z =t between 
the points for which t= 0 and t = 27. 

9. Prove that a straight line can make the angles 60°, 45°, 60° respectively 
with the coérdinate axes. 

10. Show that the helix makes a constant angle with the elements of the 
cylinder on which it is drawn. 

11. Find the angle between the conical helix « = tcost, y = tsint, z=t and 
the axis of the cone. 

12. Show that the angle between the conical helix «= tcost, y =tsint, 


2 
13. Find the equation of a plane three units distant from the origin and per- 
pendicular to the straight line through the origin and (2, — 3, 6). 


; t 
Z=tand the element of the cone is tan-} ih 
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14. The equations of three planes arew + 2y —3z=1, 2% —8y+5z=3, 
and 7 —y—z=2. Find the equation of the plane through their point of 
intersection and equally inclined to the codrdinate axes, 


15. If the normal distance from the origin to the plane which makes inter- 
cepts a, b, and ¢ respectively on the axes of x, y, and z is p, prove that 
I 1 1 il 
Fe ae ey 
16. Find the equation of the plane normal to the helix = a cos 0, y= asin 0, 
z—ké at the point 6=0. 


17. Find the equation of the plane normal to the conical helix x = ¢ cos#, 
y =tsint, z=t at the point for which ¢ = ss 

18. Find the equation of the normal plane to the curve e=e’, y=e~*, 
z=tv2. 

19. Find the equation of the normal plane to the skew cubic x =t, y= ?, 
z= # at the point for which ¢ = 1. 

20. Find the direction cosines of the line 2424+ 38y—z=6,"%4+8z—7=0. 


21. Prove that the three planes 834 —2y —1=0, 4y —824+2=0,2-22 
+4=0 are the lateral faces of a triangular prism. 


22. Prove that the two lines 


eaneee Ael—n() “evil xe+17y+ 26z—48=0 
2e+4y+2-—8=0 4x —2y—1524+25=0 


are coincident. 


23. Prove that the lines 
Pees | 2y—82+5=0 
d 
ae ean Cee co cee 
intersect at right angles. 


24. If 1, m1, ny and ly, me, Ng are the direction cosines of two given straight 
lines, and J, m, n are the direction cosines of a normal to each of them, prove 


l m n 
that — — . 
MyNg — Men, Nyle — Nel, Lyme — lem, 


25. Find the equation of the plane passing through (1, 4, 1) perpendicular to 
the linex + 38y+5z24+6=0,y+22%—1=0. 

26. Find the angle between the line € —2y — 8 = 0,8y+2+8=0 and the 
plane 8%+y—2z2+7=0. 

27, Find the codrdinates of a point on the straight line determined by 
(0, 1, 0) and (2, 8, 2) and 1 unit distant from (1, 1, 1). 

28. Find the equation of a plane perpendicular to the straight line joining 
(1, 8, 5) and (4, 8, 2) at a point one third of the distance from the first to the 
second point. 

29. Find the equations of a straight line passing through (1, 2, — 1) parallel 
to the linex+2y—8z2+4+1=0, 24+y+5z-1=0. 
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30. Find the foot of the perpendicular drawn from (1, 2, 1) to the plane 
PAS cig oT es. 

31. Find the equations of the tangent to the skew quartic =t, y= #3, 
. = at the point for which ¢ = 1. 


32. Find the equations of the tangent to the curve « = @, y =2t,z=t at 
- the point for which ¢= 1. 

33. Find the equations of the tangent to the curve # = et, y = e-', z= t V2. 

34, Find the direction of the conical helix a = ¢ cost, y =tsint, z= tat the 
origin, and the equations of the tangent. 

35. Find the equation of the plane determined by the three points (1, 2, — 4), 
(8, = 1, 2), (2, il 7 2). 

36. Find the angles made with the codrdinate planes by the plane deter- 
mined by the three points (1, 2, 0), (4, 1, — 2), (— 2, 2, 2). 

37. Find the point of intersection of the lines 

eke Ve, aa 8a@—2'y¥—5=0 
8y—-—224+56= Ray = GL 

38. Find whether or not a plane can be determined by the lines 

We a8 Ure a—2y+2+9=—0 
nae BRON ig ee taSigt: 

39. Find the equation of the plane determined by the two lines 

a+2y+1=0 Ane Tx+z2—24=0 
2y+2+1=0 Ty+32+5-0 

40. Find the equation of the plane determined by the point (2, 4, 2) and the 
straight line passing through the point (1, 2, 38) equally inclined to the codrdi- 
nate axes. 

41. Find the equation of a plane passing through the line «—y+z=0, 
2x2+y+38z2=0 and perpendicular to the planex—y+2z2+1=0. 

42. Find the equations of the projection of the line «+ y+z2—2=0, 
e+2y+z2—2=0 upon the plane 8x7+y+3z2-1=0. 

43. Find the equation of the plane passing through (2, — 1, 2) and (— 1, 2, 
— 1) perpendicular to the plane 2% — 38y+2z—6=0. 

44. Find the equation of a plane passing through the line —2y+z—-3=0, 
24+38y—2z2—1=0 and parallel to the line 82 +7 +2z—4=0, 2u—38y 
—z+5=0. 

45. Prove that the plane 4a + 8y + 5z = 47 is tangent to the sphere 

(a — 2)2 + (y — 8)? + (2 + 4)? = 50. 

46. Find a point on the line x -—z+3=0, 42 —y —6=0 equally distant 

from the planes 8a + 8z2—5=Oande+4y+2=7. 


4%. Find the center of a sphere of radius 7, passing through the points 
(2, 4, — 4) and (3, — 1, — 4) and tangent to the plane 8¢ —6y + 22+ 51=0. 


CHAPTER XI 
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109. Partial derivatives. Consider f(a, y), where « and y are 
independent variables. We may, if we choose, allow « alone to 
vary, holding y temporarily constant. We thus reduce /(z, y) to 
a function of # alone, which may have a derivative, defined and 
computed as for any function of one variable. This derivative is 
called the partial derivative of f(a, y) with respect to x, and is 


denoted by the symbol yf ce a Thus, by definition, 


Of (# Y) ain We + Aa, y)—f(#, Y) ‘ 


Ox Ax 0 Ax 


(1) 


Similarly, if # is held constant, f(z, y) becomes temporarily a 
function of y, whose derivative is called the partial derwative of 


J (#, y) with respect to y, denoted by the symbol een Then 


P(e Y) _ pay SE YFAN-I(% Y) 
oy Ay=0 Ay 


Graphically, if z=/(z, y) 1s represented by a surface, the rela- 
tion between z and « when y is held constant is represented by the 
curve of intersection of the surface and the plane y = const., and 


Oz . 4 5 

an the slope of this curve. Also, the relation between z and y 

IY 

when # is constant is represented by the curve of intersection of 
Oz . ; 

the surface and a plane « = const., and ay the slope of this curve. 


Thus, in fig. 66, if PQSR represents a portion of the surface 
z=f (x, y), PQ is the curve y= const., and PR is the curve «= const. 
Let P be the point (z, y,z), and LK =PK'=Az, LM=PM'=Ay. 
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Then LP=f(x, y), KQ=f(x@+Aza, y), MR=f(e, y+ Ay), 
K'Q=f(e+ Aa, y)—f (2, y), WR=f(x, y+dy)—f(x, y), and 


Ex. 1. Consider a perfect gas obeying the law v = af 


dz el 

Pee Lim a slope of PQ, 
é : Lie 

= = bam 77 = slope of PR. 
Z 


& 


yaaa af 


Fic. 66 


We may change the 


p 

temperature while keeping the pressure unchanged. The relation between the 
volume and the temperature is then represented by a straight line on fig. 55. 
If At and Av are corresponding increments of ¢ and v, then 


and 


c(t+ At) ct cAt 


Av = ————. — - 

~p Pp p 
ov _¢ 
at op 


Or, we may change the pressure while keeping the temperature unchanged. 
The relation between the volume and the pressure is then represented by an 
hyperbola on the surface of fig. 55. If Ap and Av are corresponding increments 


of p and v, then 


and 


ct ct ctAp 
for ND p? + pAp 
Ov ct 
dp sp? 


So, in general, if we have a function of any number of variables 
I (x, Y, +++, 2, we may have a partial derivative with respect to 
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each of the variables. These derivatives are expressed by the sym- 


bols - af pores a or sometimes by f(x, y, ++, 2), Sy, (® Ys °° +>) 
ox oy 02 
---, (2, y, +++, %). To compute these derivatives, we have to 


apply the formulas for the derivative of a function of one variable, 
regarding as constant all.the variables except the one with respect 
to which we differentiate. 


Ex. 2. f= 2 — 38a%y + y, Ex. 3. f= sin (x? + y?), 
F _ 302 — bay, T = 2a cos(e + 1), 
Ff __ga24 By, of _ 2y cos (a? + 92). 
oy cy 
Ex. 4. f = log Vz? + y? + 2%, 

Of Ay 

oe a? + y? 4 22” 

Tiaaens Mae 

by P+ y+ 2 

of Zz 


6z a + y? + 2? 


110. Increment and total differential of a function of several 
variables. Consider /(z, y), and let x and y be given any incre- 
ments Av and Ay. Then / takes an increment A/, where 


Af=f(u + Ax, y + Ay)—f(#, 9). 


In fig. 66, NS= f(z + Az, y+Ay) and N'S=Af. If x and y 
are independent variables, Av and Ay are also independent. Thus 
the position of S in fig. 66 depends upon the choice of ZA and 
IM, which can be taken at pleasure. 


The function f(x, y) is called a continuous function of « and y 
uf Af approaches zero as a limit when Ax and Ay approach zero 
as a limit in any manner whatever. 


Thus in fig. 66, if z is a continuous function of x and y, the point 
S will approach the point P as LK and LM approach zero, no 
matter what curve the point WV traces on the plane YOY or the 
point S on the surface. 
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The expression for Af may be modified as follows: 
Af=f(% + Ae, y + Ay)—f(«, y) 
=S(@+ Aa, y + Ay) — fe, y+ Ay) + f(x, y + Ay)—S(e, 9). 
But Lim S@tAnytAy—Sla ytAy) _ afta y+Ay) 


Ar=0 Aa 0x 
Therefore L@+4% y tAv— Se y+Ay) _ A @y+Ay) . 
Aw Ox , 
or f(x +Aa, y+ Ay)—f (a, y+Ay)= oe + ‘) Ag 
oe 

eee : of. t : 
where Lae e=0. Also, since me is a continuous function, 

c= 0 D 
Of (@, y+ Ay) _ f(z, y) 


+e, where Lime’ = 0. Therefore 
0x Ox Ay=0 


Of (x 
where ¢,=e'+ é’, 


Similarly, J (@, y + Ay) —f (2, y) = aL + «) Ay, 
Y 


where Lime,= 0. Hence we have finally 
Ay=0 


apa ant Edy + ebo+ €, Ay. (1) 


In like manner, if / is a function of any number of variables 
£, y,---, 2, then 


7 
apa aot Lays as +L dat eAot ody +: i - + €,Az, (2) 
4 y Pa 


In a manner analogous to the procedure in the case of a func- 
tion of one variable (§ 4), we separate from the increment the 
terms ¢,Awv -+ «,Ay +---+ ,Az, call the remaining terms the da/- 
ferential of the function, and denote them by df. The differen- 
tials of the independent variables are taken equal to the increments, 
as in § 4. Thus, we have by definition, when / is a function of 
two independent variables ~ and y, 


af af 
=—-~ dx a, 3 
df ee ay Y; (3) 


= 
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and if f is a function of the independent variables a, y, ---, 4, 


df = T he dy +s +2 ae (4) 


In (3) and (4) dz, dy, etc., may be given any values whatever. 
If, in particular, we place all but one equal to zero, we have the 
partial differentials, indicated by d,f, d,j, etc. Thus, 


Ol of 
Wey Sa ele, ad, J = rte 

A partial differential expresses approximately the change in the 
function caused by a change in one of the independent variables ; 
the total differential expresses approximately the change in the 
function caused by changes in all the independent variables. It 
appears from (4) that the total differential is the sum of the 
partial differentials. 


Ex. The period of a simple pendulum with small oscillations is (Ex, 3, § 82) 


Tigo am at 
g 


Small errors dl and dg, in determining / and g, will make an error in T of 


=) = aA dg. 
ae INg 


The ratio of error is aT 1d 1dg 
Te Det moms 


ihe 
al 


111. Derivative of f(x, y) when x and y are functions of t. 
We have been considering /(#, y) as a function of two independent 
variables. We shall now suppose that # and y are functions of a 
single independent variable ¢,so that the variations of 2 and y are 
caused by the variations of ¢. Graphically, if z= f(a, y) represents 
a surface and # and y are independent, the point P(x, y) may 
move over the entire surface. If, however, « = ¢,(t), y = $,(t), the 
point P is restricted to a curve on the surface, whose projection on 
the plane YOY has the parametric equations x = ¢,(t), y = ¢, (2). 
The equations of the curve on the surface are, therefore, x = ¢,(t), 


y = >,(t), z =f [$,(4), ,(t)]. 
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In this way, f(z, y) is now a function of ¢ and may have a 
derivative with respect to ¢, which may be found as follows : 

Give ¢ an increment At. Then « and y take increments Az and 
Ay, and f in turn receives an increment A/, where 


Af Z Aw + Yay + €,Ax + €,Ay. 


Then A 2. Az of Ay eas Ay. 
At ax At dy At “VAL =? At 


By allowing At to approach zero as a limit, and taking the 


limits, we have af _ofdxz . of dy 2 
dt @x dt dy dt 


(1) 


If we multiply each term of (1) by the differential dé, we have 


df, @,, Hy 
dt oF at dt. 
im aad Phen de 


But since /, x, and y are functions of a single variable ¢, we have, 


by § 4, ; : 
a) tat, ee ae ees 
dt dt 


-Hence we have df= i da + of dy, (2) 
OX oy 


showing that formula (3) of § 110, made on the hypothesis that 
xz and y were independent, holds also when w and y are functions 
of ¢. 


In a similar manner, if we have f(x, y,---,2), where %, y,---, 2 
are all functions of ¢, then 
df _of du , of dy of de (3 
dt dxdt dy dt az dt 
eC Ce 
af = File + f a7 feet ie (4) 
Ex. Let V (a, y, z) be the electrical potential at a point in an electrified 
OV OV CVn : 
field, that is, let — =— X, — =— Y, - — Z, where X, Y, Z are the com- 
Ox oy az 


ponents of force in the directions of the codrdinate axes. Required the rate of 
change of V in a direction which makes the angles a, f, y with the axes, 
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A straight line making the given angles with the axes has the equations, 


py) Suite, L=2,+rcosa 
ar, ’ 


¥Y=¥i + 7 cosp, 
ZS +r cosy. 
If these values are substituted for x, y, and z in V,it becomes a function of 
r, and its rate of change with respect to r is ae yao). 
dV _oaVd«e  aV dy , oV dz 


dr cu dr oy dr oz dr 
=— X cosa — YocosB — Z cosy. 


By the principle of the composition of forces this is minus the component of 
force in the given direction. 


112. Tangent plane to a surface. Let c=¢,(/), y= ae 
z= f(x,y) be a curve on the surface z = f(a, y), and let he OEY) 
be a point on the curve. Then the tangent line to the curve at 
the point has the equations (§ 105) 


seat ps Reh eames pk SD eae 


da dy —«s dz 


or SE EE AE ECR SG A Sia cea ie (1) 


dx ~ dy (Z)a+ (Za y 


The line (1) is perpendicular to the straight line 


Oh Yah, ee 


(GS en 


by (5), § 98, and therefore lies in the plane 
0 
@e—2) (2) +u— w)(Z)—@—2)=0. (3) 


\ 


Equations (2) and (3) are independent of the functions which 
define the curve, and therefore the tangents to all curves through 
F; lie in the plane (3). This plane is called the tangent plane to 
the surface, and the line (2), which is normal to it, is called the 
normal line to the surface at the point &. The tangent plane 
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may simply touch the surface, as in the case of the sphere or the 
ellipsoid, or it may intersect the surface at the point of tangency, 
as in the case of the hyperboloid of one sheet. 

In order that the function f(x, y) shall have a maximum or a 
minimum value for ~=2,, y=¥y,, it is necessary, but not suffi- 
cient, that the tangent plane to the surface z =/(z, y) at the point 
(21, ¥y, 2) Should be parallel to the plane XOY. This occurs when 
(e) = 0, ee =0. These are therefore necessary conditions for 

ou | OY | 
a maximum or a minimum, and in case the existence of a maxi- 
mum or a minimum is known from the nature of the problem, it 
may be located by solving these equations. 


Ex. 1. Find the tangent plane and the normal line to the paraboloid 
z= ax? + by?. 


Here = = 2 ax and 2 =2by. Hence the tangent plane is 
x y 


(@ — %) 2.0% + (y — yi1)2 by1 — (2 — 2) = 0, 
or 2 aaye + 2byiy — 2ax? —A2byPZ—z+u=0. 
But since 2 ax? + 2 by? = 22, this may be written 

2 aux + 2byyy —2-—24=0. 


Oe ah UE UA ne Ae 
2 Ax, 2 by —1 


The normal is 


Ex. 2. It is required to construct out of a given amount of material a cistern 
in the form of a rectangular parallelopiped open at the top. Required the 
dimensions in order that the capacity may be a maximum, if no allowance is 
made for thickness of the material or waste in construction. 

Let 2, y, 2 be the length, the breadth, and the height respectively. Then the 
superficial area is zy + 2az+2yz, which may be placed equal to the given 
amount of material, a. If v is the capacity of the cistern, 


— 272 
V= LY. Ss et Be 
2(a + y) 
Then dv (a—2ay — x)y? dv (a—2ay — y?) o> 
dei +)? 2 (a + y)? 


For the maximum these must be zero, and since it is not admissible to have 
z= 0, y = 0, we have to solve the equations 


a—2ey—2=0, 


a—2ey —y?=0, 
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1 |a 
which have for the only positive solutions x= y= \! » whence z =1,/2. 


Consequently, if there is a maximum capacity, it must be for these dimensions. 
It is very evident that a maximum does exist; hence the problem is solved. 


The graphical interpretation of the differential can now be given 
in a manner analogous to that in the case of one variable (§ 5). 
In fig. 67 let PQ'S'R’ be the tangent plane at P(x, y,,2,). Then, 


Z 


Fic. 67 


if LK = dz and LM = dy, the coordinates of S are (7, + dx, y,+ dy, 
z,+ Az), and the value of z corresponding to S’ is found by 
replacing x by x,+ dx and y by y,+ dy in (3). There results 


2=2 me "a + (2) ays, + dz. Therefore 
Ox oy 


N'S'= dz, whereas 'S = Az. 


113. Derivatives of f(x, y) when x and y are functions of s 
and ¢. If w and y are functions of two independent variables s 
and ¢, then f(z, y) is also a function of s and ¢ and may have the 


] oe , 
derivatives zs and z. To find + a we will give s an increment As. 


Then « and y take increments ie and Ay, and / takes an incre- 
ment Af. As in § 111, we find 
Af TRESS BY ee ae 


As @x As dy As “As aie ” As 
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Now let As approach zero and take the limit, remembering that 
ai 0 : 

lim 7, es etc. We have 

08 As as 

SEO 
0s 0x 0s dy @s 
af _ af bn, of oy. 
Gt Om at by at 


(1) 
Similarly, 


So, generally, the partial derivatives of f(z, y, ---, 2), where a, 


y, +--+, @ are functions of s, t, ---, uw, are 
0 of a of o of a 
eT IN as 
0s 0x08 OY Os Gz OS 
of of du | of oy of bz 
= ee eiatte ea o) 
ot ov ot oy ot =: es dz ot (2) 


0 of ow = =of eae oi 
of af te af ty, of te. 


ou OL0u oy bu 0z OU 
A special case worth noting is that in which / is a function of 
x, where « is a function of s, ¢,---, uw. Then 
Of nf .cle OF af ox af _ af ex 3) 
és dxés oat dx dt > Oud Ou 


If we multiply the equations (2) by the differentials ds, dt, -- -, 
du, add the results, and apply the definition of § 110, we have 


ji apy ae CE (4) 
OX oy Oz 
This shows that the expression for the differential df is the same 
whether “, y,---, 2 are independent variables or not. ; 
lbp Ih 167s ie — @) Tyee oe =O 
Wp. Ah, 25) Y,Y ~ 10 Bata 


Placex—y=u,y—x=v. Thenz=f(u, v), and 
az oOfou afa <of af 
ce dude evdz ou ov 
ACES, IAGO OF 
oy Oudy dv oy ou av 


, 


By addition the required result is obtained. 
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Ex. 2. Let it be required to change from rectangular cobrdinates (x, y) to 
polar coérdinates (r, 6), where «=r cosé, y=1rsind. 


a é é 
Then & = cos 0, ain a, 
or or 
, (1) 
@ == rsin 6, °Y — » cos 6, 
Cc 
and consequently, if f is a function of x and y, 
T= cose + Tsing, 
i ae oy 
of of of @) 
“ —— sing + r—cosé. 
00 Ox oy 
Also, since r = Va? + y? and @= tan-12, 
is BPE cos, Ee ine: 
ee Vg? +4 42 oy WV a2 + y2 
60 ae S00 a CC en Ce COS/Og @) 
ox ee. y2 rr oy w+y =r’ 
,) sin 0 “ 
whence of = ow cos 6 an ; 
Chm On Comey, 
of —é ef cosé () 
— =— sing + — 
oy or 06 
k : ; of of 
Equations (4) may also be obtained from (2) by solving for — and Es 
hy y 


; ; Or . : A MP 
It is to be emphasized that & in (1) is not the reciprocal of — in (8). In (1) 
_ or 
= means the limit of the ratio of the increment of « to an increment of r when 
or 


Fie. 68 Fie. 69 
6 is constant. Graphically (fig. 68), OP=~r is increased by PQ = Ar, and 
PR = Az is thus determined, Then oF Lim Ze == (050), 


or. NE eR ip ; 
Also — in (3) means the limit of the ratio of the increment of r to that of 
ox 


when y is constant. Graphically (fig. 69), OM=< is increased by MN=PQ=Az, 
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and RQ= Ar is thus determined. Then cae = Lim £2 =cosé@. It happens here 


at or eat ede es 
that ran But — cv in (1) and — in (8) are neither equal nor reciprocal. 
da 


In cases where ambiguity is likely to arise as to which variable is constant 
in a partial derivative, the symbol for the derivative is sometimes inclosed in a 


parenthesis and the constant variable is written as a subscript, thus (=). 
r/6@ 


Ex. 8. Consider f(z, y, 2) when z= ¢(x, y). We may find 2 from the first 
of formulas (2) in that we places=azandt=y. Then—=1, oY - =i ee DITect 


és 6 
substitution in (2) would yield the ce tf in two different senses. On the 


left of the equation it means the partial avai of f with respect to « when 
y is constant, and attention is given to the fact that z is a function of z. On the 
right of the equation it means the partial derivative of f with respect to 2 on 
the assumption that both y and z are constant. Ambiguity is avoided by the 
use of subscripts as suggested at the close of Ex. 2. Thus we have 


Gee 
bry \ex/ye bz ou 

114. Property of the total differential. An important property 
of the total differential is expressed in the following theorem: 


Lf f(@, yy +++, 2%) =e for all values of the independent variables, 
then df = 0. 

1. Let us suppose first that a, y, ---, z are the independent 
variables. Then f(a, y, ---, 2)=c¢ for all values of a, y, ---, 2 


Hence SF («@ + Ax, Y, eeie »2)—f (@, Y; 1.652) 220, 
and S(@+ Ax, y, +: ne pe YEE) aN), 
Ax 
: oe of 
for all values of x Taking the limit as Av=0, we have — = 


Cx 


Similarly, “ Mi), 2 = 0, and hence 
y z 
ae gy td Pes gai). 


2. Suppose, ae that a; y,---, 2 are functions of the inde- 
ana variables s, ¢, u. Then if a, y,---, 2 are replaced in 
ST (@,Y,-++, 2) by their are in terms of s, ¢, , u, we have the 
Of = af a. 

$ 


first case again, and hence as before ai 0, wer 
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Hence af = Zid Tay + Za: 
=Las+ Lats. eal ae: 
ot ou 


It is to be emphasized that the coefficients of dz, dy, ---, dz are 
not equal to zero. 

115. Implicit functions. Case I. f(z, y)=0. The equation 
JS (@, y)=0 defines y as an implicit function of 2, or x as an 
implicit function of y, since if one of the variables is given, the 
values of the other are determined. Then, by § 114, 


if =2 dn Lay =0, 


oy 
of 
dy Ox 
whence Pace F (1) 
ay 


Ex. 1. Find the tangent and the normal to the curve f(a, y) =0. 
By I, §§ 100, 101, the equations of the tangent and the normal are respectively 


dy 
UO) 0 SS b= eo — 
B= Hil (2) « 1) 


: : 
and Y-Yy=- (7) (x — 7). 
dy) 
By use of (1) these equations become 


@—a)(Z) +u-)(Z) =o 


(t@—%)_ (Y=), 


(ih, (oh 


Casg IL. f(x, y,z)=0. The equation f(x, y, 2) = 0 defines any 
one of the variables x, y, z as a function of the other two. We 
will take # and y as the independent variables. Then, by § 114, 


and 


af=L aos Lay +L demo 


But dz = — dz + — dy. 


Therefore clay ab ae ada + aE af e CeO 
ae Oz Ox ae 2 ey 
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This is true for all values of the independent differentials dx 
and dy. Therefore 


Bie eee and CIN a Ces ; 
0x 02 Ox . Cy oz oy 
of of 
dz on ez oy 
tent + Lee 2 
whence Die oF by af (2) 
62 0z 


Ex, 2. Find the equations of the tangent plane and the normal line to the 
surface F(x, y, z) = 0. 


By § 112 the required equations are 
@-a(2 2) +u- a(S =) - (z2—%)=0 
é oy/ 1 
aa ees ar ES ee ie 
(=) 
OX) 1 


Using (2) and reducing, we have 


(x — ny(S “) +(y— n(2 a} +(z a)(=),= 0 
bot ym 2m 
bhiehie) 
Case IIL f(a, y, 2)=0, f(a y, 2)=0. The two equations 


J (@ Y, 2) =9%, f(%, y, 2) = 0 taken simultaneously define any two 
of the variables as functions of the other one. 


and 


and 


CO Bp ASE oe Clie ey | 
By § 114, EL EP Si ] 


Ofer Oe we of, 
2 div eI hy 4 dz7= (). 
maya os 

of, of, af, of, ao, of, 


Oy oz G2 Ou|,|dx oy 

Therefore dx:dy:dz= ie 3 : 
ee hele. of lata 

oy 2 dz ou| |duv oy 


(3) 


Q 
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Ex. 8. Find the equations of the tangent line to the space curve fi(a, y, z)=0, 
HAG, Oh, =U: 
By § 105 the required equations are 


BS UG Gy BS 
dx dy dz 


where the values of da, dy, dz given in (8) may be substituted. 


116. Higher partial derivatives. The partial derivatives of 
(x, y) ave themselves functions of « and y which may have 
partial eee called the second partial derivatives of f(a, y). 


Cie On Ch yar e208 / oF, 
They are ; ale) ales) ale) alee) But it may be shown 


that the ae of differentiation with respect to # and y is imma- 
terial (§ 117), so that the second partial derivatives are three in 
number, expressed by the symbols 


On OL Ne me 

ae ae aS nes 

0 (of Bee ON mae Ee, 
da\ay} dy\eu) Cady °*’ 
Dal dia bane 

ey (s) Tag 


Similarly, the third partial deriwatives of f(x, y) are four in 
number, namely : 


a 
Da SE al ny a, 
D 0x} ex\dxoy e au"0y 
OPN Or ORNs ofa) Vea ne 
= - ey \axoy) — Ox ~ andy? 
af) _ of 
ey \ey?) ey? 


i sate g Ste : a 
So, in general, wT signifies the result of differentiating f(a, y) 


p times with respect to « and g times with respect to y, the order 
of differentiating being immaterial. 
The extension to any number of variables is obvious. 
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2 2 
117. To prove the relation t. Seas 


consider the expression EYE SOUCY 


for any particular values =a, y=), 


ya fat h,b+k)—f(a,b+k)—f(a+h, b)+f(a, b) 
hk : 


where for convenience h and k are taken as positive. We shall prove I equal to 
2 2 
( “cy on the one hand, and to () on the other hand, where (&1, 71) 
OX OY/ x = &, OY OX) x = E, 
y= Ty Ys 
and (&, 72) are two undetermined points within the rectangle of fig. 70. 


In the first place, let f(z + h, y) —S (x, y) = F(z, y). Then 


pal Fa, b+% —F(a, d), y 
h k 2 
whence, by § 30, (2), Vlg ora 
1) 
I= z fue m1) 2 
aes Sy(ath, m1) — fy (a, zi) 711 | aaa (Ean Naseer te 
= h 


or 
where F,,(a, 71) = (=) . Apply- 
ax 


or b—---=-b = 


1 


Fia. 70 


to 


ing § 30, (2), a second time, we have 
T= fay (&, 1): 

In the second place, if we let f(x, y +k) —f(, y) = (ax, y), we have 

Te AL @(a + h, 6) — &(a, 5) 


== 7 Pelé b) 


k h 
ms ee ali) Gs) 


Therefore fry (&1, 71) = Sya (2, n2), Since each is equal to I. 
Now let # and & approach zero as a limit. The points (&, 71) and (&, 72) 
both approach the point (a, 6) asa limit; and since the functions are continuous 


Lim Sry (&1, m1) = Lim Sy (é2, 2); 
or Sey (4, 0) = fy (4, ©). 


This result being proved, it is easily extended to any number of variables or 
differentiations. Thus, for example, 


é (=) mk (=) whence oi aa 


ox \Oxndy ~ ex \ydu Ou2Oy cxoyon 
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118. Higher derivatives of f(x, y) when x and y are functions 
of t, or of sandt. By § 111, if x and y are functions of ¢, 


df of dw | of dy 
= . 1 
dt ox dt a oy dt ©) 


To differentiate again with respect to ¢, we must notice that 
each term on the right-hand side of (1) is a product and must 
be handled by the law of products (I, § 96, (4)). We have, 
then, in the first place 

Cae ay ae dx d (of of ay dy d (of\. 
dt @« de aaAC) ey dt a) 


d ([@ d (6 
Now — a and Atal may be found from (1) by replacing / by 


af and of respectively. Hence 
0x oy 
af fda , du (ef dz a 
de da d@ ~ dt\da* dt  duey dt 
a 2 y Ze dy 
a OB Cf On ns ae dy 
dt\oxoy dt oy” dt 
of (dx\? Of andy MOL (ayy of Oe ofed. 
muy caviar of By. 
ale 3 dxdy dt dt a Ge cae oy at’ @) 


of =A of d’y 
dy dt” 


In a similar manner, if x and y are functions of s and ¢, 
CNG, GV" 9 of oxdy , af (oy “4 f He of oy 
05° © dx \ 08 dxdy 0s 6s dy \ ds ox os? * by as?" 
Cfo (Ony of ovoy of foyN. of & 5 
Fae (S) 42 oO (WE PY, 

at? aa" \ at oxdy ot ot oy’\ at} ex ot? dy ot? 
af _ df tude , Of (avdy , ox ey\ , Pf ay vy 
sit dads ot Odxdy\ds ot at ds} dy? as at 

of ou of ey 

dx dsdt oy dsat 


The extension of these formulas to any number of variables is 
obvious. 


Fixes Reqeaed to express ——~ + ail 


polar coérdinates. 
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ea * oye’ where V is a function of a and y, in 


Since r = Va? + y2 and 6 = tan-1 ("); 
i 


Cre x 


or 


- y? | i) 670 2 xy 
<n ; ae) = ; = . 
Ox V/ 2 ae y? ex? (x? oe y?)? Ox. u2 aie y? a2 (a? at yy? 
or y or ae 00 x 60 — 2ay 
= —_; = = . 
oy Very ey @tyt oy +P oP + yy 
Hence, from (3), 
GA GY a 9 eV Ly 4 ev y? eV y? 
6x2 Or? 2 + ¥? Or6O (x2 + y2)? 06? (a2 + y?)? Or (2 + 2/3 
eV _ Bay 
00 (a2 + y2)2’ 
ey ay oy? oT wy 1 eV? 
oy? Ora yf? OreO (a? + y2)2 06? (a2 + y2)2- Or (a2 + yi 
OV ay 
00 (a2 + y2)2 
2 2 32 2 
oete Oran 2, OV si eV ee oe 
oy? Or? et ty? 062 W/g2 4 2 Or 
GY Near: ay 
Gy r er. 


r2 002 


Hix. 2; y ye = fi(w + at) + fo(x — at), where f, and fy are any two functions, 


02z 
show that © as = a7?—. 


ot? ox? 
Let z+ até=u,x—at=v; then Le i, Be ; un il, G0 4 a, and 
ot ox ot 
dz df, du , dfedv_afi , afr 
or du ox dvcxe du dv’ 
ez afi ou df Sei Ufa 
at du oat dv at du’ dv 
Differentiating these equations a second time, we have 
Oz df; (=) afo (=) = af; ata 
ox2 du? \ax dv? \oxz] du? | dv?’ 
Ore == ah (Sy +5 a fe & a = gin Pek: ° 
ot? = du \ét dv? \ et du? dv? 


By inspection the required result is obtained. 
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119. Differentiation of a definite integral. Consider 


uw = {Fe a) dx, 


where @ is a parameter independent of x. In the integration 
a is considered as constant, but thé value of the integral is a 
function of a. Let a@ be given an increment Aa. Then w takes 
an increment Aw, where 


Aw = {Fe w+ dajde— fF a) dx 
-{ ie a+ Aa)—f (x, @)] dx. 


Now by § 31, (1), 


of oe a) , (Aa)? oF (x, &) 


ST (@, @ + AG) =F, a) + Aa : ae 
Hence Au -{ actos ale . oie, §) ee, 


o OF (a, a) 1, (Aa) (° oF (a, & 4 
= Aa f pe mab ba? 


Dividing by Aa, and taking the limit as Aa@ approaches zero as a 


limit, we have ; 
aS if Cee, (1) 
0a ue OCl ames 


The proof assumes that a and } are finite. It is not always 
possible to differentiate in this way an integral with an infinite 
limit. The discussion of this lies outside the scope of this book. 

The integral w is also a function of the upper limit 0, and we 
have, by § 25, 


“ 5 S(O, %)- (2) 


b a 
Similarly, since i J (@, @) dx =— if J (x; a) dz, 
a b 


Ou 
ba = — f(a, @). (3) 
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Suppose now that a, }, a are all functions of a single variable ¢. 
Then, by § 111, (3), 


du oudb dbduda ou da 
dt  dbdt ea dt - ia 


=f nF fan a+e [ Teta. 


Ex. If u = { "log (1 — 2acosxz + a?) dz, 
0 


ae —2cos%+2a 
da Jo1l—2acosz + a? 


} 7 25 2 
=f [3- 174 |e 
adJo 1—2acosz-+ a? 


aD 
sec? — 
2 


dx 


(1 — a)?+ (1+ a)? tan? 


Therefore u= const. But whena=0, u= fos 1)dx=0. Therefore u = 0. 
0 


In this way the value of a definite integral can sometimes be found when 
direct integration is inconvenient or impossible. 


PROBLEMS 
A 
1. Given z = log (x? + y?), prove Ve _ a == (0: 
é 
2. Given z= x1 + wy? + y4, prove ne ais Yay 42, 
0% 
3. Given 2? + y2 —2ay+222=Cc, prove © — + a 
, : oy oy cy 
4, Given y = e sin bz, prove x— = a— + b—. 
ee - oe da ab 
F p y 0z Oz 
5. Given z = (a? + y*) tan-1—, prove x— + y— = 22. 
% Ow oy 
, Y 0z Oz 
6. Given z2 = ay + tan-1= me prove oe + zy epee nuh 
; : 0z 
7. Given z = evsin—1(a — y), prove © — at to) = 
1 
8. Given z = y2 + 2 ye”, prove ae ot Y— = 242, 


oy 
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9. If z= zy, illustrate the difference between Az and dz by constructing a 
rectangle with sides x and y. 


10. A triangle has two of its sides 6 and 8 in. respectively, and the included 
angle is 30°. Find the change in the area caused by increasing the length of 
each of the given sides by .01 in. and the included angle by 1°, and compare 
with the differential of area corresponding to the same increments. 


11. A triangle has two of its sides 8 and 12 in. respectively, and the included 
angle is 60°. Find the change in the opposite side caused by making the given 
sides 7.9 and 12.1 in., the angle being unchanged, and compare with the differ- 
ential corresponding to the same increments. 

12. A right circular cylinder has an altitude 12 ft. and the radius of its base 
is 3 ft. Find the change in its volume caused by increasing the altitude by .1 ft. 
and the radius by .01 ft., and compare with the differential of volume corre- 
sponding to the same increments. 

13. The distance of an inaccessible object A from a point B is found by 
measuring a base line BC =h and the angles CBA = a and BCA =8. Find 
the expression for the error in the length of AB caused by errors of dh, da, dB 
in measuring h, a, 8, assuming that higher powers of the errors of measurement 
may be neglected. 


tok ly 
or, = van in each of the following cases : 


14. g=2? + 72,2 =t, y=t. 


Verify the formula ae == 


SPURS 


15. g=sinay, « = e??, y = e%, 


iG eee. x =sint, y = cost. 
y 


Wz eda SINE ey CORTES 
18. Find the tangent plane to the cone z = a — Va? + v2. 


19. Show that the tetrahedron formed by the coérdinate planes and any 
tangent plane to the surface ayz = a? is of constant volume. 


20. Show that any tangent plane to the surface z = kay cuts the surface in 
two straight lines. 


21. Find the point in the plane az + by +ez+d=0 which is nearest the origin. 
22. Find the points on the surface ayz = a which are nearest the origin. 


23. Find a point in a triangle such that the sum of the squares of its distances 
from the three vertices is a minimum. 


24. Of all rectangular parallelopipeds inscribed in an ellipsoid find that 
which has the greatest volume. 


25. Find the point inside a plane triangle from which the sum of the squares 
of the perpendiculars to the three sides is a minimum. (Express the answer in 
terms of K, the area of the triangle, a, b, c, the lengths of the three sides, and 
x, y, z, the three perpendiculars on the sides.) 
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26. te=s(%), prove pee et = 0; 
7] 


ox oy 


27. If f(la + my + nz, a2 + y? + 22) = 0, prove 


(ly — mx) + (ny — mz) 2 + (lz — nz) oe =10; 

ox Cd) 

28. Ite = y+ 27(- + logy), eave oes 
oy Y Ox 

29. If f(z, y) is a homogeneous function of degree n, prove x of +y Us nf. 

ox oy 
; 64+ ¢e-0 6 — e-8 
30. Given z = oe, = fe prove 


(2) = Lak (“) oi] ( “) 
or/@ Ox or 0 oy a 
(2) = (2). (%#) (2). 
06/, SC} 00/,- OY/ x 
31. Given u = log Vz? 4+ y?, v= tan-14, prove 
4p 
fe Sie) a) 
OL] y \OU/ » oy OU) y 
Fades le tias 
ox OV) 4 oy a 


32. Find the tangent plane to the ellipsoid = = +4 ;+2 —=1 at the point 
(£1, 1, %1)- 

33. Show that the sum of the squares of the intercepts on the coérdinate 
axes of any tangent plane to x3 + ys +28 = a? is constant. 


Y 


34. Show that the sum of the intercepts on the codrdinate axes of any tan- 
gent plane to a} + y? + 2? = a? is constant. 


35, att that the plane lx + my+nz=~p is tangent to the ellipsoid 
gz? y? 


as oes ~ =1 if p= Varl2 + bm? + c2n?. 
oe 


36. Prove that the plane lx + my+nz=p is tangent to the paraboloid 
blz + am? 

4abn 

37. Find the cosine of the angle between the normal to the ellipsoid and the 
straight line drawn from the center to the point of contact, and prove that it 


ax? + by®=z if p=— 


is equal to 2 , where 7 is the distance of the tangent plane from the center and 
r the alates of the point of contact from the center. 


38. Find the angle between the line drawn from the origin to the point 
(a, a, a) of the surface xyz = a? and the normal to the surface at that point. 


39. Find the angle of intersection of the spheres 2? + y?+ 2? =a? and 
(7 — bd)? +47 + 2=c?, 


x, 
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40. Prove that the families of surfaces ay? + 22a? = c, and 2 — y? — z2@=cy 
intersect everywhere at right angles. 

41. Derive the condition that two surfaces f(x, y, z)=0 and ¢(a, y, z)=0 
intersect at right angles. 


EN GUN 
42. If f(x, y, z) =0, show that el (= 4) (2) SEY Sab 


43. If f(x, y) =O and ¢(a, z) = 0, and z is taken for the independent variable, 
op Of dy _ of oo 
dx dy dz ax az 
44, ree: A equations of the tangent line to the curve of intersection of the 


show that 


g2 
ellipsoid = — ee ma -+2 —=1 and the plane lu + my + nz=0. 


45, Find the equations of the tangent line to the curve of intersection of the 
cylinders 2 + y? = a2, y? + 22 = 02. 

46. Find the highest point of the curve of intersection of rs + y + ze ul 
and le + my + nz= 0. 

47. Find the highest point of the curve of intersection of the hyperboloid 
v2 + y? — 22=1 and the planex+y+2z=0. 


48. Find the angle at which the helix 2? + y2=a?2,z=ktan-1 Y intersects 
the sphere 22 + y? + 22 = r2(r>a). * 


49, Find the angle at which the curve y? — z2 =a, «= b(y + 2) intersects 
the surface x2 + 2zy = c. 


022 022 
Verify —— = —— in each of the following cases: 
dudy  dydx 
BOS 7 ee y 
c+y 53. z=sin-1). 


51. z = log Vz? + 7/2. 


54. z= e*siny. 
52. z=log(a@+ V a2 y?). 


CHD OR 
55. If z = log (a + y?) + tan-14, prove — + —— 
Ou oy? 
2 2 
56. If z = (e* — e-*) cosy, prove = + — 
y 
2 2 
57. If z= sec (# — at) + tan(a + na prove peg A 
6t? ox? 
2 2 
58. Ifiz= Va — y?, prove Udy Sa 
0% Oncy dy Ox? 
2 2 
59. If z=siny + e-”cos(x — y), prove ~ +- ad + ae 
Oxdy ox 


2y O2: 
COP iZ)= as + loga — ev, prove © a LY. 
4 Cxoy 


22 
61. Given # = e“ cosv, y = e“ sin», find Cale: in terms of the derivatives of 
V with respect to x and y, CUS 
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: 2 2 2 
62. Given x = e“ cosv, y = ev sin v, prove ce toe aE 
ou? oy? ou? —s vu? 
= a2 2 2 
63. Ciena ore we ee 
a Ox? oy? oudv 
: 64+ e-0 0 — e-0 
64. Given =r TS, y=," prove 


CAC) ee Creo a) Lov 
Ox® Gy2 = dr? v2 062 or Or 


65. If x= f(u, v) and y = $(u, v) are two functions which satisfy the equa- 


) 
J =e ’ @ eae , and V is any function of z and y, prove 
ov «Ov ou 


ev eV (8 , aVv\l/af\?, (af ‘ 
ae “4 a) (SZ) ¥ (“) 


ore. 


02z 022 
66. If z= 29(2 +9(¥), prove at E+ Qary + y? = 0. 
oxoy oy? 
‘ : 5 == 072 02% 
67. If z= (x + iy) + (x — iy), where i = Vk prove —— 4+ —— = 0) 
ox? = Oy? 


68. If u=f(2, y) and y = F(2), find 


(LY 5 OL AE OF (ay 
2 a 2\a 
69. If f(«, y) = 0, prove dy _ _ 6x? \oy Oxdy Ox Oy dy? \du 


a (=) 
oy 
70. Differentiate u = if “log (1+ a cosa) dx with respect to a, and thence find 
0 


the value of the integral. 


Uraes 
71. Differentiate {, e : 


1 dx with respect to a, and thence find the value 
of the integral. ry 


CHAPTER XII 
MULTIPLE INTEGRALS 


120. Double integral with constant limits. Let f(z, y) be any 
function of # and y which is single valued and continuous and posi- 
tive for all pairs of values of z and y for which a=«3Sb and eSy=d. 
Divide the interval 6 — a into equal parts, denoting each part by 
Az, thus forming the series of values of a, «,, #, Y,-+- +, @, 1, Where 

H=a+An, g=e,+Az, ---, b=a + Az. 


Similarly, divide the interval d —e into m equal parts, denoting 
each part by Ay, thus forming the series of values of y, ¥,, ¥,, 
eyo ve as Were 

y=etAy, Yz=YAtAy, +, b= Yy_y + Ay. 

The above values of « determine a series of straight lines par- 
allel to OY, and the values of y determine a series of straight lines 
parallel to OX (fig. 71). 

Every line of either set intersects 
every line of the other set, and any 
one of these points of intersection 
may be represented by (2, y;), 
where @ has all integral values from 
0 to »—1 and 7 has all integral 
values from 0 to m—1, a being a 
and y, being ¢. 

Taking the value of f(x, y) at 
each point of intersection, we form the series 


J (a, ¢)AvAy + f(a, y,) AvAy +--+ + f(a, ¥,_1)Avdy 
+I (By )Awdy + fey y,)Aady + +--+ f(y Ym—1) AwAy 
he 2) ie! A P39 Dig ag a Fp Ym Veet 


ie vp by ae Mee vp na ieee + f(x ~n—1) Y= iene (1) 
222 
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This series can be expressed more concisely by the notation 


t=n—1 j=m—-1 


YD Fes 4) eds, (2) 


J=0 


where two > are used, since there are two elements 7 and / 
which vary. 

The limit of (2) as m and n are both increased indefinitely is 
called the double integral of f(x, y) over the area bounded by the 
Nese — 0 Oy = andy =a. 

The summation of the terms in (2) may evidently be made in 
many ways, but there are two which we shall consider in par- 
ticular: (1) when the sum of the terms of each row is found, and 
these sums added together; (2) when the sum of the terms in each 
column is found, and these sums added together. It will appear 
from the graphical representation (§ 121) that these two methods 
lead to the same result; and it may be shown that the result is 
always independent of the order of summation. 

If the first method is followed, it is to be noted that the value 
of # is the same in all the terms of any one row, and hence each 
row is exactly the series used in defining a definite integral (§ 21) 
with y as the independent variable. Accordingly, when we let m 
increase indefinitely, (2) becomes 


(fre. y yay)ae+( Tes) Ds 
+(f re wo pily)dat rl Ae ae y)ily Be (3) 


But (3) is the series used in defining a definite integral with w 


as the independent variable and [ I (x, y) dy as the function of «. 


Letting ” increase indefinitely, we have 


b d 
if (f (ae, yay) Oe) (4) 


which represents the double integral on the hypothesis that first m 
and then m is made to increase indefinitely. 


\ 
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Another way of writing (4) is 


[ [se necdy (5) 


where the summation is made in the order of the differentials from 
right to left, Le. first with respect to y and then with respect to a, 
and the limits are in the same order as the differentials, 1. the 
limits of y are ¢ and d, and the limits of x are a and 0.* 

If the second method of summation is followed, we have 


‘li ( f Fle yav)ay (6) 
or if Le y) dydx. (7) 


Ex. The moment of inertia of a particle about an axis is the product of its 
mass by the square of its distance from the axis. From this definition let us 
determine the moment of inertia of a lamina of uniform thickness k about an 

axis perpendicular to its plane. Let the 
density of the lamina be uniform and de- 
noted by p, and let the plane XOY coin- 
cide with the plane of the lamina, the axis 
being perpendicular to the plane at O. Let 
the lamina be in the form of a rectangle 
(fig. 72) bounded by the lines x = a, x = 6, 
y=c,y=d. Divide the lamina into rec- 
x_ tangles by the lines 


v4 


L=%, C=%q, C= MH, +++, 


Y=%, YHy, YH ye, 
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Then the mass of any element, as PQ, is pkAxAy. If this mass is regarded as 
concentrated at P(«;, y;), its moment of inertia would be (x? + y?) pkAwAy. If 
the mass is regarded as concentrated at Q(a;+ Ax, y; + Ay), its moment of 


b d 
* Still another form of writing (4) is iF die i FS (x, y) dy, in which the order of 
a c 


summation is first with respect to y and then with respect to x. 


b d 
Some writers also prefer to write (5) in the form if i} JS (x, y) dydx, which is 
a c 


merely (4) with the parenthesis removed. In this form it is to be noted that the limits 
and the differentials are in inverse orders, and that the order of summation is the 
order of the differentials from left to right, i.e. first with respect to y and then with 
respect to x. In this text this last form of writing the double integral will not be used. 
In other books the context will indicate the form of notation which the writer has 
chosen. 
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inertia would -be [(x; + Ax)? + (y; + Ay)2]pkAvAy. Letting M represent the 
moment of inertia of the rectangle, we have 


t=n-1j=m-1 t=n—-1 j=m-1 


> (a2 + y?) pkAwdy<M< > > [ (wi + Ax)2-+ (y; + Ay)?]pkAwAy. 


i=0 = =f=0 i=0 j=0 
The limits of these sums as n=, m=oo, and Ax=+ 0, Ay+0 are the same (§ 8), for 
Lim Lit At)? + (y + Ay)? | pk Ardy _ 
(a? + y}) pkdvAy 


Hence we define M by the equation 
b pd 
ioe if i (a2 + y2) pkdady. 
a c 


If p and & are each placed equal to unity, the result is often referred to as the 
moment of inertia of the plane area bounded by the linesx=a, x=b, y=c, y=d. 


il: 


121. Graphical representation. Placing z=/(«, y), we have 
the equation of a surface which is the graphical representation 
of f(x, y) (fig. 73). ‘Through the lines «=a, e=b, y=c, y=d 
pass planes parallel to OZ Then the volume bounded by the 


ase aie Ri ase eens See 


a 

1 

' 

Sr] 
XE 

! 

' 

I 
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plane XOY, the planes «=a, w=), y=c, y=d, and the surface 
z= (2, y) is a graphical representation of the double integral of 
§ 120. For if the planes t=2,, 7=%,, C=, +++, Y=Yp Y=Yo, 
y =Y,, +++ ave constructed, they divide the above volume, which 
we will denote by V, into columns such as MNQP, each of which 


\ 
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stands on a rectangular base AwAy in the plane YOY. If the 
codrdinates of M are (x, y,), the corresponding term of (2), § 120; 
is f(x, y;) AvAy, and since f(x;, y;)=ILP, the term f(2;, y;) Awdy 
is the volume of a prism standing on the same base as the column 
MNQP, and the volume of this prism is approximately the volume 
of the column. Hence (2), § 120, is the sum of the volumes of 
such prisms, and is approximately equal to J”; and as m and a 
both increase indefinitely, the limit of the sum of the volumes 
of these prisms is evidently /. 

The significance of the two ways of summation is now clear. 
For if the integral is written as (5), § 120, the prisms are first 
added together, keeping # constant, the result being a series of 
slices, each of thickness Ax, which are finally added together to 
include the total volume; and if the integral is written in the form 
(7), § 120, the prisms are first added together, keeping y constant, 
the result being a series of slices, each of thickness Ay, which are 
finally added together to include the total volume. It follows that 
(5) and (7) are equivalent, as was noted before. 

122. Double integral with variable limits. We may now extend 
the idea of a double integral as follows: Instead of taking the 

4 integral over a rectangle, 
as in § 120, we may take 
it over an area bounded by 
any closed curve (fig. 74) 
such that a straight line 
parallel to either OY or OY 
intersects it in not more 
than two points. Drawing 
straight lines parallel toO Y 
and straight lines parallel 
to O.Y, we form rectangles 
of area AvAy, some of 
which are entirely within 
the area bounded by the 
curve and others of which are only partly within that area. Then 


>> 7 y) AvdAy, (1) 


Fie. 74 
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where the summation includes all the rectangles which are wholly 
or partly within the curve, represents approximately the volume 
bounded by the plane XOY, the surface z= f(z, y), and the cylinder 
standing on the curve as a base, since it is the sum of the volumes 
of prisms, as in §121. Now, letting the number of these prisms 
increase indefinitely, while Axv+0 and Ay= 0, it is evident that 
(1) approaches a definite limit, the volume described above. 

If we sum up first with respect to y, we add together terms of 
(1) corresponding to a fixed value of z, such as x, Then if MB is 
the line «= ,, the result is a sum corresponding to the strip 
ABCD, and the limits of y for this strip are the values of y corre- 
sponding to z = #, in the equation of the curve; Le. if MA =/,(x,) 
and MB = f,(x,), the limits of y are f,(#,) and f,(x,). As different 
integral values are given to 7, we have a series of terms correspond- 
ing to strips of the type ABCD, which, when the final summation 
is made with respect to x, must cover the area bounded by the 
curve. Hence, if the least and the greatest values of « for the 
curve are the constants a and b respectively, the limit of (1) appears 
in the form mP p 


if y) dady, (2) 
Si(2) 


where the subscript 7 is no longer needed. 

On the other hand, if the first summation is made with respect 
to z, the result is a series of terms each of which corresponds to a 
strip of the type A’B’C'D’, and the limits of # are of the form 
$,(y) and ¢,(y), found by solving the equation of the curve for 
in terms of y. Finally, if the least and the greatest values of y for 
the curve are the constants ¢ and d respectively, the limit of (1) 


appears in the form dat) 
if I (a, y) dyde. (3) 


by) 
While the limits of integration in (2) and (3) are different, it is 
evident from the graphical representation that the integrals are 
equivalent. 

123. In $$ 120-122, f(z, y) has been assumed positive for all 
the values of « and 4 y pe ie. the surface z=f (xz, y) was 
entirely on the positive side of the plane YOY. If, however, 
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F (2, y) is negative for all the values of # and y considered, the 
reasoning is exactly as in the first case, but the value of the 
integral is negative. Finally, if f(z, y) is sometimes positive and 
sometimes negative, the result is an algebraic sum, as in § 22. 
Furthermore, it is not necessary that all the values of Az should 
be equal and all the values of Ay equal; also in place of /(x,, y,) 
we may use /(&,, 7,), where 7,< &,<%,,, and ¥,<7,<Y,41- 

The work of making these extensions being similar to that of 
$$ 22-23, it is not repeated here, but the student is advised to 
review those articles. 

124. Computation of a double integral. The method of comput- 
ing a double integral is evident from the meaning of the notation. 


3 2 
Ex. 1. Find the value of f 4p zydaxdy. 
0 Jo 


B/ 2 
_As this integral is written, it is equivalent to i ( se yay) dx, the integral 
0 


0 
in parenthesis being computed first, on the hypothesis that y alone varies. 
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i, aydy = [=] =a ae 
0 2 0 
Q 3 

, Zande = [a2]?= 9. 


Ex. 2. Find the value of the integral i |: xydxdy over the first quadrant of 
the circle 2? + y? = a?. 


If we sum up first with respect to y, we find a series of terms corresponding 
to strips of the type ABCD (fig. 75), and the limits of y are the ordinates of the 
points like A and B. The ordinate of A is evidently 0, and from the equation 

Y of the circle the ordinate of B is Va? — x?, where OA = 2. 
Finally, to cover the quadrant of the circle the limits of 
xareQanda. Hence the required integral is 


ik if ON aaah Pair crore Ae Ee ) See hs 
=p 5 (2 — 22) de 
Leal 


Since the above computation of a double integral is simply the 
repeated computation of a single definite integral, the theorems of 
§ 24 may be used in simplifying the work. 


~ 2 
=o ies 
ag 0 
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125. Double integral in polar codrdinates. If we have to find 
the double integral of f(r, @) over any area, we divide that area 
up into elements, such as ABCD (fig. 76), by drawing radii vectors 
at distances A@ apart, and concentric circles the radii of which 
increase by Ar. The area of ABCD 
is the difference of the areas of the 
sectors OBC and OAD. Hence, if 
OA 7. 


area ABCD = } (r+ Ary’Ad— aN 
= rArAé + LAr® - Ad, 


Therefore any term of the sum cor- 
responding to (1), § 120, is, 
at first sight, of the form 


S(r, 9) (rdrd0+4 Ar". 48), © 


Fic. 76 


But in taking the limit, rArAé@ + LAr’. A@ may be replaced by 
r ArA@ (§ 3), for 


im L(t, 9) (AAO + FAr’-A8) _ 5, 1 Ar\_ 
Lim tr, 0) - (rAr@) = Lim (1 +3 7)= 


Hence the required integral is 


Lim Dips T(r, 8) rAdr he =| [ t, 0) rdrdé. (1) 


4g=0 

If the summation in (1) is made first with respect to 7, the result 
is a series of terms corresponding to strips such as 4,B,C,D,, and 
the limits of 7 are functions of 6 found from the equation of the 
bounding curve. The summation with respect to @ will then add 
all these terms, and the limits of @ taken so as to cover the entire 
area will be constants, i.e. the least and the greatest values of @ on 
the bounding curve. 

Tf, on the other hand, the summation is made first with respect 
to 0, the result is a series of terms corresponding to strips such as 
A,B,C,D,, and the limits of @ are functions of r found from the 
equation of the bounding curve. The summation with respect to 
y will then add all these terms, and the limits of 7 will be the 
least and the greatest values of 7 on the bounding curve. 
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Ex. Find the integral of r? over the circle r = 2 4 cos @. 

If we sum up first with respect to r, the limits are 0 and 2acos@, found 
from the equation of the bounding curve, 
and the result is a series of terms cor- 
responding to sectors of the type AOB 
(fig. 77). To sum up these terms so as 
to cover the circle, the limits of 6 are 


= and CF The result is 
2 2 


Tr Tv 


A 2acos6é 2 [| rt]24c080 
fr fn vaear = [" "| do 
_t/0 _TtL4 Jo 
2 2 
=t(- a4 a*t cost édé 
PCY 
= al 


The graphical representation may be made by the use of cylin- 
drical coordinates defined in § 127. 

126. Triple integrals. Let any volume (fig. 78) be divided into 
rectangular parallelopipeds of volume AxvAyAz by planes paral- 
lel respectively to the coordinate Z 
planes, some of the parallelopipeds 
extending outside the volume in a 
manner similar to that in which 
the rectangles in § 122 extend out- 
side the area. Let (x, y,, 2%) be a 
point of intersection of any three of 
these planes and form the sum 


i=n j=m k=p 
> 53 Lie Y;, %) AvAyAz, ® 


as in § 122. Then the 
limit of this sum as n, 
m, and p increase in- y 
definitely, while Az = 0, 
Ay==0, Azg= 0Nso0. as 10 
include all points of the volume, is called the triple integral of 
J (2, y, 2) throughout the volume. It is denoted by the symbol 


[[f[re y, 2) dxdy daz, 


INE, ie 
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the limits remaining to be substituted. If the summation is made 
first with respect to 2, « and y remaining constant, the result is to 
extend the integration throughout a column of cross section AxAy; 
if next x remains constant and y varies, the integration is extended 
so as to combine the columns into slices; and finally, as x varies, 
the slices are combined so as to complete the integration throughout 
the volume. 

127. Cylindrical and polar codrdinates. In addition to the 
rectangular coordinates defined in § 84, we shall consider two other 
systems of coordinates for space of three dimensions, — (1) cylin- 
drical coordinates, (2) polar coordinates. 


Li 


1. Cylindrical cobrdinates. If the x and 
the y of the rectangular codrdinates are 
replaced by polar codrdinates 7 and @ in 
the plane XOY, and the z coordinate is re- 
tained with its original significance, the new 
coordinates 7, 6, and z are called cylindrical 
cobrdinates. The formulas connecting the 
two systems of coordinates are evidently 


Z Fie. 79 
= C080, ni = ISI Oy == 2) ey 


Turning to fig. 79, we see that =z, determines a plane parallel 
to the plane XOY, that @ = 6, determines a plane MONP, passing 
through OZ and making an angle @, with 
the plane XOZ, and that r=,r, determines 
a right circular cylinder with radius 7, and 
OZ as its axis. These three surfaces inter- 
sect at the point P. 

2. Polar coordinates. In fig. 80 the cylin- 
drical codrdinates of P are OM=r, MP =z, 
and ZLOM=0. If instead of placing 
OM=r we place OP =7, and denote the 
angle NOP by ¢, we shall have 7, $, and @ 
as the polar coordinates of P. Then, since ON=OP cos > and 
OM = OP sin ¢, the following equations evidently express the con- 
nection between the rectangular and the polar coédrdinates of P: 


Yi Fia. 80 


z=rcsd, c=rsin¢dcosd, y=rsing sin O, 
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The polar codrdinates of a point also determine three surfaces 
which intersect at the point. For @=@, determines a plane (fig. 81) 


Z 


through OZ, making the angle 
@, with the plane XOZ; d= 9, 
determines a cone of revolution, 
the axis and the vertical angle of 
which are respectively OZ and 
2¢,; and r=, determines 
a sphere with its center 
at O and radius 7,. 


In both sys- 
tems of codrdi- 
nates @ varies 
from! Oto" 20m, 
and in polar coor- 
dinates @ varies 
from 0 to 7. The 
coordinate 7 is 
usually positive 


in both systems, but may be negative, in which case it will be laid 


off on the backward extension of 
the line determined by the other 
two coordinates, as in I, § 177. 
128. Elements of volume in 
cylindrical and in polar coodrdi- 
nates. If it is desired to express 
the triple integral of § 126 in 
either cylindrical or polar coor- 
dinates, it is necessary to know 
the expression for the element 
of volume in those coordinates. 
1. The element of volume in 
cylindrical coordinates (fig. 82) 
is the volume bounded by 
two cylinders of radii 7 and 
r + Ar, two planes corresponding 


corresponding to @ and 6+Aé@,. 


to z and z+Az, and two planes 
It is accordingly, except for 
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infinitesimals of higher order, a cylinder with altitude Az and 
base rArA@(§ 125). Hence the element of volume is 


aV = rdrdédz. (1) 


2. The element of volume in polar coordinates (fig. 83) is the 
volume bounded by two spheres of radii 7 and 7 + Ar, two conical 
surfaces correspond- 
ing to and ¢+A¢, 
and two planes cor- 
responding to @ and 
6+ A9. The volume 
of the spherical pyr- 
amid O-ABCD is 
equal to the area of 
its base ABCD mul- 
tiplied by one third 
of its altitude r.* 
To find the area of 
ABCD we note first 
that the area of the 
zone formed by com- 
pleting the arcs AD 
and BC is equal to , 
its altitude, 7 cos 6 — r cos(p + Aq), multiplied by 2 a7. Also the 
area of ABCD is to the area of the zone as the angle A@ is to 2 7. 


Hence area ABCD =rAQ@[r cos ¢ — r cos(¢ +A¢)], 
and vol O-ABCD = }7°A@ [cos ¢ — cos (¢ +A¢)]. 
Similarly, 
vol O-EFGH = } (r +Ar)’A@ [cos ¢ — cos (¢ + A¢)]. 
Therefore 
vol ABCDEFGH = }[(r + Ar)’—7°*] 48 [cos 6 —cos (p + A¢)]. 
3ut this expression differs from r? sin pArAfA@ by an infinitesi- 
mal of higher order. Accordingly, the element of volume is 
dV =r’ sin ddrdpdé. (2) 


* The volume of a spherical pyramid is to the volume of the sphere as the area of 
its base is to the area of the surface of the sphere. 
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It is to be noted that dV is equal to the product of the 
three dimensions 4B, AD, and AH, which are respectively rd¢, 
rsin dé, and dr. 

129. Change of codrdinates. When a double integral is given 


in the form if | f(x, y)dxdy, where the limits are to be substituted 


so as to cover a given area, it may be easier to determine the value 
of the integral if the rectangular coordinates are replaced by polar 
coordinates. Then f(x, y) becomes /(7 cos @, 7 sin @), i.e. a function 
of rv and @. As the other factor, dzdy, indicates the element of area, 
in view of the graphical representation of § 121 and the work of 
§ 125, we may replace dzdy by rdrd@. These two elements of area 
are not equivalent, but the two integrals are nevertheless equiva- 
lent, provided the limits of integration in each system of coordi- 
nates are taken so as to cover the same area. 
In like manner, the three triple integrals 


ik i i) I (a, y, 2) dadydz, 
i J(r cos @, r sin @, 2) rdrdédz, 


ise J(r sin ¢ cos 6, 7 sin ¢ sin 8, 7 cos f)7* sin ddrdbdé 


are equivalent when the limits are so taken in each as to cover the 
total volume to be considered. 


PROBLEMS 


Find the values of the following integrals : 


2 x2 avsin 6 
1. ik ib = dedy. 5. it i { me“ sdedr. 
ih CAL 0/0 


2 x m2 
I T ecos@+2 
2. fh ii 2 daedy. 6. i it r2 sin 6dédr. 
= 0v1 
TPP. a @ peos—t= 
3. it Ne sin — dydz. ws: jf af “ rdrdé. 
7/0 Y 0 J—eos-1" 
a 


2 
4 avy x2 1 plogt py—2 

if f «log — dyde. } ip {t ve fi * Gey sedadyddz, 
271 y 0/0 0 


> 
fo) 
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9. ie ee [er dadydz 


— a2 — y2— 22 


Gh! A AE Secer ce eC ees 
ue : f Be I Set aearae. 13. ap : ih cy { “r* sin’ pd¢dédr. 
ee i eee r sin ¢ cos ¢ cos 6déd¢dr. 


15. Prove that [fro f(y) dady = [fro az). 


CHAPTER XIII 
APPLICATIONS OF MULTIPLE INTEGRALS 


130. Moment of inertia of a plane area. The moment of inertia 
of a particle about an axis is the product of its mass and the square 
of its distance from the axis. The moment of inertia of a number 
of particles about the same axis is the sum of the moments of 
inertia of the particles about that axis. From this definition 
we derive ($120) a definition of the moment of inertia of a 
homogeneous rectangular lamina of thickness & and density p 
about an axis perpendicular to the plane of the lamina. The 
result may be written in the form 


b d 
a= pk [- [+ p)dady, (1) 


where M represents the moment of inertia. 
If p and & are both replaced by unity, (1) becomes 


b d 
M = i ii (a? + y’) dady, (2) 


which, as was noted in § 120, is called the moment of inertia of 
the rectangle about an axis perpendicular to its plane at O. 
Reasoning in the same way, we may form the general expression 


f Hf (a? + y°) dady, (3) 


where the integration is to extend over a given area in the plane 
XOY. Then (3) is the moment of inertia of that area about the 
axis perpendicular to the plane at O. 


Ex. Find the moment of inertia, about an axis perpendicular to the plane at 
the origin, of the plane area (fig. 84) bounded by the parabola y? = 4 aa, the line 
y = 2a, and the axis OY. 

236 
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If the integration is made first with respect to a, the limits of that integra- 
2 
tion are 0 and ae since the operation is the summing of elements of moment 


of inertia due to the elementary rectangles in any 


. . yy 
strip corresponding to a fixed value of y; the limit 
2 
0 is found from the axis of y, and the limit as 
is found from the equation of the parabola. ‘ 
Finally, the limits of y must be taken so as to 
include all the strips parallel to OX, and hence 
must be 0 and 2a. 
2a re 
Therefore M = i ip (a? + y?) dydx 
0 0 
XE TN We ap eye 
=|) (ae Sty oly 
On O2 02 eG, x 
= 178 at. Fic. 84 


131. If the plane area is more conveniently defined by means 
of polar codrdinates, (3) of § 130 becomes 


u={ (rdrd@) ; (1) 


for, by § 129, in place of dzdy as the element of area we take 
the element of area rdrd@, and the factor w+ 7’ evidently 
becomes 7”. 

Formula (1) may also be de- 
rived directly from the fundamen- 
tal definition at the beginning of 
§ 130, and the student is advised 
to make that derivation. 


Ex. Find the moment of inertia, about 
an axis perpendicular to the plane at O, 
of the plane area (fig. 85) bounded by one 
loop of the curve r = asin 20. 


M We shall take the loop in 
Fie. 85 the first quadrant, since the 
moments of inertia of all the 

loops about the chosen axis are the same by the symmetry of the curve. 
If the first integration is made with respect to r, the result is the moment of 
inertia of a strip bounded by two successive radii vectors and a circular are ; and 
hence the limits for r are 0 and asin2 6, Since the values of @ for the loop of 
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the curve vary from 0 to ‘th it is evident that those values are the limits for 6 
in the final integration. x 
2 


asin2@ 
Therefore Me if i 7? ddr 


= 4 a (3 sint 2 6d@ 
0 


= 8 4 
= gq te. 


132. In the two preceding articles we have found the moment 
of inertia of a plane area about an axis perpendicular to the plane, 
which, with the exception of a constant factor, is the moment 
of inertia of a corresponding 
homogeneous lamina about the 
same axis. We shall now find 
the moment of inertia of a 
homogeneous lamina about an 
axis in its plane. 

Let the lamina be bounded 
by the closed curve (fig. 86), 
and let its density at any point 
be p and its thickness be &. 
Let OX be the axis about which 

the moment is to be taken. 
* Divide the area into rec- 

tangles of areaAvAy. Then 
the mass of any corresponding element of the lamina, as PQ, is 
pkAwvAy. If this mass is regarded as concentrated at P, its moment 
about OX is pky’AxvAy; and if the mass is regarded as concen- 
trated at , its moment about OX is pk (y +Ay)’AxAy. 

Therefore, if JZ, represents the required moment, 


>> pkyAawAy < M,< >: pk(y +AyyAzdy, (1) 
the summations to cover the entire area. 
ph(y + Ay)’Avdy 
pky’AvAy 
the same limit (§ 3), and accordingly 


MM = 4 if pky'dady, (2) 


where the integration is to cover the entire area. 
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Since Lim 


=1, the double sums of (1) have 
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If p and & are each replaced by unity, (2) defines the moment 
of inertia of the plane area about OY. 
If I, denotes the moment of inertia about O Y,in similar manner 


M, =| f pbataviy (3) 


Ex, Find the moment of inertia about OY of the plane area bounded by the 
parabola y? = 4.aa, the line y = 2a, and the axis OY. 


Since the above area is the same as that of the Ex. in § 130, the limits of 
integration will be the same as there determined, but the integrand will be 
changed in that #? + y? is replaced by 22. 


2c Wer 
Hence M, =| [ edyde 
0 Jo 


If it is desirable. to use polar codrdinates, (2) becomes 


Ve ii if pkr® sin’ @drdé, (4) 
i ik Ui. pkr® cos’ @drdé, (5) 


the substitution being made according to § 129. 


and (5) becomes 


133. Area bounded by a plane curve. The area bounded by an 
are of a plane curve, the axis of «, and the ordinates of the ends of 
the are has been determined in § 35 by a single integration. By tak- 
ing the algebraic sum of such areas any plane area may be computed. 

The area bounded by any plane curve may also be found by a 
double integration as follows: Draw straight lines parallel to OY 
and to OY respectively, forming rectangles of area AvAy, some of 
which, as in fig. 74, will be entirely within the curve, and others 
of which will be only partly within the curve. Form the double 
sum > > Away of these rectangles, and then let their number 
increase indefinitely while Av +0 and Ay=0. Then the double 


integral 
: i is ddy (1) 


is the required area. 


~~ 
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Ex. Find the area inclosed by the curve (y — « — 3)? = 4 — 2? (fig. 87). 

The element of area is the rectangle ArAy. If the first integration is made 
with respect to y, the result is the area of a strip like the one shaded in fig. 87, 
and the limits for y will be found by solving the equation of the curve for y in 
terms ofa. Sincey=a+3 
+V4—22, the lower limit 
is yy=u+ 3—V4—22 and 
the upper limit is y,=7+3 
+V4-—2% For the integra- 
tion with respect to a the 
limits are — 2 and 2, since 
the curve is bounded by the 
lines = — 2 and w = 2. 

Therefore 


area = ifs fi I) “dedy 
=v — y1) dx 
ca [ vi-2 dat 


= bhi. 


This example is Ex. 3, 

§ 35. Comparing the two 

solutions, we see that the 

result of the first integra- 

tion here is exactly the inte- 

grand in §85. It is evident 

Ries 67 that this will be the case 

in all similar problems, and 

hence many areas may be found by single integration, The advantage of the 

double integral consists in the representation of the area of a figure for which 
the limits of integration cannot easily be found. 


134. In like manner, the area bounded by any curve in polar 
coordinates may be expressed by the double integral 


ff ravae, (1) 


the element of area being that bounded by two radii vectors the 
angles of which differ by A@, and by the arcs of two circles the 
radii of which differ by Ar. 

If the first integration of (1) is with respect to 7, the result 
before the substitution of the limits is }7°d6. But this is exactly 
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the integrand used in computation by a single integration. Hence 
many areas may be computed by single integration in polar 
coordinates. 


135. Area of any surface. Let C (fig. 88) be any closed curve 
on the surface /(#, y, z)= 0. Let its projection on the plane YOY 
be C’. We shall assume that the given surface is such that the 
perpendicular to the plane YOY at any point within the curve C’ 
meets the surface in but a single point. 

In the plane XOY draw straight lines parallel to OX and OY, 
forming rectangles of area AvAy, which lie wholly or partly 
in the area bounded by C’. Through these lines pass planes 
parallel to OZ. These planes z 
will intersect the surface in 
~ curves which intersect in points 
the projections of which on the 
plane YOY are the vertices of 
the rectangles; for example, J7 
is the projection of P. At every 
such point as P draw the tan- 
gent plane to the surface. From 
each tangent plane there 
will be cut a parallelo- 
gram * by the 
planes drawn 
parallel to OZ. 

We shall now 
define the area 
of the surface f(x, y, 2) = 0, bounded by the curve C, as the limit 
of the sum of the areas of these parallelograms cut from the tan- 
gent planes, as their number is made to increase indefinitely, at 
the same time that Av+0 and Ay=+0. This definition involves 
the assumption that the limit is independent of the manner in 
which the tangent planes are drawn, or of the way in which the 
small areas are made to approach zero. This assumption may be 
proved by careful but somewhat intricate reasoning. 


Fic. 88 


* This parallelogram is not drawn in the figure, since it coincides so nearly with the 
surface element. 
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Tf AA denotes the area of one of these parallelograms in a tan- 
gent plane, and y denotes the angle which the normal to the tangent 
plane makes with OZ, then (§ 92) 

AzvAy = AA cos y, (1) 
since the projection of AA on the plane YOY is AvAy. The direc- 


tion cosines of the normal are, by § 112, (2), proportional to am 
02 
=’? —1; hence 1 
oy cos Y = —————— 
[1+ oe a Ge j 
; Ox oy 

Ge de \- 
and hence T= Eas |) (ee Oop 2) 

Ox cy de) 


and >; AA =>> \ 1+ ae (;,) ana (3) 


According to the definition, to find 4 we must take the lmit 
of (3) as Av =0 and Ay=0; that is 


jes \14(2)+(Zyaea (4) 


where the integration must 
be extended over the area in 
the plane YOY bounded 
by the curve C’. 


N 


Ex. 1. Find the area of 
an octant of a sphere of 
radius a. 

If the center of 

x the sphere is taken 

as the origin of co- 

ordinates (fig. 89), 

the equation of the 
sphere is 


a+ y?+ 22=a?, (1) 
and the projection 


of the required 
area on the plane X OY is the area in the first quadrant bounded by the circle 


2, Che oats) : 
and the axes OX and OY. V+ y= a @) 
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From (1), Se Cee: 
oy z 


() @ PEE lees LP | a 
= . by (1 
vit Ga) +) oy 2 
Ae ee oe a2 = x2 = 
Va? — 2 — 2 
= rel dx 


—I1f7 
2 


Ex. 2. The center of a sphere of radius 2a is on the surface of a mght cir- 
cular cylinder of radius a. Find the area of the part of the cylinder intercepted 
by the sphere. 


Fie. 90 


Ve 
Let the equation of the sphere be 
a2 + y2 + 22 = 4 a2, : (1) 
the center being at the origin (fig. 90), and let the equation of the cylinder be 
y? + 22 —2ay=0, (2) 


the elements of the cylinder being parallel to OX. 

To find the projection of the required area on the plane XY OY it is necessary 
to find the equation of a cylinder passing through the line of intersection of (1) 
and (2), and having its elements parallel to OZ. Now 


key (a? + y? + 22 — 4.07) + ko(y? + 2 — 2ay)=0 (3) 
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represents any surface through the line of intersection of (1) and (2), and hence 
it only remains to choose k; and kz so that (3) shall be independent of z. Accord- 
ingly let ky = 1 and ky = — 1, and (8) becomes 


w+ 2ay—4a?=0. (4) 
02 CZ a 
From (2), “=0 ace ue 
La ie Ug eS Ser) GC) 
ie V2 ay — y? 
Ne = eee __ adydx 
a 0 —~Viai—2ay V2 ay — y? 
ee a 
=2av2af oy. 
= 8a?, ; vy 


The limits of integration were determined from (4), which is the projection 
of the bounding line of the required area on the plane X OY. 

As an equal area is intercepted on the negative side of the plane XOY, the 
above result must be multiplied by 2. Hence the required area is 16 a?. 


The evaluation of (4) may sometimes be simplified by trans- 
forming to polar codrdinates in the plane YOY. 


Ex. 3. Find the area of the sphere 2? + y? + z? = a? included in a cylinder 
having its elements parallel to OZ and one loop of the curve r = a cos 2 6 (fig. 91) 
in the plane XOY as its directrix. 


a 


Proceeding as in Ex. 1, we find the integrand Transform- 


4 — 22 — y? 
ing this integrand to polar codrdinates, we have (§ 129) 


us 

4 7-70s28 ardédr 
Ae 2 f ah Soeteubiall 

—Fv0 /g2 — 2 


for the first integration 
with respect to r covers a 
sector extending from the 
origin to a point on the curve 
r = 40826, since the curve 
passes through the origin; 
and the final integration 
with respect to 6 is from 


T 7 
—— to —, since the loo 
Fig. 91 Aare : 
bs _ chosen is bounded by the 
radii vectors @ = — ri and 6= re The factor 2 before the integral is necessary 


because there is an equal amount of area on the negative side of the plane XOY. 


CENTER OF GRAVITY 245 


; v 
Therefore A = 2a" one oe 
0 Vaz — 2 
™ 
= 2a [* (1—sin 26) do 
a 
= 7a. 


If the required area is projected on the plane YOZ, we have 


-fieB eos 


where the integration extends over projection of the area on 
the plane YOZ; and if the required area is projected on the plane 


XOZ, we have ay? dW? 
Thom 14(%)4(7) dea 
SNa)(ges 


where the integration extends over the projection of the area on 
the plane YOZ. 

136. Center of gravity. In § 47 we defined the center of gravity 
of a system of particles all of which he in the same plane, the result- 


ing formulas sa _ yma, 2, > Y; 


> es > 


If the particles do not all lie in the same plane, we are obliged to 
add a third equation, Y meg, 


~ 


i ’ 


>: 
to define the third codrdinate of the center of gravity, the deriva- 
tion of which is not essentially different from that given in § 47. 
To determine the center of gravity of a physical body, we divide 
the body into elementary portions, the mass of any one of which 
may be represented by Am. Then if (a;, y,, 2) is any point such 
that the mass of one of the elementary portions may be considered 
as concentrated at that point, we define the center of gravity 
(z, y, 2) of the body by the formulas 
Lim 2tA™ Am iO ae dyAm Re Am - (l) 


’ 


> Am 3 yAm yAn 
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The denominator of each of the preceding fractions is evidently M, 
the mass of the body. 

Formulas (1) can be expressed in terms of definite integrals, the 
evaluation of which gives the values of z, y, and z. We shall here 
take up only those cases in which the definite integrals introduced 
are double or triple integrals. 

137. Center of gravity of a plane area. The center of gravity 
of a plane area in the plane XOY has been defined in § 49. From 
that definition we have immediately that z= 0. 

To determine « and 7 we divide the area into rectangles of area 
AxzAy (fig. 86), and if we denote the density by p, Am = pArvAy. 

If we consider the mass of an element, as PQ, concentrated at P, 
we have, by substituting in (1), § 136, 


MS > 2, pAwvAy 
> pAvAy ; 


an expression which is evidently less than 2; and if we consider 
the mass of PQ as concentrated at QY, we have 


>) > @ + Ax) pAxAy 


>> pAwdy 


an expression which is evidently greater than Z. 
But the limits of (1) and (2) are the same (§ 3), for 


(x, + Ax) pAxAy 
x,pAxAy 


edie fi pxdady 
The limit of (1 


entire area. aa i pdxdy 


JL fexaeity color 
Therefore #= , 
iL fpduay ~ i pdady 


y being derived in the same manner as 2. 


(1) 


(2) 


Lim = Il. 


» both integrals being taken over the 


(3) 
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If p is constant, it can be canceled; and in any problem in 
which p is not defined, it will be understood that it is constant. 
In that case the denominator of each codrdinate is the area of the 
plane figure. 


2 2 
Ex. Find the center of gravity of the segment of the ellipse - + = =—lrcut 
a 2 


off by the chord through the positive ends of the axes of the curve. 


This is Ex. 2, § 49, and the student should compare the two solutions. 
The equation of the chord is bx + ay = ab. 
To determine ¢ and ¥ we have to compute the two integrals fk vk adxdy and 


if ydxdy over the shaded area of fig. 39, and also find that shaded area. 
The area is the area of a quadrant of the ellipse less the area of the triangle 
formed by the coérdinate axes and the chord, and is accordingly 
4 (rab) — ab =} ab(7 — 2). 


aoe é é : ab — bx 
For the integrals the limits of integration with respect to y are y; = 


I : ‘ ie 
and y= =v a — #2, y; being found from the equation of the chord, and yz being 


found from the equation of the ellipse. The limits for « are evidently 0 and a. 


igs Moe 
=V/ a2 — a2 a Se ba? 

fats * xdecdy =f) (Gove — x — be + a) 
0 va o \@ a 


Dive 

¥ = 4 ba? 

DAN Gee a 

(Oe i fi (— Wet + adie) de 
0 dab—be a 
° aos 
= Pe ba 
= 2a = 2b 
C= —— Y 
3 (a7 — 2) 3 (a — 2) 


138. If the equation of the bounding curve of the area is in 
polar codrdinates, we have, by transforming equations (3), § 137, 


by § 129, 
y§ [ [or cos Odrd0 
J ferarao 


5 

f fer’ sin Odrd0 

ee : 
As prdrdé 


I 


> 


(1) 
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Ex. Find the center of gravity of the area bounded by the two circles 
r= 40s 8, r= 6b cosé. (b> a) 
It is evident from the symmetry of the area (fig. 92) that y = 0.. 
As the denominator of the fractions, after canceling p, is the area, it is 
2 ih 
equal to es 7 (6? — a?). 
4 4 4 
The numerator for Z becomes 


M r2 cos ododr = 1 (b3 — a) [ ? costed 
2 (c ate a ule 
= 1 (b3 — a’). 
eee b? + ab + a? 
i 8 Gra) 
Fic. 92 Cr 


139. Center of gravity of a solid. To find the center of gravity 
of any solid we have merely to express the Am of formulas (1), 
§ 136, in terms of space coordinates and proceed as in § 137. For 
example, if rectangular coordinates are used, Am = pAwvAyAz, and 


S | frase a 


ra il fe Hh " 
a, if fda yde 
_Sffestean 
feat ff edudyd: 


the work of derivation being like that of § 137. 
If desired, formulas (1) may be expressed in cylindrical or polar 
coordinates. 


5} 


Ex. Find the center of gravity of a body of uniform density, bounded by one 
nappe of a right circular cone of vertical angle 2 a and a sphere of radius a, the 
center of the sphere being at the vertex of the cone. 
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If the center of the sphere is taken as the origin of codrdinates and the axis 
of the cone as the axis of z, it is evident from the symmetry of the solid that 
&£=y=0. To find Z, we shall use polar codrdinates, the equations of the sphere 
and the cone being respectively r= a and ¢ = a. 


mahal fi r cos. 12 sin ¢dedédr 
fi rile Jf r2sin gaedgar 


The denominator is the volume of a spherical cone the base of which is a zone 
of altitude a(1— cos a); therefore its volume equals 2 7a3(1 — cosa) (§ 128). 


27 p|@ Oh 4 deded Aw 27 pa P 
ik ial COs p SIn f adgdr = Lat { J cose sin pdade 


27 
=tat(l—- costa) f dé 


4 wat (1 — cos? @). 


Then 


“. 2 = 2 (1+ cosa)a. 


140. Volume. In §§ 126, 128 we found expressions for the 
element of volume in rectangular, in cylindrical, and in polar 
coordinates. The volume of a solid bounded by any surfaces 
will be the limit of the sum of these elements as their number 
increases indefinitely while their magnitudes approach the limit 
zero. It will accordingly be expressed as a as co 


2 
Ex. 1. Find the volume bounded by the ellipsoid = — i+4 L +e = 


From symmetry (fig. 93) it Z 
is evident that the required 
volume is eight times the vol- 
ume in the first octant 
bounded by the surface 
and the codrdinate 
planes. 

In summing up the 
rectangular parallel- 
opipeds ArAyAz to 
form a prism with Pesan et 
edges parallel to OZ, i+ tj j----—-——— DX 
the limits for z are 0 i pt 
y? 


and ¢ 1-2 _%, 


the latter being 
found from the 
equation of the 
ellipsoid. Ve Fie. 93 


\ 
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Summing up next with respect to y, to obtain the volume of a slice, we have 


2 . . . . 
0 as the lower limit of y, and 6b yi — S as the upper limit. This latter limit is 
a 


en OE ; ; 
determined by solving the equation Sisk = = 1, found by letting z = 0 in the 
a 


equation of the ellipsoid; for it is in the plane z = 0 that the ellipsoid has the 
greatest extension in the direction OY, corresponding to any value of «. 
Finally, the limits for x are evidently 0 and a. 


cea on 
Gs ONY le ON lee 
Therefore V=8 if i Viva i ee aya 
0 Jo 


It is to be noted that the first integration, when rectangular 
coordinates are used, leads to an integral of the form 


iy fe — 2,) dady, 


where z, and z, are found from the equations of the bounding sur- 
faces. It follows that many volumes may be found as easily by 
double as by triple integration. 

In particular, if z,= 0, the volume is the one graphically repre- 
senting the double integral (§ 121). 


Ex. 2. Find the volume bounded by the surface z = ae-@*+) and the plane 
Z=0: 

To determine this volume it will be advantageous to use cylindrical coérdi- 
nates. Then the equation of the surface becomes z = ae-?*, and the element of 
volume is (§ 128) rdrdédz. 

Integrating first with respect to z, we have as the limits of integration 0 and 
ae-™. If we integrate next with respect to r, the limits are 0 and o, for in the 
plane z= 0, r = 0, and as z increases the value of r decreases toward zero as a 
limit. For the final integration with respect to @ the limits are 0 and 27. 


Qa re) ae-?” 
Therefore We fi i I rdedrdz 
(0) 0 0 
= re—"dédr 
SS, 
27 
= 4 af dé 
0 


= 77d. 
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In the same way that the computation of the volume in Ex. 2 
has been simplified by the use of cylindrical codrdinates, the com- 
putation of a volume may be simplified by a change to polar codr- 
dinates ; and the student should always keep in mind the possible 
advantage of such a change. 


141. Moment of inertia of a solid. The moment of inertia of a 
solid about an axis may be found as follows: Divide the solid into 
elements of volume, and let Am represent the mass of such an 
element. Let h and 4+ Ah represent the least and the greatest 
distances of any particle of Am from the axis. Then if Am is 
regarded as concentrated at the least distance, its moment of inertia 
would be “*Am; and if Am is regarded as concentrated at the 
greatest distance, its moment of inertia would be (4 +Ah)?Am. 
If the moment of inertia of the entire solid is denoted by 1, 


>; VAm<M< yh + Ah)’Am, 


where the two sums include all the elements of volume into which 
the solid was divided. 

. (4 +Ah)’Am 
ae h?Am 
volume increases indefinitely while their magnitude approaches 

the limit zero. 
Hence we define WZ by the equation 


EM Lim >) /7Am. (1) 

It is to be noted that the cases of §§ 130-132 are but special 
cases of (1). 

The computation of M requires us to express (1) as a definite 


integral in terms of some system of codrdinates, the choice of a 
particular system of codrdinates depending upon the solid. 


=1, when the number of the elements of 


'—ix. Find the moment of inertia of a homogeneous sphere of density p and 
radius a about a diameter. 

We shall take the center of the sphere as the origin of codrdinates, and the 
diameter about which the moment is to be taken as the axis of z. The problem 
will then be most easily solved by using cylindrical coordinates. 

The equation of the sphere will be r? + 22 = a?, and dm = prdrdédz, where p 
is the density ; also h = r, so that we have to find the value of the triple integral 


p fi a ir redédrdz. 
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Integrating first with respect to z, we find the limits, from the equation of 
the sphere, to be — Va? — r2 and Va? — r. Integrating next with respect to r, 
we have the limits 0 and a, thereby finding the moment of a sector of the sphere. 
To include all the sectors, we have to take 0 and 27r as the limits of @ in the last 


integration. 


2m pa Pr/a2—r2 
for M= Hi f ‘—"* 8dodrdz. 
Therefore p 4 fi Vana 


As a result of the first integration, 
27 pa ———— 
M= 2p [ ff r-V/a2 — 2 dédr. 
0 Jo 


Making the next integration by a reduction formula or a trigonometric sub- 


stitution, we have Qn 
M = +, pa’ af do = 48, ma’, 


142. Attraction. In § 45 the attraction between two particles 
was defined, and the component in the direction OX of the attrac- 


: : : cos 0, 
tion of any body on a particle was derived as Lim > Am, 
n= T; 
Z where Am represents an element of mass of 


the body, 7; may be considered the shortest 
distance from any point of the element to 
the particle, and 6, is the angle between OX 
and the line 7;._ This expression is entirely 
general, and similar expressions may be de- 
rived for the components of the attraction 
in the directions OY and OZ. 

Now that we can use double and triple 
integrals the application of these formulas 
is simplified. 

Ex. Find the attraction due to a homogeneous 
circular cylinder of density p, of height h, and radius 
of cross section a, on a particle in the line of the axis 


of the cylinder at a distance 6 units from 
one end of the cylinder. 


Take the particle at the origin of coér- 
dinates (fig. 94), and the axis of the cylin- 
Fic. 94 der as OZ. Using cylindrical codrdinates, 

we have dm = prdrdédz and r; = Vz? + r°. 
From the symmetry of the figure the resultant components of attraction in 


the directions OX and OY are zero, and cosé@; = —* __ for the resultant 


component in the direction OZ. V+ 9 


VG 


bo 


: 
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Therefore, \etting A, represent the component in the direction OZ, we have 


mn Aa ah 
=p ii Jf i — _ agardz, 
0 Jody (724 y2)8 


where the \imits of integration are evident from fig, 94, 
20 ph 
Ay =p (- eee — cee — ) sr 
Ap i; VE +? Vb+¢hyP+r 
Dn — 
=f (h+VP +4 ~VS(b + hj? + @) do 
=2aplh+VE +e —-Vb +h? +P), 
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1, Vind the moment of inertia of the area between the straight lines z + y=1, 
g=1, and y = 1 about an axis perpendicular to its plane at O. 

2. Vind the moment of inertia of the area bounded by the parabolas 7? = 4 az 
+h, =— 4a +4 about an axis perpendicular to its plane at O. 

3. Yind the moment of inertia of the area of the Joop of the curve By? = 
Dia — Z) about an axis perpendicular to its plane at O, 

4, Determine the moment of inertia about an axis perpendicular to the plane 
at the pole of the area included between the straight line r= asec@ and two 
straight lines at right angles to each other passing through the pole, one of these 
lines making an angle of 60° with the initia] line. 

5. Vind the moment of inertia of the area of one Joop of the curve r = a cos 30 
about an axis perpendicular to its plane at the pole, 

6. Vind the moment of inertia of the area of the cardicid r = a(cos @ + 1) 
about an axis perpendicular to its plane at the pole. 

7. Vind the moment of inertia of the area of one Joop of the lemniscate 
t =2o con2 6 about an axis perpendicular to its plane at the pole. 

8. Find the moment of inertia of the total area bounded by the curve 
= od? sin 9 about an axis perpendicular to its plane at the pole. 

9, Find the moment of inertia of the entire area bounded by the curve 
7 = of sin 36 about an axis perpendicular to its plane at the pole. 

10. Vind the moment of inertia of the area of a circle of radius a about an 
axis perpendicular to its plane at any point on its circumference, 

11. Vind the moment of inertia of the area of the circle r = a which is not in- 
uded in the curve r=a sin 2 6 about an axis perpendicular to its plane at the pole, 

12. Vind the moment of inertia about the axis of y of the area bounded by 
the hyperbola zy = & and the line 2z¢ + 2y —-5a=0. 

13. Find the moment of inertia about the axis of x of the area of the loop 
of the curve 7 = 7 (a — Zz). 

14. Find the moment of inertia of the area of one loop of the lemniscate 
7 = 20 con26 about the straight line through the pole perpendicular to the 
initia) line as an axis. 


\ 
954 APPLICATIONS OF MULTIPLE INTEGRALS 


15. Find the moment of inertia of the area of the cardioid r = a(cos @ + 1) 
above the initial line, about the initial line as an axis. 


16. Find the moment of inertia of the area bounded by a semicircle of radius 
2a and the corresponding diameter, about the tangent parallel to the diameter. 


17. Find the area bounded by the hyperbola zy = a and the line 2% + 2y 
—5a=0. 

18. Find the area bounded by the parabola z2=4ay and the witch 

8 a3 

a w+ 4q2 

19. Find the area bounded by the limagon r= 2cos@+ 8 and the circle 
r= 2 cos é. 

20. Find the area bounded by the confocal parabolas y? = 4ax + 4 a?, 
y2 =— 4bx + 407. 

21, Find the area bounded by the circles r= acos0, r= asindé. 


22. Find the areas of the three parts of the circle 2? + y? — 2az = 0 into 
which it is divided by the parabola y? = az. 


23. Find the area cut off from the lemniscate r? = 2 a? cos 2 6 by the straight 
3 

line r cos @ = nh a. 

24. Find the area of the surface cut from the cylinder 22 + y?2 = a? by the 
cylinder y? + 2? = a?. 

25. Find the area of the surface of a sphere of radius a intercepted by a right 
circular cylinder of radius } a, if an element of the cylinder passes through the 
center of the sphere. 


26. Find the area of the surface of the cone x? + y2 — z2 = 0 cut out by the 
cylinder x2 + y2—2ax=0. 

27. Find the area of the surface of the cylinder x2 + y? — 2 az = 0 bounded 
by the plane XOY and a right circular cone having its vertex at O, its axis 
along OZ, and its vertical angle equal to 90°. 


28. Find the area of the surface of the right circular cylinder z2 + (x cos a@ 
+ y sin a)? = a? included in the first octant. 


29. On the double ordinates of the circle x? + y? = a? as bases, and in planes 
perpendicular to the plane of the circle, isosceles triangles, each with vertical 
angle 2 a, are described. Find the equation of the convex surface thus formed, 
and its total area. ; 


30. Find the area of the surface z = ay included in the cylinder (a? + y2)2 = 
xe — y?, 

31. Find the area of the sphere x? + y? + 2? = a? included in the cylinder 
with elements parallel to OZ, and having for its directrix in the plane YOY a 


single loop of the curve r = a cos3 0. 
— 7/2 


. 2, 
32. Find the area of that part of the surface z =~ the projection of 


which on the plane XOY is bounded by the curye r2 =a? cos 0. 
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33. Find the area of the sphere x2 + 72+ z2 = 4a2 bounded by the intersec- 
tion of the sphere and the right cylinder, the elements of which are parallel to 
OZ and the directrix of which is the cardioid r = a (cos @ + 1) in the plane XOY. 

g 34, Find the center of gravity of the plane area bounded by the parabola 
x? + y? = a? and the linea + y =a. 
35. Find the center of gravity of the plane area bounded by the parabola 


8 
xz? = 4ay and the witch y = ee : 
x? + 4q? 
36. Find the center of gravity of the plane area bounded by the cissoid 
3 
y= and its asymptote. 
y Sy Nea ymy 


37. Find the center of gravity of the area of the part of the loop of. the 
curve aty? = a?x* — x6 which lies in the first quadrant. 

38. Find the center of gravity of the area in the first quadrant bounded by 
the curves «3 + y? = a3 and #24 y? = a2. 

39. Find the center of gravity of the plane area bounded by OX, OY, and 
the curve #3 + ye = ai, 

40. A plate is in the form of a sector of a circle of radius a, the angle of the 
sector being2 a. If the thickness varies directly as the distance from the center, 
find its center of gravity. 

41. How far from the origin is the center of gravity of the area included in 
a loop of the curve r= acos2 6? 

42. Find the center of gravity of the area bounded by the cardioid r = 
a(cos @ + 1). 

43. Find the center of gravity of a thin plate of uniform thickness and den- — 
sity in the form of a loop of the lemniscate r? = 2 a? cos 2 6. 

44, Find the center of gravity of a homogeneous body in the form of an 


5 : 
octant of the ellipsoid a He edi Se I, 
a 2 


45. Find the center of gravity of the homogeneous solid bounded by the 
surfaces 2 = kyw, 2 = ker (ke > ky), x? ++ y? = 2 az. 

46. The density of a solid bounded by the ellipsoid m + y + S = 1 varies 
directly as the distance from the plane YOZ. Find the center of gravity of the 
portion of this solid lying in the first octant. 

47. Find the center of gravity of the homogeneous solid bounded by the 
surfaces z= 0, y= 0, 7 =, 0222 = y/? (a? — 2?). 

48. A homogeneous solid is bounded by a sphere of radius a and a right 


: ae eT soa Ge 
circular cone, the vertical angle of which is 3° the vertex of which is on the 


surface of the sphere, and the axis of which coincides with a diameter of the 
sphere. Vind its center of gravity. 

49. Find the center of gravity of a right circular cone of altitude a, the den- 
sity of each circular slice of which varies as the square of its distance from the 
vertex, 
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50. Find the center of gravity of an octant of a sphere of radius a, if the 
density varies as the distance from the center of the sphere. 

51. Find the center of gravity of a homogeneous solid bounded by the sur- 
faces of a right circular cone and a hemisphere of radius a, which have the 
same base and the same vertex. 

52. Find the volume bounded by the surface e+ytes a? and the cobr- 
dinate planes. 

53. Find the volume of the part of the cylinder 2? + y? — 2ax = 0 included 
between the planes z = kyx, 2 = kaw (ki < ke). 

Ay 
54. Find the total volume bounded by the surface ak ete th, 
a 


55. Find the volume included in the first octant of space between the codr- 
2 x 
dinate planes and the surface y? — 16 (2 — :) +82 (1 _ 1 == (Vp. 


56. Find the volume in the first octant bounded by the surfaces z = (a + y)?, 
e2 + y? = a2, 

57. Find the volume bounded by the surface 62z2 = y? (a? — x?) and the planes 
y=Oandy=bD. 

58. Find the volume bounded by the surfaces az = ay,x+y+z2=a,z=0. 

59. Find the volume bounded by the cylindroid z2 = a+ y and the planes 
OA WS rh 

60. Find the volume of the paraboloid y2 + z2= 8a cut off by the plane 

61. Find the volume bounded by the surfaces z= az? + by?, y2=2 cv —x?, z=0. 


62. Find the volume bounded by the surfaces x? + y? = ax, x2 + y2 = bz, z=0. 


63. Find the total volume bounded by the surface #3 + yi + z= a}, 


64. Find the volume cut from a sphere of radius a by a right circular cyl- 
inder of radius x one element of the cylinder passing through the center of the 
sphere. 

65. Find the volume bounded by the surfaces z = a(@ + y), = a(x? + y?), 

66, Find the yolume bounded by the surfaces z = 0, z = ar®, r = b cos@. 

67. Find the total volume bounded by the surface (a? + y? + z2)8= 27 a8ayz. 
(Change to polar coérdinates.) 


68. Find the volume bounded by a sphere of radius a and’a right circular 
cone, the axis of the cone coinciding with a diameter of the sphere, the vertex 
being at one end of the diameter and the vertical angle of the cone being 60°. 


69. Find the total volume bounded by the surface (x? + y? + 22)? = axyz. 


70. Find the volume of the sphere x? + y? + z2= a? included in a cylinder 
with elements parallel to OZ, and having for its directrix in the plane XOY one 
loop of the curve r= a cos3 06. 
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71. Find-the volume bounded by the plane XOY, the cylinder a2 + 72 — 2 aa 
= 0, and the right circular cone having its vertex at O, its axis coincident with 
OZ, and its vertical angle equal to 90°. 


72. Find the total volume bounded by the surface r2 + 2? = ee ey 6+ 1). 


73. Find the moment of inertia of a homogeneous ellipsoid © = ane ee ae =1 


of density p, about OX. & , 


74. Find the moment of inertia about its axis of a homogeneous right cir- 
cular cylinder of density p, height h, and radius a. 


75. A solid is in the form of a right circular cone of altitude h and vertical 
angle 2. Find its moment of inertia about its axis, if the density of any par- 
ticle is proportional to its distance from the base of the cone. 


76. The density of a solid sphere of radius @ varies as the distance from a 
diametral plane. Find its moment of inertia about the diameter perpendicular 
to the above diametral plane. 

77. A homogeneous solid of density p is in the form of a hemispherical 
shell, the inner and the outer radii of which are respectively ry and rg. Find 
its moment of inertia about any diameter of the base of the shell. 


78. A solid is bounded by the plane z = 0, the cone z = r (cylindrical codér- 
dinates), and the cylinder haying its elements parallel to OZ and its directrix 
one loop of the lemniscate r? = 2 a? cos2 @ in the plane XOY. Find its moment 
of inertia about OZ, if the density varies as the distance from OZ. 


79. Find the attraction of a homogeneous right circular cone of mass M, 
altitude h, and vertical angle 2 @ on a particle at its vertex. 


80. A portion of a right circular cylinder of radius a and uniform density p 
is bounded by a spherical surface of radius b(b> a), the center of which coin- 
cides with the center of the base of the cylinder. Find the attraction of this 
portion of the cylinder on a particle at the middle point of its base. 

81. Find the attraction due to a hemisphere of radius a on a particle at the 
center of its base, if the density varies directly as the distance from the base. 

82. The density of a hemisphere of radius a varies directly as the distance 
from the base. Find its attraction on a particle in the straight line perpendic- 
ular to the base at its center, and at the distance a from the base in the direc- 
tion away from the hemisphere. 

83. A homogeneous ring is bounded by the plane YOY, a sphere of radius 
2a with center at O, and a right circular cylinder of radius a, the axis of which 
coincides with OZ. Find the attraction of the ring on a particle at O. 


CHAPTER XIV 
LINE INTEGRALS AND EXACT DIFFERENTIALS 


143. Definition. Let C (fig. 95) be any curve in the plane XOY 
connecting the two points Z and A, and let M and WV be two fune- 
tions of # and y which are one-valued and continuous for all points 
on C. Let C be divided into n seg- 
ments by the. pots 2 6a .. ob ea 
and let Az be the projection of one of 
these segments on OY and Ay its pro- 
jection on OY. That is, Av = @,,,—4%,, 
Ay =Y;.1—Y, Where the values of Az 
and Ay are not necessarily the same 
for all values of 7 Let the value of 
M for each of the » points LZ, R, B,---, R_, be multiplied by the 
corresponding value of Ax, and the value of WV for the same point 
by the corresponding value of Ay, and let the sum be formed 


i=n—1 


DELICE Y,) Aa N (@,, y, Ay. 


(i (0) 
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The limit of this sum as 7 increases without limit and Az and 
Ay approach zero as a limit is denoted by 


i (Mda + Nady), 
(C) 


and is called a line integral along the curve C. The point K may 
coincide with the point Z, thus making C a closed curve. 

If x and y are expressed in terms of a single independent vari- 
able from the equation of the curve, the line integral reduces to a 
definite integral of the ordinary type; but this reduction is not 
always convenient or possible, and it is important to study the 
properties of the line integral directly. 

We shall give first a few examples, showing the importance of 
the line integral in some practical problems. 
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Ex. 1. Work. Let us assume that at every point of the plane a force acts, 
which varies from point to point in magnitude and direction. We wish to find 
the work done on a particle moving from L to K along the curve C. Let C be 
divided into segments, each of which is denoted by As and one of which is rep- 
resented in fig. 96 by PQ. Let F be the force 
acting at P, PR the direction in which it acts, 
PT the tangent to C at P, and 6 the angle 
RPT. Then the component of F in the direc- 
tion PT is F cos @, and the work done on a par- 
ticle moving from P to Q is Feos 6As, except for 
infinitesimals of higher order. The work done 
in moving the particle along C is, therefore, 


Wa Lim ))F cosigAs = F cos éds. O 
(C) 5; Fie. 96 
Now let @ be the angle between PR and OX, and ¢ the angle between PT 
and OX. Then @= ¢— a and cos@=cos¢cosa+singsina, Therefore 
a= if (F cos ¢ cos x + F'sin ¢ sin a) ds. 
(Cc) 
But F cos a is the component of force parallel to OX and is usually denoted by 


X. Also F'sin @ is the component of force parallel to OY and is usually denoted 
by Y. Moreover cos ¢ds = dx and sin ¢ds = dy (§ 42). Hence we have finally 


w= ua (Xdx + Yay). 
(C) 


Ex. 2. Flow of a liquid. Suppose a liquid flowing over a plane surface, the 
lines in which the particles flow being indicated by the curved arrows of fig. 97. 
We imagine the flow to take place in planes parallel to YOY, and shall assume 
the depth of the liquid to be unity. We wish to 
find the amount of liquid per unit of time which 
flows across a curve C. 


Let g be the velocity of the liquid, a the angle 
which the direction of its motion at each point 
makes with OX, u=qcosa@ the component of 
velocity parallel to OX, and v=qsina@ the com- 
ponent of velocity parallel to OY. Take an ele- 
ment of the curve PQ=As. In the time dt the 
particles of liquid which are originally on PQ will 
flow to P’Q’, where PP’ = QQ’ = qdt (except for 
infinitesimals of higher order). The amount of liquid crossing PQ is therefore 
the amount in a cylinder with base PQQ’P’ and altitude unity. The volume 
of this cylinder is PP’. PQsin 6 = gdt sin @As, where 0 = P’PQ. Hence the 
amount of liquid crossing the whole curve C in the time dt is 


Lim, qdt sin 6As = dt Lim >) q sin 6As = at { q sin 6ds 
(C) 


and the amount per unit of time is 


f q sin éds. 
(C) 
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To put this in the standard form, let ¢ be the angle made by PQ with OY. 
Then 6= ¢ — wand siné = sing cosa — cos¢sina, Hence 


q sin éds = q sin ¢ cos ads — g cos ¢ sin ads = — vdax + udy. 


Therefore the amount of liquid flowing across C per unit of time is 
fl (— vdx + udy). 
(eC) 


Ex. 8. Heat. Consider a substance in a given state of pressure p, volume »v, 
and temperature t. Then p, v, ¢ are connected by a relation f(p, v, t) = 0, so 
that any two of them may be taken as independent variables. For a perfect gas 
pv = kt, if t is the absolute temperature, and the state of the substance is indi- 
cated by a point on the surface of fig. 55, or equally well by a point on any one 
of the three coérdinate planes, since a point on the surface is uniquely deter- 
mined by a point on one of these planes. We shall take ¢ and v as the inde- 
pendent variables and shall therefore work on the (¢, v) plane. 


Now if Q is the amount of heat in the substance and an amount dQ is added, 
there result changes dp, dv, dt in p, v, and t respectively, and, except for infin- 


itesimals of higher order, dQ = Adp + Bav + Cat 


From the fundamental relation f(p, v, t) = 0, it follows that 


af of of 
d — dv dt = 0 
ap PS ov < at : 
whence we have dQ = Mdt + Ndv. 


Hence the total amount of heat introduced into the substance by a variation 
of its state indicated by the curve C is 


Q= i) (iat + Nav), 


Ex. 4. Area. Consider a closed curve C (fig. 98) tangent to the straight lines 
e=a,cx=b, y=d, and y =e, and of such shape that a straight line parallel to 
either of the codrdinate axes intersects it in 
not more than two points. Let the ordinate 
through any point M intersect C in P; and 
Pz, where MP; = y; and MP2=y2. Then, 
if A is the area inclosed by the curye, 


b b 
A= vada — [ yida 
b 


Fic. 98 =— ydx, 


the last integral being taken around C in a direction opposite to the motion of 
the hands of a clock. 
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Similarly, if the line NQ, intersects C in Q; and Q., where NQ, = a and 
NQ2 = %2, we have 


the last integral being taken also in the direction opposite to the motion of the 
hands of a clock. By adding the two values of A we have 


0) Sah es — 
ud yde +- xdy). 


If we apply this to find the area of an ellipse, we may take z = acos 4, 


20 
y = bsin¢ (I, § 166). Then A = af abdp = zrab. 
0 


144, Fundamental theorem. In using integrals around closed 
curves, we need some means of distinguishing between the two 
directions in which the curve 
may be traversed. Accordingly, 
when the curve is a portion of f 
the boundary of a specified area, // YHy 
we shall define the positivedirec- 7 
tion around the curve as that in 
which a person should walk in 
order to keep the area on his left 
hand. Thus in fig. 99, where the 
shaded area is bounded by two 
curves, the positive direction of each curve is indicated by the arrows. 

With this convention, the fundamental theorem in the use of 
line integrals is as follows: 


Dye WUE EING a » and -. are continuous and one-valued in a closed 
y Me 


YYyfyyy 
Yi, 


area A and on its boundary curve C, then 


sf if a - cnet =— { (Mdx + Nay), 
cay PY Ox (C) 


where the double integral is taken over A and the line integral is 
taken in the positive direction around C. 
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To prove this, we shall first assume that the closed area is of 
the form described in Ex. 4, § 143, and shall use the notation of 
that example and fig. 98. Then 


it Fi tity = fae fT ay 
cay YY nh 


= i [M(, y,) -—M (a, y,)] de 


b b 
=[ M(x, Y,) dx =i M(x, y,) dz 
a b 
-—[ M (&, Y,) dx =f M(x, y,) dx 
b a 
a= f Maw, (1) 
(c) 


the last integral being taken in the positive direction around C, 


Sunilarly, 
ff[en = [ Nay (2) 
oe (C) 


By subtracting (2) from (1) we have the theorem proved for a 
closed curve of the simple type considered. 

The theorem is now readily extended to any area which can be 
cut up into areas of this simple type. For example, consider the 
area bounded by the curve C (fig. 100). 
By drawing the straight line ZK the 
area is divided into three areas A’, A”, 
A, and the theorem applied to each 
of these areas. By adding the three 
equations obtained we have on the 
left-hand side of the new equation the 
double integral over the area bounded 
by C, and on the right-hand side the 
line integral along C and the straight 
line LA traversed twice in opposite directions. The integrals 
along the line Z& therefore cancel, leaving only the integral 
around C, 


Fic. 100° 
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The theorem is also true for areas bounded by more than one 
curve. Consider, for example, the area bounded by two curves C 
and C’ (fig. 101). By drawing 
the line Z£ the area is turned 
into one bounded by a single 
curve, and the theorem may be 
applied to it. It appears that 
the line integral is taken twice 
along LK in opposite directions, 
and these two integrals cancel 
each other. The result is that 
the double integral over the area 
is equal to the line integral around each of the boundary curves 
in the positive direction of each. In the same way the theorem is 
shown to hold for areas bounded by any number of curves. 


Fic. 101 


Ex. If M=y and N =— 7, we have 


ii if 2 dedy =— iy (yd« — xdy), 


agreeing with the result of Ex. 4, § 143, 


145. Line integrals of the first kind, a = a“ 


| N : 
are two functions of x and y, such that a = i » and the discus- 
y a 


> If Mand N 


sion is restricted to a portion of the (x, y) plane in which M, N, 
oM 0 
> and 
oy Ox 
(1) The line integral tf (Mdx-+Ndy) around any closed curve 
1S Ze7O. 


(2) The line integral i (Mdx + Ndy) between any two points rs 


are continuous and one-valued, then 


a function of the codrdinates of the points, and is independent 


of the curve connecting the points. ‘ 


6 0 
(3) There exists a function $(x, y) such that an =, = = JV, 


Conversely, if any one of the conclusions (1), (2), or (3) as fulfilled, 


NX 
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To prove (1), consider the pee theorem of § 144. It 


M 
is at once evident that if a Pek dl (Mdx +Ndy) =0 around any 


closed curve. 

To prove (2), let Z and K be any two points, and C and C’ 
(fig. 102) any two curves connecting them. Let 7 be the value 
of the line integral from Z to K along C, and J’ the value of the 
line integral from Z to K along C’. Then —J' is the value of the 
line integral from K to Z along C’ Now by (1) 


I+(—lI')=0 
Therefore T=T'. 


To prove (3), consider the line in- 


; teoral (x,y) 
7 6 ji (Mdz + Nady), 
Fic. 102 (Xo, Yo) 


where (%,, ¥)) 18 a fixed point and (a, y) a variable point. By (2) 

this integral is independent of the path and is therefore fully 
determined when (#, y) is given. Hence, by the SSE of a 
function of two variables, we may write 


(* y) 
fr (Mda + Nady) = $ (a, y). 
( 


1}, Yo) 
@+hy) 
Then p(e@+h, y) =f) (Mdx + Nady), 
oy Yo) 
and since this integral is independent of the curve connecting the 
upper and the lower limits, we may take that curve as drawn first 
to (x, y) and then along a straight line to (a +h, y). Then 


(a, y) (a+ hy, y) 
p(x +h, y) ={ (Mdx + Ndy) + (Mdxz + Ndy) 
( 


/ (£0, Yo) (x, y) 


ath 
= (4, 7) a M(x, y) dx, 


since in the last integral y is constant and dy = 0. 
Then, by § 30, 


P(e +h, y)—b(@, y) =hME, 9), (e<E<a+h) 


P(ath, y)—$(4, y) 


whence Ley 
7 M(E, y). 
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Letting approach zero and taking the limit, we have 
ob 
<= M(e, y). 
0x (#, Y) 
In like manner we may show that 


Ze = N(#, y); 
cy 
and the third conclusion of the theorem is proved. It is to be 
noted that ¢ is determined except for an arbitrary constant which 
may be added. This constant depends upon the choice of the fixed 
point Z. If another point Z’ is chosen, the value of ¢ differs from 
that obtained in using Z by the value of the line integral between 
Land Li’. 
~ We must now show that, conversely, if any one of the conclusions 
of the theorem is fulfilled, then atte 
Cy 0x 
Let us first assume that the integral around any closed path 
whatever is zero; we wish to show that as aie =0. If TN 
Oy 0x oy On 
is not zero at all points, let us suppose it is not zero at a particular 


: ‘ I N : 
point A. Then, since aN and Fe are continuous functions by hy- 
Xv 


oN .. Y 
as, at 


points sufficiently near to A, the same sign which it has at XK. 
It is therefore possible to draw a closed curve around K, so that 


ee — = has the same sign for all points in the area bounded by the 


Mek ee f i ie aM, aa dxdy taken over this area is not zero, 


and therefore | (¢Mdxz + Nady) taken around the bounding curve is 


not zero. But this is contrary to the hypothesis that f (Mdx + Nady) 


OM oN 
taken around any curve whatever is zero. Hence by = ae at all 


points. 
Let us now assume that i (Mdu + Ndy) between any two points is 


independent of the curve connecting the points. This is equivalent 
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to assuming that the integral around a closed curve is zero, and 


0M _ oN 
hence, as already shown, — ae 
Finally, let us assume that a function ¢ exists such that 
OM ON : 
G0 Sa. ay = N. Then it follows that — =—-, since each is 
Ou oy oy = Ox 
equal to i a 
OXOY y 
The theorem of this article is now eoemmletele proved. 
Te A ee eee ae ore 
d d. a2 $y? ey? oy © Ones y*)* 
f~AS = = 0, if taken around a closed curve within which M, N, and 
+ y? 


their derivatives are finite and continuous. These conditions are met if the 
curve does not inclose the origin. In fact, if we introduce polar codrdinates, 
— ydx + «dy 
which does not inclose the origin, @ varies from its initial value @ back to the 


placing «=rcosé, y=rsindg, then = { %. Now, for any path 


same value, and therefore ie dé=0. If the path winds once around the origin, @ 


varies from @ to a+ 27, and therefore f d@ = == Wa 
The function ¢ of the general theorem is, in this example, equal to 6 = tan-1! ie 
Ex. 2. Work. If X and Y are components of force in a field of force, and 
AE Ye 
= == , then the work done on a particle moving around a closed curve is 
y ae 
zero, and the work done in moving a particle between two points is independent 
of the path along which it is moved. Also there exists a function ¢, called a 
force function, the derivatives of which with respect to 2 and y give the com- 
ponents of force parallel to the axes of # and y. It follows that the derivative 
of ¢ in any direction gives the force in that direction (Ex., § 111). Such a force 
as this is called a conservative force. Examples are the force of gravity and 
forces which are a function of the distance from a fixed point and directed along 
straight lines passing through that point. 


Ex. 3. Flow of a liquid. If we consider a liquid flowing as in Ex. 2, § 148, it is 
clear that the net amount which flows over a closed curve is zero, since as much 
must leave the closed area as enters, there being no points within the area at 


which liquid is given out or drawn off. Hence ‘i (— vdx + udy), taken over any 


closed curve, is zero; and po eCtUSD GY s ~ + aka = 0. There exists also a function, 
ox 


usually denoted by y, such that a =— 2, Gd =I Aly 
(oh oy 
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146. Line integrals of the second kind, oo —- In case M 


> 
oM oN 
— > th : 
oy es bi ake oe of the line inte 
gral i (Mdz-+Ndy) depends upon the path, and there exists no fune- 


and N are such functions that 


tion of which M and N are partial derivatives. 


(1 v1) 
139%, Alp Ube (ydx — ady). 


Let us a peas along a straight line connecting O and P, (fig. 103). 


The equation of the line is y= “2, and therefore along this line ydx — ady = 0, 
1 
and hence the value of the integral is zero. Y 


Next, let us integrate along a parabola connecting O 


y2 JN, & 
and P;, the equation of which is y2 = +z. Along this 
parabola at 
PYy 
f ‘  yda = xdy) — ue ¥ Va da = 4 1Y1. 
©, 0) 2Va, 79 
0 Tp 


Next, let us integrate along a path consisting of the 
two straight lines OM; and M,P,;. Along OM, y = 0 
and dy=0; and along M,Pi, «= 2, and dy=0. Hence the line integral 


Fig. 103 


y 
reduces to -f ady =— 1147/1. 
0 
Finally, let us integrate along a path consisting of the straight lines ON, 
and N,P;. Along ON;, z= 0 and dx = 0; and along N4P), y = yi and dy = 0. 
Therefore the line integral reduces tof” yd iy te 
0 


Ex. 2. Work. If the components of force X and Y in a field of force are 


DPE WE 
such that oS a eae then the work done on a particle moving between two 
y iv 


points depends upon the path of the particle, the work done on a particle 
moving around a closed path is not zero, and there exists no force function. 
Such a force is called a nonconservative force. 


Ex. 3. Heat. If asubstance is brought, by a series of changes of temperature, 
pressure, and volume, from an initial condition back to the same condition, 
the amount of heat acquired or lost by the substance is the mechanical equiva- 
lent of the work done, and is not in general zero. Hence the line integral 


(Q) = f (aat + Ndv) around a closed curve is not zero, and there exists no function 


whose partial derivatives are Mand N. In fact, the heat @ is not a function of 
t and v, not being determined when ¢ and v are given. 

Ex. 4. Adiabatic lines, The line integral f (Mat + Ndv) of Ex. 3 is zero if taken 
along a curve whose differential equation is 


Mat + Ndv = 0. 


\ 
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We will change this equation by replacing the variable t by p, which can be 
done by means of the fundamental relation f(p, », t) = 0. 
It is shown in the theory of heat that for a perfect gas the equation then 


becomes eden panes! 


where y is a constant. The solution of this equation is 
joe! =. 


Tf, then, a gas expands or contracts so as to obey this law, no heat is added 
to or subtracted from it. Such an expansion is called adiabatic expansion, and 
the corresponding curve is called an adiabatic curve. 

The mathematical interest here is in the concrete illustration of a line integral 
being zero along any portion of a certain curve or family of curves. 


In the line integrals of the kind before us, eS ad a 

y a 

still a meaning to be attached to M and NV. For, suppose the inte- 

gral to be taken along the straight line y=c from # to «+Az, 
and let Aw be the value of the integral; that is, 


) » there is 


(a+ Aa, y) 
Au =| (Mdaz + Ndy) 


(2, 9) 
ac + Ax 
= f M(x, y) da 
=AzrM(é, Y)s (§ 30) 
where 7<E<av+Az. 
Consequently Lim au M (a, y). 
Az=0 Az 
oe: AE 
Similarly, Lim — = N(@, y). 
Ay=0 Ay 


We shall write these two equations as 


du Sif du Se 
dx % dy 


It is to be noticed that these derivatives are of different 
character from the partial derivatives of Chap. XI, since w is 
not a function of x and y. The property proved in § 117 does 
not hold here. 
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ix. 5. Heat. Returning to the notation of Ex. 8, we have 


v=(Q); ¥=(@ 
dt /» dv/t 

M is the limit of the ratio of the increment of heat to the increment of tem- 
perature when the volume is constant. Therefore, if we consider M as sensibly 
constant while the temperature changes by unity, M may be described as the 
amount of heat necessary to raise the temperature by one unit when the volume 
is constant. 

Similarly, NV may be described as the amount of heat necessary to change the 
volume by one unit when the temperature is constant. 


147. Exact differentials. We have seen that if Wand WN are 


two functions of « and y satisfying the condition ape » there 
y x 
exists a function ¢ such that ee =, Mie e Then 
Ox oy 
op op 
Maz + Ndy =— dx+— dy=d 


and Mdx + Ndy is called an exact differential.* Then also 


(74, 1) 
{i (Mdx + Nady) =¢ (® Ys) — P (Los Yo) 


(“o; Yo) 
the integral being independent of the curve connecting (%,, y,) and 
(z,, y,). The function ¢ may be found by computing the line inte- 
gral along a conveniently chosen path, but it is usually more con- 


Op 


venient to proceed as follows: Since re = M(x, y), it follows that 
av 
M(x, y)dz, where y is considered constant, will give that part 


of @ which contains w, but not necessarily all the part which 
contains y. We may write, therefore, 


$(e, y)= f Mae + f(y), 


where f(y) is a function of y to be determined. This determination 


is made by using the relation a =N. Then z if Mdz + f"(y)=N, 
y 


which is an equation from which f(y) may be found. 


* In § 110, where the emphasis is on the fact that both « and y are varied, d¢ is 
called a total differential. Here the emphasis is shifted to the fact that dp is exactly 
obtained by the process of differentiation, and hence it is called an exact differential. 


sa 
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This method is valuable in solving the equation 


Mdz + Ndy = 0, 


when the condition a= os is satisfied. Such an equation is 
y o 
called an exact differential equation. Its solution is 
p=6, 


where ¢ is an arbitrary constant and ¢ is the function obtained in 
the manner just described. 

Because of the importance of the method of obtaining ¢, we give 
it in a rule as follows: 


Integrate ff Maz, regarding y as constant and adding an unknown 


function of y; differentiate the result with respect to y and equate 
the new result to N; from the resulting equation determine the 
unknown function of y. 


If more convenient, the above rule may be replaced by the 
following : 
Integrate | Ndy, regarding « as constant and adding an unknown 


function of «; differentiate the result with respect to x and equate 
the new result to M; from the resulting equation determine the 
unknown function of «x. 


Ex. 1. (423 + 102y3 — 3 y4)dx + (15 #2y? — 12 ay? + 5 yt) dy =0. 
0M oN 

Here on = 80 ay? — 12y3 = el and the equation is therefore exact. Pro- 

ceeding according to the rule, we have 
b= f (de? + 102y* — 8 y4) dx + f(y) 
= at + 5aty® — Bayt + f(y). 
Then from ae = N, we have 
oy 
15 ay? — 12 ay3 + f(y) = 15 a%y? — 12ay8 + 5y4, 

whence /’ (y) = 5y*, and f(y) = y®. The solution of the differential equation is 


therefore 
et + 5x’ — Bayt + y5 =, 
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Bx.2. (7 — y Jae + eer. 
y Vy? — x2 


6M _ £ _ oN 
cy (yt al ee 
the second rule, we have 


» and the equation is therefore exact. Following 


dy SS 
= f= bogly + VF =) +10). 
Ss 
From <* = M, we have 
— 2 1 
(a) ea ey 
Vy? — 22 (y + Vy? — 22) tC aeVy? — a 


whence f’ (x) = 0, and f(x) =c. Hence the solution of the differential equation is 
log (y + Vy? — #2) =’, 
which reduces to a2—2cy+c?=0. 


148. The integrating factor. We have seen that Mdx+ Ndy is 


OMG ON: 


not an exact differential when # er But in all cases there 
x 


y 
exist an infinite number of fanctigns such that, if Mdz+ Ndy is 
multiplied by any one of them, it becomes an exact differential. 
Such functions are called integrating factors. That is, if w is one 
of the integrating factors of Mdz-+ Ndy, then, by definition, 
pw. (Mda« + Ndy) is an exact differential. 


Ex. 1. The expression ydzx — ady is not an exact differential. But 
— ad 
yde — dy _ a( ’). 


we x 
YORE = d (wn "| ’ 
w+ y? y 
yda — xdy ay (108 ‘) 

ry y 


: : : i| 1 ; é 
are exact differentials, and the functions —, ———_, — are integrating factors. 
ve a2+y? xy 


To show that integrating factors always exist, we shall need to 
assume (§ 173) that the differential equation 


Mdx + Ndy =0 (1) 
has always a solution of the form 
I (%, y ¢) = 9, (2) 


where ¢ is an arbitrary constant, and that (2) can be written 


(x,y) = 6. (3) 
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op 
; dy 6x 
Now (3) gives us Fs 3B. 
oy 
eS. uM. 
and (1) gives us ee anh 


ad 
and since (3) is the solution of (1), these two values of = must be 


the same. That is, 


opmEe? 
On OY _ 
eee % 


where » is some function of « and y. Consequently 
Zo) op 
«+ Ndy) =— dx +— dy =d¢, 
pe (Mdx + Ndy) ay tia y =dd 


and therefore m is an integrating factor. 
To prove that there is an infinite number of integrating factors, 
multiply the last equation by /(¢), any function of ¢. Then 


uf ($) Mda + wf(b) Ndy = f(¢) dg. 


But /(¢)d¢ is the exact differential of the function i I (¢) dd. 
Hence uf (¢) is an integrating factor of Mdx + Ndy. 


Ex. 2. Heat. It has been noticed (§ 146, Ex. 8) that fag around a closed 
path is not zero, and consequently dQ is not an exact differential. It is found 


; dQ. 
in the theory of heat that ih a around a closed path is zero. Hence aQ is an 


t dQ 


exact differential, and we may write = =dq¢. The function ¢, thus defined, is 
called the entropy. 


149. No general method is known for finding integrating factors, 
but the factors are known for certain cases. We give a list of the 
simpler cases, leaving it as an exercise for the student to verify by 
differentiation that each of the equations mentioned satisfies the 
condition for an exact differential equation after it is multiplied 
by the proper factor. 
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Pair a J (x), then a Ot elis® an integrating factor of 
Md« + Ndy = 0. 

oM oN 

Oa 


Oe [eed ee 
M 


3. If Mand N are homogeneous and of the same degree, then 


—|Ff@dy , : : 
= f(y), then eé J is an integrating factor of 


a aN, is an integrating factor of Mdx + Ndy = 0. 


4. li M=yf, (xy), N= af, (cy); then 
factor of Mdx + Ndy = 0. 


A@ds , =, : : 
5. a is an integrating factor of the lnear equation 2 + 
oo 


Uf (#) = fy (2). 
As a practical point, the student should look for an integrating 
factor only after he has tried to integrate by other methods. 


———— is an integrating 
aM —yN 


Ex. 1. (422y — 3 y?) dz + (23 — 32y) dy = 0. 


aM _ oN 
Here Ce KS oe = Ls 
N x 


da 


Consequently Al * = is an integrating factor. After multiplication by the 
factor, the equation becomes 


(4a8y — 8 ay?) dx + (a4 — 322y) dy = 0, 
the integral of which is ety — £ ay? = c. 
Ex. 2. (a? — y?)dx + 2aydy = 0. 
Since this equation is homogeneous, it has the integrating factor 
1 il 
aM + yN 2 + ay? 
After multiplication by the factor, the equation becomes 


wae 
8 + xy? x8 + xy? 
22 IN: 22 
or (= 5- 3)a+ - Y dy =0, 
2 ae y2 2 e2 ae y? 
the solution of which is log (a? + y?) —loga=¢’, 
pores 


or a+ C. 
x 
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For this equation we have also 
oM ON 


Hence it has also the integrating factor 
— fae al 
~ a2 
After multiplication by this, the equation becomes 


(1 —") ax a+ Hay =0, 


2 
the solution of which is x + i =u, 


The equation may also be solved by the substitution y = vx (§ 78). 


150. Stokes’s theorem. The theorems of §§ 144-145, which are 
limited to a plane, may be extended to space as follows: If P,Q, R 
are three functions of z, y, and z, the 
line integral 


f (eae + Qdy + Rdz) 


x along a space curve is defined in 
a manner precisely similar to the 
definition of § 143. Let the integral 

Y Sern be taken around a closed curve C 

(fig. 104) and let a surface S be 
bounded by C. Let dS be the element of area of the surface and 
cos a@, cos B, cosy be the direction cosines of its normal. Then 


aR @P @P 3Q ; 
UN ray) RS ee) er) a ae 


(Pda + Qdy + Rdz), 
(C) 
where the double integral is taken over the surface S and the 
single integral is taken around C, and the direction of the line 
integration and that of the normal to S have the relation of 
fig. 104. 
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To prove this, let z= f(x, y) be the equation of S, and consider 


-[P@ Y, 2) Ax. 
(eC) 


Then, since P(a, y, 2)=P[a, y, f(x, y)|=L2(a, y), the values of 
P which correspond to points on C are the same as the values of P 
which correspond to points on C’, the projection of C on the plane 
XOY. Hence 


— | Pdx=— | Fdz. (1) 
(©) ©) 
But by § 144 — | Pdz =f f{ & — daxdy, (2) 
(c’) (7 OY 
where 5S’ is the projection of S on the plane XOY. 
or aR OP, oP oe 


_ oy * oy Oz ey’ 
where the right hand of this equation is computed for points on S. 
Hence from (1) and (2) we have 


OL) OF 02 
(C) Lae ez he oo “ 
But (§ 112) a pee —l=cosa@:cos8:cosy, and (§ 92) dxdy = 


cosy as. neainiee in (3), we have 


— | Pdx= =f Ge ony — Fe cos) as 
(C) (S) 
Similarly, ag 
— | Qdy =f ie COs &@ — — COs 7) ds, 
(Cc) (S) Ox 


— ras= ff (F cos BF cos«)as 
(C) (S) oy 


Strictly speaking, the differential dS is not the same in these 
three results, since the same element will not project into dzdy, 
dydz, and dzdx on the three coérdinate planes. But since in a 
double integral the element of area may be taken at pleasure with- 
out changing the value of the integral (§ 129), we may take dS as 
equal in the three integrals. Adding the equations, we have the 
required result. 
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In the above proof we have tacitly assumed that only one point 
of the surface S is over each point of the coordinate planes, and 
that a, 8, y are acute angles. The student may show that these 
restrictions are unessential. 

151. From the preceding discussion we derive the following 
theorem : 


If P, Q, and R are three functions of x, y, and 2, such that 


aP aq 0Q_ OR aR aP 
dy ow  b2 oy Ou oe 


E 


and the discussion is restricted to a portion of space in which the 
functions and their derivatives are continuous and one-valued, then 


1. The line integral | (Pdu+Qdy+Rdz) around any closed curve 
as zero. 


2. The line integral ir (Pdx+ Qdy + Rdz) between any two points 
is independent of the path. 


3. There exists a function p(a, y, 2), such that 


eR a a 


oy Gz 


and Pdz + Qdy + Rdz rs an exact differential dd. 
Conversely, if any one of the above conclusions is fulfilled, then 
aP 20 . @Q aR aR oP 


d 


Cy bar dz Oy 0x «OR 


The proof is as in § 145, and is left to the student. 


PROBLEMS 


1. Find, by the method of Ex. 4, § 148, the area of the four-cusped hypo- 
cycloid = acos?¢, y= asin®¢. 


2. Find, by the method of Ex. 4, § 148, the area between one arch of a hypo- 
cycloid and the fixed circle. 


3. Find, by the method of Ex. 4, § 143, the area between one arch of an 
epicycloid and the fixed circle. 


4. Show that the formula for the area in Ex. 4, § 148, includes, asa special 
case, the formula for area in polar codrdinates. 


PROBLEMS Oi 


1, 2) 
5. Show that the integral ib [2a (a + 2y) dx + (242 — y?) dy] is independ- 

(0, 0) 

ent of the path, and find its value. 


; (8, 4) 7 
6. Show that the integral ip (xdx + ydy) is independent of the path, and 
find its value. em 

7. Find the force function for a force in a plane directed toward the origin, 
and inversely proportional to the square of the distance from the origin. 

8. Find the force function for a force ina plane directed toward the origin 
and inversely proportional to the distance from the origin. 


9. Prove that any force directed toward a center and equal to a function of 
the distance from the center is conservative. 


(1,1) 
10. Find the value of if L(y — #) dy + ydz] along the following curves: 
(0, 0) 


(1) the straight line x =t, y=t; 

(2) the parabola @ = t?, y=t; 

(3) the parabola 7 =t, y = ¢?; 

(4) the cubical parabola « =t, y = #3. 


(1, 1) 
11. Find the value of f [(a — y2) dx + 2 xydy] along the following paths: 
(0, 0) 


(1) a straight line between the limits; 
(2) the axis of x and x=1; 
(8) the axis of y and y = 1. 


C1, 2) 4 
12. Find the value of i [y2da + (ay + x) dy] along the following paths: 
(0, 0) 


(1) y= 2a; 
(2) y = 202. 


(-1,—8) : 
13. Find the value of df [(1+ y?) dw + (1+ a) dy] along the following 
(0, 2) 


paths: 
(1) y= 52+ 2; 
(2) y=— 5a? 4 2; 
2—% 
3 a 
OURS are 
Show that the following differential equations are exact, and integrate them : 
14. (24—y+1)de+ (2y —x —1)dy=0. 
2 
15. 1+ eee 
x 2 
16. (x + y)*da + (x? + 2ay + 8y*)dy =0. 
17. ede y Jay =o. 
Var + y? Var + y? 
2a — 2 
18, 22@ Van 292 
LP bo a? + y? 


2 
a dx ydy = 0. 


dy == 
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Solve the following differential equations by means of integrating factors : 
8 
19. (22 + 92) de — 2 ay =0. 
By 
20. (1+ y+ ay) dx + (« + 23)dy = 0. 


21. ent de = (foe ati =0. 

22. (a3 — y3) dx + xy*dy = 0. 

23. (xy? — y) dx + (ay + x) dy = 0. 

24. (523 — 8xy + 2y2) da + (2ay — x2)dy=0. 
25. dy — (y tana — cosz) dz = 0. 

26. sin(x + y) (dx + dy) — y cos(x + y)dy = 0. 
27. (y + 2xy? + x2y3) da + (2a*y + x) dy =0. 


ag, 1 _¥ 


5 = x, 
Gah elo gy 


CHAPTER XV 
INFINITE SERIES 


152. Convergence. The expression 
A,+A,+ Ag+ a+ ast---, ‘ (1) 
where the number of the terms is unlimited, is called an infinite 
serves. 


An infinite series is said to converge, or to be convergent, when the 
sum of the first n terms approaches a limit as n increases without limit. 


Thus, referring to (1), we may place 
Ge ihe. 
$,= 4,4 a, 


$= a,+ H+ a; 


8,=@,+0,+4,+---+4,. 

Then, if Lim s, =A, 
the series is said to converge to the limit A. The quantity A is 
frequently called the sum of the series, although, strictly speaking, 
it is the limit of the sum of the first n terms. The convergence of 
(1) may be seen graphically by plotting s,, s,, 8,,--+, s, on the 
number scale as in I, § 53. 

A series which is not convergent is called divergent. This may 
happen in two ways: either the sum of the first » terms increases 
without limit as 7 increases without limit; or s, may fail to approach 
a limit, but without becoming indefinitely great. 


Ex. 1. Consider the geometric series 
a+ar+ar?+ar+..-. 


1-r 


Here 8, =~a+ar+ar?+.--+arr-l=a Now if r is numerically 


less than 1, r” approaches zero as a limit as n increases without limit; and 
279 
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therefore Lim s, = — If, however, r is numerically greater than 1, 1 in- 
n=O 


creases without limit as n increases without limit; and therefore s, increases 
without limit. If r =1, the series is 


a+at+a+at-:-, 
and therefore s, increases without limit with n. If n =—1, the series is 
A-aAt+a-atersy, 
and s, is alternately a and 0, and hence does not approach a limit. 


when r is numerically 


Therefore, the geometric series converges to the limit 


less than unity, and diverges when r is numerically equal to or greater than unity. 


Ex. 2. Consider the hanaonie series 

1 il 

3 i 

consisting of the sum of the reciprocals of the positive integers. Now 
b+E>g+EH F+EtE+EDE +E Tat ERE 

and in this way the sum of the first n terms of the series may be seen to be 


greater than any multiple of } for a sufficiently large n. Hence the harmonic 
series diverges. 


eae eee ee eee rica : 
2 A KG 8 eae 


153. Comparison test for convergence. If each term of a given 
series of positive numbers is less than, or equal to, the correspond- 
ing term of a known convergent series, the given sertes converges. 

If each term of a given series is greater than, or equal to, the 
corresponding term of a known divergent series of positive numbers, 
the gwen series diverges. 


Let a,ta,+a,+a,+--- (1) 
be a given series in which each term is a positive number, and let 
Di OO Oe (2) 


be a known convergent series such that a, = 6,. 

Then if s, is the sum of the first n terms of (1), s) the sum of 
the first n terms of (2), and B the limit of s!, it follows that 

Craig eae: 

since all terms of (1), and therefore of (2), are positive. Now as 
increases, s, increases but always remains less than B. Hence s, 
approaches a limit, which is either less than, or equal to, B. 

The first part of the theorem is now proved; the second part is 
too obvious to need formal proof. 
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In applying this test it is not necessary to begin with the first 
term of either series, but with any convenient term. The terms 
before those with which comparison begins, form a polynomial the 
value of which is of course finite, and the remaining terms form 
the infinite series the convergence of which is to be determined. 


Ex. 1. Consider 
1 1 1 1 


spt eral = nee age Cae, ae a me 
aeaa 8.0 aa Greet 


Each term after the third is less than the corresponding term of the convergent 
geometric series 


1 UE tie Eg ag gl 1 
SUS EE eer fens ay Ve ear ea Da 
Therefore the first series converges. 
Ex. 2. Consider 
: ae : haa he : Sigh hieiets at ag 
EA Vi V5 Vn 


Each term after the first is greater than the corresponding term of the divergent 


harmonic series 
Ue we Rn lea a 1 

i slp ali, SS aga aN, ei A bat ates, ata ee 

open! JR ane 


Therefore the first series diverges. 


154. The ratio test for convergence. Jf in a series of positive 
numbers the ratio of the (n+1)st term to the nth term approaches 
a limit L as n increases without limit: then, if L <1, the series 
converges; if L>1, the series diverges; if L=1, the series may 
either diverge or converge. 

Let Opa Ge Geet, A, yr: (1) ‘ 


a, 
be a series of positive numbers, and let Lim =. We have 
three cases to consider. ae; 
1. L<1. Take any number such that L<r<1. Then, since 


the ratio a approaches Z as a limit, this ratio must become and 

remain ne than 7 for sufficiently large values of x. Let the ratio 

be less than 7 for the mth and all subsequent terms. Then 

— af, 

On y2< a 
+3 <a 


Un +i 


2 
Prat ilh < Bn? 9 


3 
m+ a? < Bnl 9 


~~ 
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Now compare the series 


Fone we a aa a ag eee Pa (2) 
with the series 
Ay Ugg + Ug? + Ay? + +0 (3) 


Each term of (2) except the first is less than the corresponding 
term of (3), and (3) is a convergent series since it is a geometric 
series with its ratio less than unity. Hence (2) converges by the 
comparison test, and therefore (1) converges. 


a 
° +1 . . . 
2. L>1. Since —— approaches Z as a limit as m increases 
a Pp 
n 


without limit, this ratio eventually becomes and remains greater 
than unity. Suppose this happens for the mth and all subsequent 


terms. Then A aM 


m+1 m?> 


a = i 


m+2 m+1 


= ih 


= Onna 
Epo 


Onis m+2 


Each term of the series (2) is greater than the corresponding 
term of the divergent series 


Oy Si wa Pl LI AT (4) 
Hence (2) and therefore (1) diverges. 


3. L=1. Neither of the preceding arguments is valid, and ex- 
amples show that in this case the series may either converge or 
diverge. 


Ex. 1. Consider 
3 
32 


2 4 5 n 
i a ei ET cp er A A, ale = She ae 
tik tas tat ay Gees 


The nth term is "— and the (n + 1)st term is 2 


gn-1 Bn 


1 
- The ratio of the (n + 1)st 


term to the nth term is ae 


, and 
eige 
Lim ney eee 
n=o 38n n=o 3 3 


Therefore the given series converges. 
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Ex. 2. Consider TCS pt 
The nth term is - and the (r+ 1)st term is @ a The ratio of the 
(n + 1)st term to on term is — = (* “ : 4 and 
un(*Yeum(stfee asa 


Therefore the given series diverges. 


155. Absolute convergence. The absolute value of a real num- 
ber is its arithmetical value independent of its algebraic sign. 
Thus the absolute value of both + 2 and —2 is 2. The absolute 
value of a quantity @ is often indicated by |a|. It is evident that 
the absolute value of the sum of » quantities is less than, or equal 
to, the sum of the absolute values of the quantities. 


A series converges when the absolute values of its terms form a 
convergent serves, and is said to converge absolutely. 


Let a,ta,ta,ta,+--- (1) 
be a given series, and 

|a,|+[@,|+|@,,+]a,|+--- (2) 

the series formed by replacing each term of (1) by its’ absolute 

value. We assume that (2) converges, and wish to show the con- 


vergence of (1). 
Form the auxiliary series 


(+ ||) + (4+ |@5]) + (@s+|4s|) + (4,+[4|) + oa tae (3) 
The terms of (3) are either zero or twice the corresponding terms 
of (2). For a,=—|a,|when a, is negative, and a, =|a,| when a, is 
positive. 
Now, by hypothesis, (2) converges, and hence the series 
2|a,|+ 2[a,|+ 2|a,|+ 2[a,)+--- (4) 


converges. But each term of (3) is either equal to or less than the 
corresponding term of (4), and hence (3) converges by the com- 
parison test. 


8 
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Now let s, be the sum of the first 7 terms of (1), s) the sum of 
the first n terms of (2), and s!’ the sum of the first 2 terms of (3). 
Then eit, 
and, since s!’ and s! approach limits, s, also approaches a limit. 
Hence the series (1) converges. 

We shall consider in this chapter only absolute convergence. 
Hence the tests of §§ 153, 154 may be applied, since in testing for 
absolute convergence all terms are considered positive. 


156. The power series. A power series is defined by 
A+ a,0 + a0? + aa? +--+ + 4,0" +--+, 


where @,, @,, @,, 43, +++ are numbers not involving z. 
We shall prove the following theorem: Jf a power series con- 
verges for = x,, it converges absolutely for any value of « such 


that |a| < |a,|. 
For convenience, let |x| = X,|a,|= 4,, |v,|= X, By hypothesis 
the series 2 
Ay + A,X, TUX + Oty +++ + A, Ly +s (1) 


converges, and we wish to show that 
A, +A, X+A,X?+ A,X? + +--+ A X-.- (2) 


converges if X <_X,. 

Since (1) converges, all its terms are finite. Consequently there 
must be numbers which are greater than the absolute value of 
any term of (1). Let M be one such number. Then we have 
A,X? < M for all values of n. 

Th au -\n 

eee ee Series) 
te Xe 


1 


Each term of the series (2) is therefore less than the corre- 
sponding term of the series 


X N\A aXe EXGNG 
waa (Z)+m(2)4a(2)+.-44(2Je. 6 
xX, x, Xx, 1 ( ) 


But (3) is a geometric series, which converges when X < 2G 
Hence, by the comparison test, (2) converges when X < x 3 
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From the preceding discussion it follows that a power series 
may behave as to convergence in one of three ways only: 


1. It may converge for all finite values of « (Ex. 1). 

2. It may converge for no value of x except x = 0 (Ex. 2). 

3. It may converge for values of x lying between two finite 
numbers —# and +, and diverge for all other values of « 
(Ex. 3). 


In any case the values of w for which the series converges are 
together called the region of convergence. If represented on a 
number scale, the region of convergence in the three cases just 
enumerated is (1) the entire number scale, (2) the zero point only, 
(3) a portion of the scale having the zero point as its middle point. 


Hof 
Ex. 1. Consider tos ewe ie ane ees 


VEE [n= 


—1 nm : 
, the (n+1)st term is *", and their ratio is “. 
=i |n n 


The nth term is 


a. : ‘ 
Lim — = 0 for any finite value of x Hence the series converges for any value 
n=o0 nN 


of x and its region of convergence covers the entire number scale. 
Ex. 2. Consider 
14% +4 (202+ |8a34+---+|n—lar-l+..., 
The nth term is|n —1a”—1, the (n+ 1)st term is|na”, and their ratio is na. 


This ratio increases without limit for all values of « exceptx=0. Therefore 
the series converges for no value of # except x = 0. 


Ex. 8. Consider 
Oe Sipe a Bitlet Get eine 


The nth term is na—1, the (n+ 1)st term is (n+ 1)a”, and their ratio is 


(ies z. Lim Faas C= lim (1 AL 1 =a. Hence the series converges when 
n n 


n n=o n=o 
|z|<1and diverges when |x|>1. The region of convergence lies on the num- 


ber scale between — 1 and +1. 


A power series defines a function of # for values of x within the 
region of convergence, and we may write 


J (@) = A, + 0,0 + 07 + Aart.» + A,0"+---, (4) 


it being understood that the value of f(x) is the limit of the 
sum of the series on the right of the equation. We shall denote 


\ 
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by s,(x) the polynomial obtained by taking the first terms of 
the series in (4). Thus 

8,(&) = Gy 

8,(L) = Ay) + 4,2, 

8,(2) = a, + a,% + 4,2", 


8,(L) = y+ a,0++--+ mea ae 

Graphically, if we plot the curves y =s,(z), y =5,(«), y = 8,(@), 
etc., we shall have a succession of curves which approximate to 
the curve of the function y=/(a). These curves we shall call 
the approximation curves, calling y = s,(~) the first approximation 
curve, y = s,(~) the second approximation curve, and so on. The 
1 graph of y = f(x) we shall call the 
limit curve. 


Ex. 4. Let 
f(e)=1+e+4+a2+4+ 48 4---+ar+.--, 
The limit curve is the portion of the 
hyperbola (fig. 105) 

aaeiene 

between #=—1landx=1. The first ap- 
proximation curve is the straight line 
y =1, the second approximation curve 
is the straight line y=1+ a, the third 
approximation curve is the parabola y = 1 
+2-+ 7, etc. In fig. 105 the limit curve 
is drawn heavy and the first four approxi- 
mation curves are marked (1), (2), (8), (4). 
It is to be noticed that the curves, ex- 
cept (1), cannot be distinguished from 


! 
\ 
! 
\ 
{ 
1 
' 
| 
{ 
\ 
l 
' 
I 
I 
\ 
\ 
1 
I 
! 
| 
\ 
! 
| 
\ 
1 
{ 
! 
| 
| 
| 
! 
1 
X each other for values of x near zero. 


w=-1 O w=1 
B76 (108 The power series has the im- 

portant property, not possessed by all kinds of series, of behaving 
very similarly to a polynomial. In particular: 

1. The function defined by a power series is continuous. 

2. The sum, the difference, the product, and the quotient of two 
functions defined by power series are found by taking the sum, the 
difference, the product, and the quotient of the series. 
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met j J(@) =, + 4,04 4,07 + +--+ a,0"4+--., 
then 


[reac fa dot f aed fa, v'dx+.. + fa, ardat.-. 


provided @ and @ lie in the region of convergence. 

4. Tf f(#)=a,+a,0+a,07 + a,0°+.--+a,0"+.--, 
then Si (a) =4,4+24,0+ 34,27+.--4+naa-14+..., 
and the series for the derivative has the same region of convergence 
as that for the function. 

For proofs of these theorems the student is referred to advanced 
treatises.* 


157. Maclaurin’s and Taylor’s series. When a function is 
expressed as a power series, it is possible to express the coeffi- 
cients of the series in terms of the function and its deriva- 
tives. For let 


J (#) = a) + 0,0 + Aya? + Capa eh aes, 
By differentiating we have 
S' (a) = 4,4 20,0+ 30,07+ 4a°+--.4+ naa > +---, 
f(a) =20,4+3-2a0+4-34a07°+---+n(n—1)a,e? +. 
pas re Da,+4.3-200--.-.+n(n—1)(n—2)a,2° = +--., 


P= [oa—1)@— 2). B-Day tone 
Placing z = 0 in each of these equations, we find 
1 1 2 
a,=f(0), a,=f'(9), ee fat) a,= gf ()» wii, & =lat (0). 


Consequently we have 


' 0) wy ee) 
Ho=f OAM Oat res eb tebe 


This is Maclaurin’s series (§ 31, (6)). 


* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX. 


‘\ 
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Again, if in the right-hand side of 
S(t) = A+ 4,8 + O07 + a0? + +--+ 4,2"+ +++, 
we place «= a + a’, and arrange according to powers of z', we have 
ST (a) = by + da! + b,c? + bya ee + O,B +o, 
or, by replacing «' by its value # — a, 
ST (#) =), +0,(x— a) + 6,(x— a)? + b,(e@—a)?+---+0,(@—a)"+-- 


By differentiating this equation successively, and placing z= a 
in the results, we readily find 


b= Ln =O) bem fy PO B= GSMA + P= SMA) 
Hence 

i ; Ml a) ; 
ie)= aaa a ae =a OO wa ate 


(2) (a, 
+ ay (2) 


This is Taylor’s series (§ 31, (4)). 

We have here shown that if a function can be expressed asa 
power series, the series may be put in the form (1) or (2). In § 31 
we showed that any function which is continuous and has con- 
tinuous derivatives can be so expressed. Usually when a known 
function is expressed by either (1) or (2), the region in which the 
expression is valid as a representation of the function is coincident 
with the region of convergence of the series. Examples can be 
given in which this is not true, but the student is not likely to 
meet them in practice. 


158. Taylor’s series for functions of several variables. Con- 
sider f(x, y) a function of two variables z and y. If we place 


where a, 6, 1, and m are constants and ¢ is a variable, we have 


S(@ YW=f(atlt, b+ mt) = F(t). 
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Now, by expansion into Maclaurin’s series, 


Ph 4 F"(0) : LE 
re a) siege! ayp3 F fees, (1) 


and, by §§$ 111 and 118, 


af 
Fit i++ 
(= ta m, 


GV ex aa + 2—+—Im ess m? 


Fag ee areas th Pm Ro ere 5 lm ne OF a? 
cy 


When ¢=0, we have =a andy=b. Hence F(0)=f(a, 6), and, 
if we denote by a subscript zero the values of the derivatives of 
F(@, ¥) when «=a, y= 6, 


ro-(Ey(S 
riom( teen 


Ci of - of of 
ry =(22)e4 3 Prode3| | p 
(Oe . ar = el eae an a ee “ym 


By substitution in (1), noting that /é=«2—a and mt=y—), 
we have 


fe, N=S(a, n+(E ae Nee a+(é )\ y—) 


ae oles (x —a)?+ 2a) a)(y—b) + (Ie —0}| 

Lifer ; Giteay ele a 
alee 3) — ay a( ae) *y—5) 

oF a — ayy — + (S y— 0) ete wen(2 

a 3( i )y — 8) (alu 8} 4 (2) 


290 INFINITE SERIES 


Another form of this series may be obtained by placing z—a=h 
and y—b=k. Then 


fath, b+H=f(a, iy+(Z)n+(Z)e 


Pmecomclg 
sAlCyresGebereslse one 


In a similar manner, we may show that 


rovnnenernesenos Elie 
=e yr 


of ef | 
kl + 2 1 lo 4 
ac 2(F) a (ea + ©) 


The terms of the mth degree in this expansion may be indicated 
symbolically as 1 


0 é ONe 
—(h—+k—+l1—)f, 
ia oe a al 


159. Fourier’s series. A series of the form 


ah 
y + C08 R + A, 008 2H T--- + a, Cosme + --- 


+ 6,sinzx+6,sn2¢+...+0,sinna+---, (1) 


where the coefficients a,, a,,---,0,,b,,--- do not involve # and are 
determined by the formulas derived in § 160, is called a Mouwrier’s 
series. Every term of (1) has the period* 27, and hence (1) has 
that period. Accordingly any function defined for all values of 
x by a Fourier’s series must have the period 27. But even if 
a function does not have the period 27, it is possible to find a 
Fourier’s series which will represent the function for all values 
of x between — 7 and 7, provided that in the interval —7 to 7 


* f(x) is called a periodic function, with period k, if f(% + k) =f (x). 
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the function is single-valued, finite, and continuous except for 
finite discontinuities,* and provided there is not an infinite number 
of maxima or minima in the neighborhood of any point. 

160. We will now try to determine the formulas for the coeffi- 
cients of a Fourier’s series, which, for all values of « between — 
and 7, shall represent a given function, f(x), which satisfies the 
above conditions. 


Let f (x) = 


+ @,cos@+a,cos2%+---+ a4, cosnz+--- 
+6, snz+6,sin2x%+---+6, sinna+---, (1) 


To determine @,, multiply (1) by dz and integrate from — 7 to 
m, term by term. The result is 


f : J (@) da = 4,7, 
whence a, old (F F (a) dx, (2) 
T —T7 


since all the terms on the right-hand side of the equation, except 
the one involving a,, vanish. 

To determine the coefficient of the general cosine term, as @,, 
multiply (1) by cos nx da, and integrate from — 7 to 7, term by 
term. Since for all integral values of m and n 


ee 
i sin mx cos nz dx = 0, 


7 
if cos mx cos nx dx = 0 (m # n) 
_« 7 
and i cos’na du =r, 


all the terms on the right-hand side of the equation, except the 
one involving a@,, vanish and the result is 


[fo cos nx dx = 4,1, 
whence i= if ‘ F(x) cos nx dx. (3) 


* Tf x, is any value of x, such that f(x,—e) and f(a, +) have different limits as ¢ 
approaches the limit zero, then f(x) is said to have a finite discontinuity for the value 
x=. Graphically, the curve y =/ (x) approaches two distinct points on the ordi- 
nate += 2, one point being approached as x increases toward 2,, and the other being 
approached as x decreases toward 2,. 
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It is to be noted that (3) reduces to (2) when n = 0. 
In like manner, to determine b,, multiply (1) by sin nz dx, and 
integrate from — 7m to 7, term by term. The result is 


ee i " f (a) sin nae da. (4) 


For a proof of the validity of the above method of deriving the 
formulas (2), (3), and (4), the reader is referred to advanced treatises. * 


Ex. 1. Expand gz in a Fourier’s series, the development to hold for all values 
of « between — 7 and 7. 


17 
By 2), dy =—[  adz = 0, 
i 
1 7 
by (8), iy TICOSNL AL — 0; 
Ue ne 2 
and by (4), b= || x sin nz dx = — —cosnm. 
TJ n 
Ne 


Fic. 106 


Hence only the sine terms appear in the series for x, the values of the 
coefficients being determined by giving n in the expression for b, the values 
1, 2, 8,--- in succession. Therefore 6; = 2, be =— 2, bg = 3,---, and 


(Cs CeSlO Zi. esa ) 
Apsiest oe — maperee Ve 
1 2 3 

The graph of the function @ is the infinite straight line passing through the 
origin and bisecting the angles of the first and the third quadrants. 

The limit curve of the series coincides with this line for all values of x be- 
tween — 7 and 7, but not for ¢ =— 7 and x = 7; for every term of the series 
vanishes when « =— 7 or £ = 7, and therefore the graph of the series has the 
points (+ 7, 0) as isolated points (fig. 106). 

By taking a; as any value of x between — w and z, and giving k the values 
1, 2, 8, --- in succession, we can represent all values of 2 by #;--2km. But the 


* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX. 
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series has the period 27, and accordingly has the same value for 2; + 2k7 as 
for z;. Hence the limit curve is a series of repetitions of the part between 
“e=—7 and £=7, and the isolated points (+ 2k7, 0). 

It should be noted that the function defined by the series has finite discon- 
tinuities, while the function from which the series is derived is continuous. 


It is not necessary that f(~) should be defined by the same law 
throughout the interval from — 7 to 7. In this case the integrals 
defining the coefficients break up into two or more integrals, as 
shown in the following examples: 


Ex. 2. Find the Fourier’s series for f(x) for all values of x between — 7 
and 7, where f(x) =x+7 if —-r<a<0, and f(z) =ar7—2if0<4<7. 


i 0 up 
Here a= =| fi (et mde t [Gr —ayde| =m; 
1 0 y) 
m= =| fle +m) cosne de + fr ~ 2) cos ne de | 


lee (1 — cos nm) ; 


~ ne? 
iy ee F 7 : 
bn = =| fe + m)sinne de + [a —asinnede| 
=i): ve 


Fic. 107 
Therefore the required series is 
4 38a”  cosba 
‘ mw , 4 (cos% | cos i ++): 
2 Ne 1 3 62 


The graph of f(x) for values of x between — 7 and 7m is the broken line ABC 


4h il ie a 
(fig. 107). When « = 0, the series reduces to as + ( +—-+ 7 +.. ‘ ety 


2 T 
2% 
a ale iL a a a OI — 7. When «=+7, the series reduces to 0. Hence the 
12a oae Oe 8 } ‘ 
limit curve of the series coincides with the broken line ABC at all points. 
From the periodicity of the series it is seen, as in Ex. 1, that the limit curve 


is the broken line of fig. 107. 


* Byerly, Fourier’s Series, p. 40. 


294 INFINITE SERIES 


Ex. 8. Find the Fourier’s series for f(), for all values of x between — 7 
and z, where f(z) =0 if —7r<2<0, and f(z)=7 if0<a<7. 


i} 0 T kh : 
Here am == ( {ode + f mde) =m; 


a, == 7 cosna dz =0; 
Ts 0 
il 
re ei: sin nz dx = — (1 — cosnzm). 
TJ/0 nr 


Therefore the required series is 


T sing sin8e  sindz ) 
) Seen. 
2 < ( 1 x 3 .. 5 
The graph of the function for the values of « between — 7 and 7 is the axis 
of e from «=— 7 tox=0, and the straight line AB (fig. 108), there being a 


finite discontinuity when « = 0. 


Fig. 108 


The curves (1), (2), (8), and (4) are the approximation curves corresponding 
respectively to the equations 


T 
=-, 1 
Us (1) 
yas +2sing, (2) 
T sing  sin3a 

= 2 3 
Yee (ee er ), (3) 
LAE 


=7 +2 
aerate @ 


They may be readily constructed by the method used in I, § 149, Ex. 5, It is 


sinzx sin32_ sin =) 


to be noted that all the curves pass through the point (0. *), which is midway 


between the points A and O, which correspond to the finite discontinuity, and 
that the successive curves approach perpendicularity to the axis of w at that point. 
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161. The indeterminate form 5 Consider the fraction 


$(2) () 


and let a be a number such that /(a)=0 and d(a)=0. If we 


place z =a in (1), we obtain the expression ~ which is literally 
meaningless. 
It is customary, however, to define the value of the fraction (1) 
when w=a, as the limit approached by the fraction as ~ approaches a. 
In some cases this limit can be found by elementary methods. 


: a? — x? 
Ex, phe - 


a—-”2 
; 0 Nat 
When a = a, this becomes—. When # 4 a, we may divide both terms of the 
fraction by 4 — x, and have 


=Aa+ 2 (1) 


for all values of « except «=a. Equation (1) is true as « approaches a, 
and hence Fanaa 
» FF —& ; 
Lim -= Lim (a + 2) = 2a. 
‘oka O— & LEW 


1—-vVil—-2# 
f x 


Ex, 2 


0 
When z = 0, this becomes a When a 4 0, we have 


1—-V1l—2 1—V1—2? 14V1—2 | x 


x a 14Vi-zw 14V1i—2 
p. — 2 
Hence Lim anh Seer Anes =); 
a #0 x e201 4/1 — x2 
Gx) Bee 
sin we 


; 0 
When « = 0, this becomes. When « #0, we may expand each term by 
Maclaurin’s series, and have 


ae is xe A 
am i aa [2° |B 
wae Aa i oe 

[a [5 

Dee 

eet 
he Ed cipth 

B* 

Hence Lim eS =1, 


azo-Sin x 
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The method by expansion into series, used in Ex. 3, suggests a 
general method. Since we wish to determine the limit approached 
by J(2) as « approaches a, we will place x =a +h and expand by 


$ (2) 
Taylor’s series. We have (§ 31, (5)) 


h? h? 
hfl(a)+— f(a) +—fl"(a)+--- 
pee I) at (@) E (@) | 


a! ie 2 h? 
FE) POTD gay engin iy otis OMY 


But by hypothesis f(a) =0 and ¢(a)=0. Therefore, since h+0, 
h h? 
Fate PM@) tpg f+ > 
ON 2 [3 ' 
(2) ! h " he iy 
RUE TD a) ti3 PoC) ae 
Now as «+a, h=0, and hence, unless //(a)= 0 and ¢/(a) = 0, 
we have from (2) ! 
mF) _ Fa), (3) 
zza P(t) (4) 
If, however, //(2)=0 and ¢/(a)=0, the right-hand side of (3) 


becomes >: In this case (2) becomes 


Sa) EIN) Ao 


ee 


h 
oN) + HM) to 
whence Lim J(2) ah Ae) , 
ata (x) g!'(a) 
unless /’"(a) = 0 and ¢!(a)= 0. In the latter case we may go back 


again to (2) and repeat the reasoning. 
Accordingly we have the rule: 


() 
(x) 


S 


To find the value of a fraction which takes the form 5 when 
x= a, replace the numerator and the denominator each by its deriv- 


ative and substitute =a. If the new fraction is also u repeat 
the process. y 
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Ex. 4. To find the limit approached by = = oe when ¢ = 0. 
By the rule, tim (= 4 =| Sy 
z=0 sing cos © =o 1 


ex —2cosx+e-% 


- when ¢i= 0, 
& SIN & 


Ex. 5, To find the limit approached by 


If we apply the rule once, we have 


oe = (S| 0 
x0 x sin x sing+xcosxe |xz=0 


We therefore apply the rule again, thus: 


Lim - 
x=0 © SIN z& 


sae =| poe | me keg 
~L2cosa—asing |jz=o0 2 


162. The derivation of the rule in § 161 assumes the possibility 
of the expansion of f(z) and (x) into power series. It is, how- 
ever, sometimes necessary to consider functions for which this 
assumption is not valid. We shall accordingly give the following 
new proof of the rule. 

Consider formula (3), § 30, namely, 


Fb) —F(a) =~ a F') 


From this it follows that if #(>) =0 and F(a) =0, then F’(£) =0, 
where & is some number between @ and 6. Let us apply this to 
the arbitrarily formed function 


F(a) =2O-F (g(a) $@]-[f@)—s@), 


(0) — $(2) 
where #(b)=0 and F(a)=0, as may be seen by direct substitu- 
tion. Then fO—f(a) : 
0= FO = Fp ey P OSLO. 
whence J (6) —F (a) = S') : (1) 


(L)—$(a)  $'(E) 
Now, in (1), let f(a) = 0, $(a)= 0, and place b=a+h. We have 


Sah) _ SE), 6 
path) $6) 


> 
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Ash=0, &+a, sinceea<&<a+h. Hence 
flath 7. FO, 
nan Gath) goa GE) 
f@)_ pf. é 
a G(z) 220 $2) 
If f'(a) and ¢$'(a) are not both zero, (3) gives 
fa) _ fa). 
cea G(2) $(@) 
If, however, f’(a)=0 and ¢/(a) = 0, (8) gives 
A Fay Oh re MRR aie en es 
Jee GG) esa OY ase h') 
The rule of § 161 thus results. 


163. The indeterminate form &. If /(a)=~ and ¢(a)=~, 
F(#) 


the fraction “— takes the meaningless form &. The value of the 
a“ 


which may be written en ae, 


fraction is then defined as the limit approached by the fraction as 
x approaches a as a limit. We shall now prove that the rule for 


finding the value of a fraction which becomes ; holds also for a 


fraction which becomes 2. 
To prove this, we shall take first the case in which the fraction 


PAC?) 


becomes S when «=o. By placing b=a, a=c in (1), § 162, 


(2) 
ee I (2)—F (©) as a. ee. 
FO) #O PO) neg 
which is equivalent to oh $c) 
$2) $8 7 _fO 
I (2) 


! 
Now we assume that ‘ a approaches a limit k as z= «. Hence 


! / 
we may take ¢ so great that ae » and therefore ‘ iG » differs from 
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& by as little as we please. This fixes c; we may then take w so 


much greater than ¢ that ao and a may each differ from zero 
by as little as we please. By proper choice of ¢ and a, then, we 
have, from (1), f (2) 
gp (x) =(k+¢,)(1+ «), 
where e, and e, may be as small as we please. Hence 
F(#) fie) | 
Lim ——— =k= Lim 2 
z=x P(x) FER EE) es) 
F (2) 


To extend this result to the case in which 


becomes 2 when 


x= a, we place x= a ie - Then 


Then —) becomes 2 when y=. Therefore, from (2), 
FY) tim? . 


nn by) Py) y=0 By) 
Now F'(y) =f) =- BF), 
and DQ = $F =— 5 $0) 


F'y) _ OD and Lim —-< Hy) == Lim Ins Hence we have 
B'(y) fle) yaw Dy) aa H'(@) 

wn FM) Lim S™). 
wn h(a) ese O(a). 


From (2) and (3) follows the proposition that we wished to prove. 


Hence 


(3) 


Hix 
1 


. loge x 1 
By the rule, Lim - = Lim —— = Lim-—_ = 0. 
cam vr r= UW" — r= oo NE" 


hh 
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164. Other indeterminate forms. There are other indeterminate 
forms indicated by the symbols 


0-2, O— 0, Oy. 0°, ules, 


The form 0-« arises when, in a product f(x). (a), we have 
J (a) =0 and ¢(a)= co. The form « — o arises when, in /(x)— 
f(a), we have f(a) = 0, $(a) = o. 

These forms are handled by expressing f(x) - f(x) or f(«) — $(@), 


as the case may be, in the form of a fraction which becomes — or 
% when «=a. The rule of § 161 may then be applied. 


Wee il, GER 
‘ x8 F 
When z=, this becomes 0-0. We have, however, xe~* =—, which 
ex 
ao 
becomes 5 whenz=o. Then 


Se = 
22e7 a= wm 2e” 


nu. Abe ; 
Lin am: 
xz=o 


0s )s 
z=m er r=0 4xe”" 


In the same manner Lim 2e- = 0 
xr= oO 


for any value of n. 


Ex. 2. seca — tang. 
8 edetae 
When z = a this is co — 0. We have, however, 


1 — sinz 
ee es 
cos & 


seca — tanz= 


which becomes : when z = 2 - Then 


1— sing . — cose 
= Lim =a) 


Lim (secz — tana) = Lim —— = 0. 
es ee COS & oe — siIn@& 
2 2 


The forms 0°, «0°, 1” may arise for the function 


are 
when #=a. 
If we place a =f (x)]*®, 
we have log u = $(2) log f(z). 


If Lim $(x) log f(a”) can be obtained by the previous methods, 
the limit approached by w can be found. 
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3 1 
Ex. 8. (1— 2). 


When z = 0, this becomes 1°. Place 


then logu = log (1 — 2) 
x 
Now by $16ie) tim 82> 9a [=| ee 
: a0 x I 48d ee 


Hence log u approaches the limit — 1 and wu approaches the limit e 


PROBLEMS 
1. Prove that the series 


ji, aes 2) Seat h ee 
1 = wae 
Piet ee eer ay mas area 


1 
where there are two terms of the form x four terms of the form = eight 
6 a 


terms of the form = and 2* terms of the form 
when a>1. 


ie’ (k =1, 2, 3, ---), converges 


2. By comparison with the series in Ex. 1 or with the harmonic series 
(Ex. 2, § 152), prove that the series 


converges when a >1, and diverges when a=1. 


Test the following series for convergence or divergence : 


ar aes aestist 
5 7 ata = oes 

6. sotratset tao 
ff sotrgtsat-taeent 
oe ee at se 


1.2 2.31347 F(a +1) 


\ 
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ie &: m Lal eee 
Ls tear tae Choo amir TE LOM agg) eae 
1 1 1 1 
Lo. 8 hoes A wae n(n + 1)(n + 2) 
ee Leen 1 28 «38 n3 
rey Ne a i, As once Ney, Tl) 45 SS ee po ts 
ULE ane ale Sih) nas ag Bt a 


Find the region of convergence of each of the following series: 


3 4 
14 et coce gs ae 
ame Poids e) oe 


15. 14 227 4 32x? +.---+n2ar-14..., 


ieee 13 a2 1-3.5 ++(2m — 8) Ties 1 
=i => —_— —— —_ wee 
GY, fata ip Oras ood 5 SoAy Be am) eel 
ae . 
ia log(i + 2)se— 4+.) + (- IPH yee, 
5 x3 5 gan—d 
18. sine =x2——+ ee ea xe 
|3 2n—1 
nm —1 


hearers 
. [rn —1 


4 nie 1-8.5...(2n —8) 


0. =] at an-l 
: A ae +5 Cur re ae aa one) 8 
I ESS oa 
21. log vi 0) a na De Se I Fr 
og (a + + @2) = L 5 belong 5 
een Scene | ae 2n-—1 
a 1yetit 3 Olek 3) & 
ee re 2n—1 
2. n— 
22. pe Oe eae oe ae Deion 
a—br a 4@q ae 


Expand each of the following functions into a Maclaurin’s series, obtaining 
four terms: 


23. seca. 25. log(1+ sina). 27, esin-tx 
24. evseca. 26. esine, 28. log cosa. 


Expand each of the following functions into a Fourier’s series for yalues of 
x between — 7 and 7: 


29. 22. 30. ea. 

31. f(x), where f(e) =— wif -r<a2<0, and f(t)=7if0<a<r7. 
32. f(x), where f(x) =— aif —r<a4<0, and f(z) =0if0<a<7m. 
33. f(x), where f(z) =— wif —r<2<0, andf(z)=aif0<a<r7. 
34. f(x), where f(x) = 0 if —1r<2<0, and f(x) = #2 if 0<a<7. 
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Find the limit approached by each of the following functions, as the variable 
approaches the given value : 


35, - 
36, - 
37, - 
38. 
39, 
40. - 
41, 
42, | 
43. 


44, 


45. 
46, 
47. 


48. 


CORD — COB GA 
——» £= th, 
DL ii 


et — e~ a 


- —i = 0, 
sin 2% 


Au — g- a2 — 2y 


Nt — a UF 


L — sin 2a 
ap — be 
-) C= 0, 
ho 
(~ — a) 
er a e# 
log cos 2a 
(7 — 2) 
x — sin-ly 
sin’ a 
tana — v 
o—sing 
sec & T 
» & . 
sec 5b @ 2 
1 — logs 


1 
ow 


7 
log(a — 9 
ence peer commas | 


tan # 


, ©=0, 


ft —- 


log a 
r ’ 
8 


log a 
a 7 
CBC & 


49, 


50. 


51. 
52. 


53. 


54, 


55. 


56. 


57. 
58. 


59. 


60. 
61. 


62. 
63. 


64. 


65. 
66, 


Moat + Aye" 1+ +My 
box” + bya” a ta sete bie 

x 
(7 —@)tan-, = 7. 

2 


T 
BECO COS It, tf = Go 
Ce LOR ey Dieatco} 
1 1 


L—7 sine 


a, % = 0, 


tan v)sine, 4 = 0, 
( Noe 


]\ tana 
(;) 5 oid), 


1 
“ry, C= OM, 
b 
(1+ ax)*, x= 
1 


ge, 1, 


(cos ect", a = 0, 

L 

(@ + cos x)”, 
b 


(1+ ax)*, a 


a= 0. 


== (0), 
Tv 
(sin v)tene, o = ihe 


CHAPTER XVI 
COMPLEX NUMBERS 


165. Graphical representation. A complex number is a number 
of the form #+7%y, where « and y are real numbers and 7 is defined 
by the equation 7? =—1 (I, § 12). In this chapter we shall denote 
a complex number by the letter z, thus 


2=u+ vy. 


The number z is the real part and the number ty is the imagi- 
nary part of z. When y = 0, z becomes a real number; and when 
x = 0, 2 becomes a pure imaginary number. When both z= 0 and 
y=0, then z=0; and z=0 when, and only when, x=0 and y=0. 

ve To obtain a graphical representation of 
a complex number, construct two axes of 
coordinates OX and OY (fig. 109), take any 
point P, and draw OP. Then the complex 
number #+%y is said to be represented 
either by the point P or by the vector * OP. 
For if a complex number, 2=a#-+ vty, is 
known, # and y are known, and there corresponds one and only 
one point P and one and only one vector OP. Conversely, to a 
point P or a vector OP corresponds one and only one pair of values 
of x and y, and therefore one and only one complex number. In 
this connection the axis of # is called the axis of reals, since 
real numbers are represented by points upon it; and the axis of 
y is called the axis of imaginaries, since pure imaginary numbers 
are represented by points upon it. 

If we take O as the origin and OX as the initial line of a system 
of polar coordinates, we have v= r cos 0, y =7 sin 8, 


P(2) 


Fig. 109 


and therefore z=2+%W=r(cos0+7sin 0). 


* A vector is a straight line fixed in length and direction but not necessarily in 
position. 


804 
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The number r=Va" + y’, which is always taken positive, is 
called the modulus of the complex number and is equal to the 
length of the vector OP. The angle 6 = tan“? 2 is called the argu- 


ment, or amplitude, of the complex number, and is the angle made 
with OX by the vector OP. Any multiple of 27 may be added to 
the argument without altering the complex number, since 


r [cos (6 + 2 kr) + 4 sin(0 + 2 krr)| = r(cos 0 +4 sin 6). 


The modulus is also called the absolute Halu of the complex 
number and is denoted by |z|, thus: Yy 


|= |e+iyl|=Vaert+y=r. 


P2422) 


166. Addition and subtraction. If z,=«, 
+ dy, and z,=z,+ vy,, then, by definition, 


2, + 2,=(#,+ %,) +2(y,+ ¥,). 


In fig. 110 let & and & represent the two complex numbers, 
and let OF and OF be ins corresponding vectors. Construct the 
parallelogram OF FP. Then it is easy to see that & has the 
coordinates (#,-+#,, y¥,+y,) and therefore represents the complex 
number z,+2, The addition of complex numbers is thus seen to 
be analogous to the composition of forces or 
velocities. 

Since OR =|z,|, OR =|z 


3= (2, + 2|, 


|2, + %4|=|4,|+ [20], 


the equality sign holding only when OF and 
OF have the same direction. 

To subtract 2, from z,, we first change the 
sign of z, and add the result to 2, Graphically, 
the change of sign of z, corresponds to replacing 
Pheri iby 2 capital el to 2 with respect 
to O, or to turning the vector OF} tacoann an angle of 180°. The 
parallelogram OR RF is then completed, giving the point Jj corre- 
sponding to 2,— 2,. 


T3( 2-22) 


P,(-Z2) 
Bia, Lit 
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167. Multiplication and division. If z,=7,+7y, and z,=%,+ ty, 
then, by definition, 


Be = (2,2, iis YsYo) st v CAA J XY). 


If we use polar codrdinates, we have z,=7,(cos 6,+ 7 sin @,), 
z,= 7,(cos 0,+ 7 sin @,), and 


2%, = 1,7,[(cos , cos 8, — sin 8, sin 0,) 
+ i(sin 8, cos 8,+ cos @, sin @,)] 
= 7,r,[cos (6, + @,) + 7 sin (8, + @,)]. 


Hence, in the multiplication of two complex numbers, the mod- 
uli are multiplied together and the arguments are added. Graphic- 
ally, the vector corresponding to a product is found by rotating 
the vector of the multiplicand in the positive direction through an 
angle equal to the argument of the multiplier, and multiplying 
the length of the vector of the multiplicand by the modulus of the 
multipher. In particular, the multiplication by 7 is represented by 
rotating a vector through an angle of 90°; and the multiplication 
by —1 is represented by rotating a vector through an angle of 
180°, as noted in § 166. 


° aan : oe < 
The quotient —! is a number which multiplied by z, gives z,. 
‘ Z = 


Hence, if z,=7,(cos 6,+ 7 sin @,) and z,= 7, (cos 6,+ 7 sin 8,), 


|& 


2 


z 
~) 


= - [cos (8, — 8,) + 7 sin (A, — 8,)]. 


b 


Graphically, the vector corresponding to a quotient is found by 
rotating the vector of the dividend in the negative direction through 
an angle equal to the argument of the divisor, and dividing the 
length of the vector of the dividend by the modulus of the divisor. 

168. Involution and evolution. The value of 2", where x is a 
positive integer, is obtained by successive multiplication of z by 
itself. Therefore, if z= r(cos @+7sin 0), 


2”"= r" (cos nO + 7 sin n@), (1) 


1 
The root 2, where n is a positive integer, is a number which 
raised to the mth power gives z. Accordingly we have, at first 
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eg alle Care O 
sight, =r ( cos + isin “ But if we remember (§ 165) that 


z=r[cos(0 +2 kr)+7isin(@+2k7)], where k is zero or an inte- 
ger, we have also 


aplot 6 QWkr EL ORs 
gn = yn! COS Se +4sin oe ")I (2) 


1 
There are here n distinct values of 2, obtained by giving to & 
the n values 0, 1, 2,-++,(m—1). Since the equation z"=c has only 


nm roots (I, § 42), (2) gives all the values of z. In this result tr 
means the positive numerical root of the number 7, such as may 
be found by use of a table of logarithms. 

By a combination of (1) and (2), we have 


P D 0 2k 0 C 
es ro eos (= + 7 7 sin G = balla =) (3) 
qY Z q qd 


where (= 0, 1,2,>-%, (q —1). 
La cos 0 +7 sin 0 
Zz” 7™(cos mO + 7 sin m@) 


=r "(cos(— m@) + 7 sin (— m8) ]. 


Finally, pes 


The nth roots of wnity can be found by placing r = 1 and 6 = 0 
in (2). Then 


n 2k 2k 
V1 = cos Wi pte a 
n n 


The points which represent these roots graphically are the ver- 
tices of a regular polygon of m sides, inscribed in a circle with 
center at O and radius unity, the first vertex lying on the axis of 


reals. 
n 2hk+1 .. (2k+1 
Similarly, V—1= cos aes +7 sin eo : 


169. Exponential and trigonometric functions. The exponential 
and the trigonometric functions are defined in elementary work in 
a manner which assumes that the variable is real. For example, 
the definition of sin z requires the construction of a real triangle 
with an angle equal to x, and the definition of e* involves actual 
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involution and evolution. In order to be able to regard the inde- 
pendent variable as a complex number, we adopt the following 
definitions : 8 es 


Fp hes 
= woe it 
e bbe ay a : (1) 
3 2 gt 
ie ys. VY Ltt de At iy Sale PRC AR Te 8 2 
sin z=2 Bp at , (2) 
Pa gt 8 
Seas aegen °) 


When z is real, each of these functions is the corresponding real 
function, since these series are those found in § 31. 

When z is complex, each of the series converges. To show this, 
place z = 7 (cos 8+ 7sin @) in (1), for example. We have 
cos 26 ome 


(14 ros @4+ 7 ye Oe .) 


2 [3 


+i(rsin d+ Gain 204 F sin 30+. > 
Each term of the two series in parentheses is less in absolute 


value than a corresponding term of the known convergent series 
2 3 
; 


1+r+ E + B +--+. Therefore each of these series converges 


(§ 153) and hence (1) converges. In the same manner it may be 
shown that (2) and (3) converge. It follows that each of the 
series (1), (2), and (3) may properly be used to define a function. 
It is necessary, however, to give new proofs of the properties of 
the functions, based upon the new definitions. 

From (1) we have 

C= LD Set et = Cee: 

which are the fundamental properties of the exponential function. 

From (1), also, if we replace z by 7z, we have 


a (2) (a2) (is 
ll +2 pi si =f + 
Be be 


ate Wibaeae 
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From this, with reference to (2) and (3), we obtain the formula 
e* = cosz+7sinz, (4) 


which establishes a relation between the exponential and the- 
trigonometric functions. 


By changing the sign of z in (4) we haye 


e-* = cosz—7sinz, 


ize e7# 

whence sin z= apa (5) 
iz — iz 

COS 2 = ae . (6) 


From (4), (5), and (6) it is easily shown that the trigonometric 
formulas obtained in elementary work for real variables are true 
for complex variables also (see Exs. 1 and 2). 

We shall use these relations to separate the functions (1), (2), 
and (3) into real and imaginary parts, as follows: 


GPU ee = c cos Ya 12 Sin ¥. 


sin (@ + ty) = s (7 — o- #40) 


if if 5s 
mor [e "(cos # + 7 sin x) — e”(cos  — 2 sin 2)] 
a 

AT ap ev —e¥ 

= sin 2 + 4 COS & 
2 ey 2 
= cosh y sin # + 7 sinh y Cos &. 
Similarly, 
e+e" —e! , 
Cos (@ + ty) = cos & — 14 -sin @ 


= cosh y cos « — 7 sinh ¥ sin @. 


If «= 0, we have 
ev — =v 


sin ty = 1 = sinh 7, 


ey+te 4 


cos ty = = cosh y. 
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Ex. 1. Prove sin?z + cos?z = 1. 


From (5) and (6), 


es = iz\ 2 eiz (a tz\ 2 
sin2z + cos?z = (‘ : ) as ( v2 ) = 1; 
21 2 


Ex. 2. Prove sin(z; + 22) = sin 21 COS 2 + COS 21 SiN 2g. 


From (5), 


ei21 + tz, — e— iz —izg 


2% 


sin (Z1 + 22) = 


— As [ets elz2 — e—iz1e— 22] 
24 


1 nee oer 
= ai [(cos 21 + isin 21) (COS Z: + 7 Sin 22) 
i 
— (cos 21 — 7 Sin 21) (cos Z2 — 7 sin 2g) ] 


= sin 21 COS Z2 + COS Zq SiN Zp. 
170. The logarithmic function. If z =e”, then, by definition, 
w = logz. 


The properties of the logarithmic function, namely 


2 
- ry 1 —— 
log (2,2,) = log 2, + log z,, Logi 08 f= log z,, 
2 
log 2" = 7 log 2, log1= 0, log 0 =— 0, 


are deduced from the definition, as in the case of real variables. 
The logarithm of a complex number is itself a complex num- 
ber. For, let us place 


z2=2+ ly=1(cos 6+ 7 sin 0) = re". 
Then 


log z= logr+ loge”®=logr+i0= ; log (a + y’) + 74 tan” 


3 IS 


Here log is the logarithm of the positive number 7, and may 
be found as in I, § 154. 

We may now find the logarithm of a real negative number. For, 
if —a@ is such a number, we may write —a =a(cos7 +7 sin T) = ae" 
whence ; 
log (— a) = log a + tm. 


In particular, log (— 1) = tr. 
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It is to be noticed that, in the domain of the complex numbers, 
a logarithm is not a unique quantity. For 


w+2kin __ 


aes 
QI EM Bs; 


where / is zero or an integer. Therefore 
logz = w+ 2 kit. 


We may express this as follows: The exponential function is a 
pervodic function with the period Zim, and the logarithm has an 
infinite number of values, differing by multiples of 2 am. 


171. Functions of a complex variable in general. We have 
seen that functions of a complex variable obtained by operating 
on «+ zy with the fundamental operations of algebra, or involving 
the elementary transcendental functions, are themselves complex 
numbers of the form w-+7%v, where w and v are real functions of 
zandy. Let us now assume the expression w = wu + dv, and inquire 
what conditions it must satisfy in order that it may be a function 
of 2= w+ ly. 

In the first place, it is to be noticed that in the broadest sense 
of the word “ function” (I, § 20), w is always a function of z, since 
when z is given, # and y are determined and therefore w and v are 
determined. But this definition is too broad for our present purpose, 
and we shall restrict it by demanding that the function shall have 
a definite derivative for a definite value of z. The force of this 
restriction is seen as follows: In order to obtain an increment of 
z, we may assign at pleasure increments Aw and Ay to x and y 
respectively and obtain Az=Aw-+iAy. The direction in which 
the point @ (fig. 112), which corresponds to z+ Az in the graph- 
ical representation, lies from P, which corresponds to 2, depends 
AY oni Cor 
, which may have any value whatever. Cor- 

Hy ; 
responding to a given increment Az, w takes an increment Aw, 


where (§ 110) 


Aw = Fs ar «,)An ch is “fe «Jy +t ke ar c,)Aa a i an «Jay 
Ox oy = On oy 


then on the ratio 
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Dividing by Az = Aw + iAy and taking the limit as Av=+ 0 and 


Ay = 0, we have ou .ov. fou, .ev\ dy 
at o— + pe, + 4— ) — 
TAU On CL ma CY oy) da 
i" Az d , e 
Az=0 tee ay 
dx 


Unless special conditions are imposed upon w and v, the expres- 
4 es d 
sion on the right-hand side of the above equation involves = » and 


the value of Lim x depends upon the direction in which the 
z 


ae 


Az=0 

point @ (fig. 112) approaches the point P. Now the value of 
the right-hand side of (1), when Le: 0, is ae +i, and its value 

. dx 0x Om 

A : : 
seetioed when ise co is ee Equating these 
P(Z) Ay & v 
two values, we have 

ep ae ae (2) 

Fie. 112 0x oy oy = ou 
This, then, is the necessary condition that Lim axe should 

Az=0 

be the same for the two values ay = 0 and dy =o. It is also 


the sufficient condition that Lim che, should be the same for all 
Zz 


= Az=0 
values of &, for if (1) is simplified by aid of (2), “ disappears 
y az 


from it. 
Now (2) is equivalent to the two conditions 


au _ ov 
ax Oy 
aks (3) 
as 
oy 0x 


Hence the equations (3) are the necessary and sufficient condi- 
tions that the function w+ iv should have a derivative with respect 
toa+ ty which depends wpon the value of «+ ry only. 

A function «+ which satisfies conditions (3) is called an 
analytic function of x + ty. 
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172. Conjugate functions. Two real functions w and v, which 
satisfy conditions (3), § 171, are called conjugate functions. By 
differentiating the first equation of (3), § 171, with respect to x 
the second with respect to y, and adding the results, we have 


’ 


Os O° 
ait age 
ou” OY 


Also, by differentiating the first equation of (3), § 171, with 
respect to y, the second with respect to #, and taking the 
difference of the results, we have 


CUT Cees 


————— ()s 
dx” Oy? 


That is, each of a pair of conjugate functions is a solu- 
tion of the differential equation 


2 a2 
ie ORO) 


ex? Oy? 


Let us construct now the two families ($173) of curves u =e, 
and v=c,. If (#, y,) is a point of intersection of two of these 
curves, one from each family, the equations of the tangent lines 
at (#,, y,) are (§ 115, Ex. 1) 


du \ 0x) oY \CY/ 


Hence the two curves intersect at right angles; that is, every 
curve of one family intersects every curve of the other family 
at right angles. We express this by saying that the families 
of curves corresponding to two conjugate functions form an 
orthogonal system. 
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Examples of conjugate functions and of orthogonal systems of 
curves may be found by taking the real and the imaginary parts of 


Fie. 118 


Ex, 2. log (ax + ty) 
= logV a? + y2 + itan-1 ‘ 


Hence log Vz? + y? and 
y : 
tan-12 are conjugate func- 


tions, and the curves x? + y? 
=c, and y=coe form an 
orthogonal system (fig. 114). 
In fact, one family of curves 
consists of circles with their 
centers at the origin, and the 
other consists of straight lines 
through the origin. 


any function of a com- 
plex variable. 


Ex. 1. (@ + ty)? 
=7?—y?+ 2 ivy. 
From this it follows that 
x? — y2 and 2ay are conjugate 
functions, and that the curves 
x? — y2= c, and zy = cz form 
an orthogonal system (fig. 113). 
Tn fact, the system consists of 
two families of rectangular hy- 
perbolas, the one having the 
coérdinate axes for axes of the 
curves and the other having the 
coérdinate axes for asymptotes. 


Fig. 114 


Find the sums of the following pairs of complex numbers and the difference 
obtained by subtracting the second from the first, and express the results 


graphically : 
i BAL Og. Ae Bi, 


Rees S27 it are ea, 


. 6-104, 84 24. 
eB AI. OO 7 
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Find the products of the following pairs of complex numbers and the quotient 
of the first by the second, and express the results graphically : 
5. cos= +isin™, cos + isin™. a. 1+ivs, VB+4 oe 
6 6 4 4 8. 24 21V3, 3—8iv2. 
T ) 


9 S), Wasg, alsa 
6. cos + ésin » COs Dae an a BES, 
3 3 3 3 10. 1+%, 1-4. 


Find the following powers and express the results graphically : 


11. (2 + 81)2. 12d =7v3). 13. (1+ i). 1471 2 4s 


Find the following roots and locate them graphically : 

LoMey (eee Oe ie 1Sav 19 8 520.748, 
21. Prove, for complex numbers, cos (z1 + 22) = COS Z1 COS Z2 — sin 2; sin Za. 
22, Prove, for complex numbers, sin z; + sin Zz, = 2 sin 4 (1+ 22) cos § (21 — 22). 


23. Proye sinhiy =isiny. 24. Prove cosh iy = cosy. 


Find the values of the following logarithms : 


25; Jog(— 2). 26. log (1+ 4). 27. log(—1+%). 28. logi. 


Find the orthogonal systems of curves defined by the real and the imaginary 
parts of the following functions : 


29, x. 
z 


ae 


30. log 
Z2+a 


31. log (z2 — a?). 


Find the orthogonal systems of curves defined by the real and the imaginary 
parts of the following functions, using polar coérdinates : 


32. 23. 33. Vz. 


CHAPTER XVII 
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


173. Introduction. Consider the equation 


SY, &) = 9, (1) 
in which ¢ is an arbitrary constant. If ¢ is given a fixed value, (1) 
is the equation of a certain curve; and if ¢ is supposed to take all 
values, the totality of the curves thus represented by (1) is called 
a family of curves. 

To determine the curves of the family which pass through any 
fixed point P(#,, y,), we may substitute #, and y, for # and y in 
(1), thereby forming the equation 

S(®y Yy ©) = 9. (2) 
The number of roots of (2), regarded as an equation in ¢, is the 
number of curves of family (1) which pass through #, and their 


equations are found by substituting these values of ¢ in (1). 
The direction of any curve of family (1) is given by the equa- 


tion (§ 115, (1)) af 
we, @) 

aa | of 

ey 


which, in general, involves c. In general, however, we may elimi- 
nate ¢ from (1) and (3), the result being an equation of the form 


dy 
F(« Y, n= 0. (4) 
If we substitute the coordinates of F in (4), the values of a 
a 


which satisfy the resulting equation are the slopes of the respec- 

tive curves of (1) which pass through F. Hence (4) defines the 

same family of curves that is defined by (1), but by means of 

the directions of the curves instead of the explicit equations of 
316 
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the curves themselves. Hence (4) is called the differential equa- 
ton of the family of curves represented by (1). 

We have seen how an equation of type (1) leads to a differential 
equation of type (4). Conversely, to an equation of form (4) there 
always corresponds a family of curves which may be represented 
by an equation of form (1). For if the coérdinates of a point B 
(fig. 115) are assigned to x and y in (4), (4) determines one or more 
directions through #. Following one of these directions, we may 
move to a second point &. If the codrdinates of R are substituted 
in (4), a direction is determined in which we may move to a third 
point 2. Proceeding in this way, we trace a broken line such that 
the coordinates of every vertex and the direction of the following 
segment at that point sat- 
isfy (4). The limit of this 
broken line, as the length of 
each segment approaches 
the limit zero, is a curve 
such that the codrdinates 
of each point and the direc- 
tion of the curve at that Fic. 115 
point satisfy (4). Since in 
this construction may be any point of the plane, there is evi- 
dently a family of curves represented by (4), as we set out to 
prove. The constant ¢ in the equation of the family may be 
taken, for example, as the ordinate of the point in which a curve 
of the family cuts the axis of y or any other line z=~2,. Hence 
every differential equation of form (4) has a solution of form (1). 

The problem of proceeding from a differential equation (4) to its 
solution (1) is, however, a difficult one, which can be solved only in 
the simpler cases. Some of these cases have been discussed in this 


eet 
volume for equations in which - appears to the first power only. 


These are the following: 


Y 


I. Variables separable. ($ 
Ja. Homogeneous equation. (§ 
Tb. Equation of the form 


(au + by + ¢,) da + (a,0 + by + ¢,)dy = 9. (§ 79) 
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II. The linear equation (§ 80) 
IIa. Bernouilli’s equation. (§ 81) 
III. The exact equation. (§ 147) 
IIIa. Solution by integrating factors. (§ 149) 


While the above methods often prove serviceable, the student 
should appreciate that they may all fail with a given differential 
equation, since the above list does not contain all possible differen- 
dy 
solution will in general involve integrations of which the results 
can be expressed as elementary functions only in the simpler cases. 


tial equations which are of the first degree in Moreover, the 


174. Solution by series. The solution of a differential equation 
may usually be expressed in the form of a power series. 


d 
Ex. =e + y?. 
dz 
Assume Y = do + 1% + dou? + agx? +--+. Substituting in the given equation, 
we haye 
1 +2 dee + 8 asx? + - ++ = 2? + (do + Gy + Ape? + age? + - .-)?, 


in which the coefficients of like powers of « on the two sides of the equation 
must be equal, since the equation is true for all values of a. 
Equating coefficients, we have 
Oh = Chee 
2 dg = 2 aod, 
3 d3 =1+ a? + 2 acme, 


whence ay = ae, 
n= ae, 
—l 2 4 
ag = 1a +3.a,"), 


Hence the required solution is 


Y=A+age+ajer+1(143af)a3+.... 


175. Equations not of the first degree in the derivative. If the 
differential equation of the first order is of higher degree than the 
first i dy . ee OBE 

ew methods of solution are necessary. Denoting i, 
at 


v 


by p, we shall make three cases: 


1. Equations solvable for p. 
2. Equations solvable for y. 
3. Equations solvable for 2. 
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176. Equations solvable for ». Let the given equation be an 
equation of the nth degree in p, and let the roots of the equation, 
regarded as an algebraic equation in p, be p,, p,,--+, p,, where p,,_ 
Po +++, Py are functions of # and y, or constants. Then the equa- 
tion may be written in the form (I, § 42) 


(PPP =P) (p= 9,) = 0, (1) 


But (1) is satisfied when and only when one of the 7 factors is 
zero, and hence the solution of (1) is made to depend upon the 
solutions of the n equations 


D0 pa ih ap =.0! (2) 


Let the solution of p—p,=0 be f,(z, y, ¢,) = 0, the solution of 
p—p,=0 be f,(%, y, ¢,)=0, ete, where ¢,, ¢,, --- are arbitrary 
constants. Since each of these constants is arbitrary, however, and 
there 1s no necessity of distinguishing among them, we will denote 
them all by the same letter c. 

Now form the equation 


FB Ys) -Fa(B Ys > Fn(B Ys 6) = O. (3) 


The values of # and y which make any factor of (3) zero satisfy 
(1) by making the corresponding factor of its left-hand member 
zero. Hence (3) is a solution of (1), since the values of # and 
y which satisfy (3) are all the values of # and y necessary to 
satisfy (1); and since (3) contains an arbitrary constant, it is the 
general solution. 


2 2 
WES, Alp p= 2p8+ (2y a2 Ae 22 2 i) =. 


Solving this equation for p, we have 


y y 
j= ie eo and Des 


The solution of the first equation is evidently y—2x%+c¢=0. The second 
: ; : dy 8 By : : 
equation, when written in the form — — —y =—a, is seen to be a linear equa- 
1 & 

tion, and its solution is y + #2 — cx =0. 

The third equation may also be written in the form of a linear equation, and 
its solution is #8 — 8ay +c=0. 

Hence the solution of the original equation is 


(y — 2% + c)(y + 2% —czx) (x — Bay +c)=0. 
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d 
Ex. 2. u(y eo oe nee: 
dx 


a Vx 2 
Solving for p, we have p=—— ims as 
y y 
: a“ V/V x2 + y2 
The equation p= 7 a. oa 
is a homogeneous equation, and its solution is Va? + y2-x+c=0. 
The equation _ 2 Weer 
Sexy) y 


is also a homogeneous equation, and its solution is Vz? + y2+«—¢c=0. 
Hence the required solution is y? + 2cx —c? = 0. 


177. Equations solvable for y. Let the given equation be 


J (%, y, p)= 9. (1) 
Solving this equation for y, we have the equation 
y = F(x, p). () 
Differentiating (2) with respect to z, and replacing a by p, we 
have the equation dp 
p= $(« P, al (3) 
in which p and # are the variables. Let the solution of (8) be 
(2, p, ¢)= 0. (4) 


Eliminating p between (1) and (4), we have a function of a, y, 
and an arbitrary constant which is, in general, a solution of (1). 
But the process of solution may bring in extraneous factors or 
otherwise lead to error, and the solution should be tested by 
substitution in (1). 

If the elimination cannot be performed, equations (1) and (4) 
may be taken simultaneously as the parametric representation 
(I, § 163) of the solution, p being the variable parameter. 

Ex. 1. xp? — 2yp + ax =0: 
xp 
2 - Dp (?) 
By differentiating (1) with respect to x, we obtain 


1 dp Chi ae Oke 
— x =o 
Pp 3( e+ =) + Ae P =) 


or cE ») (1 : o) = 0. (2) 


Solving for y, we have y= 
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The first factor placed equal to zero gives p =-+ Va. If this value is substituted 
for p in the given equation, we have 2aa + 2yVa= 0, which is found on trial 
to be a solution of the equation. This solution, however, involves no arbitrary 
constant, and hence is of a different type from that already considered. It will be 
discussed in § 182. 


Placing the second factor equal to zero, and solving the resulting equation, 


we find »=czx. Substituting this value of p in (1), we have, as the general 


solution, A 
cx 


ale 
2 2¢ 


Ex, 2. Clairaut’s equation, y = px + f(p). 


As this equation already expresses y in terms of x and p, we proceed imme- 
diately to differentiate with respect to x, with the result 


As in Ex. 1, placing the first factor equal to zero cannot give us the general 
solution. Neglecting that factor, we have 2 = 0, whence p=c. Substituting 
this value for p in the original equation, we neve as the general solution, 

y=cu+f(c). 


Hence the general solution of Clairaut’s equation may be written down 
immediately by merely replacing p by c in the given equation. The ease of this 
solution makes it desirable to solve any equation for y, in the hope that the new 
equation may be Clairaut’s equation. 


Ex. 8. y= pr+avi1-+ p* 
Since the equation is in the form of Clairaut’s equation, with f(p) = aV1+ p?, 


its solution is 
y=cut+avi-+c?. 


178. Equations solvable for x. If the given equation can be 
solved for «, with the result 


v=f(y, Pp); .) 


we may form a new equation, 


in dp 
p = #(u P; a) 
dx 1 


by differentiating (1) with respect to y, and replacing oF by -- 
Let the solution of (2) be Haase 


Vy, P, ©) = 0. (3) 
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Then (1) and (3) may be taken simultaneously as the parametric 
representation of the solution of (1). Or p may be eliminated from 
(1) and (8), the result being a function of #, y, and an arbitrary 
constant, which is, in general, a solution of (1), but which should 
be tested by substitution in (1). 


Ex. «—2p—logp=0. 
Solving for x, we have %= 2p + logp. ‘() 
Differentiating with respect to y, we obtain the equation 
dy = (2p + 1)dp, (2) 
the solution of which is y=p?tpt+e. (3) 


Since the result of eliminating p from (1) and (8) is complicated, we take (1) 
and (3) as the parametric representation of the solution of (1). 


179. Envelopes. Let /(z, y, c)=0 es) 


be the equation of a family of curves formed by giving different 
values to the arbitrary parameter c. If any particular value of ¢ is 
increased by Ac, the equation of the corresponding curve is 


J (Gy 6+ Ac) = 0. (2) 


The limiting positions of the points of intersection of (1) and (2), 
as Ac = 0, will be called limit points on (1). We wish to discuss 
the locus of the limit points. 

One method is evidently to solve (1) and (2) simultaneously for 
x and y in terms of ¢ and Ac. The limiting values of x and y, as 
Ac = 0, will be the coordinates of a limit point expressed in terms 
of c. Ife is eliminated from these values of « and y, the result is 
the Cartesian equation of the locus of the limit points. 

A second method is as follows: Any point of intersection of 
(1) and (2) is a point of 


Ia, GY, ¢-— Ath fC go 6 
Ac me @) 


so that we may use (3) in place of (2). As it is only the limiting 
positions of the points of intersection of (1) and (3) that are to be 
considered, we may take the limit of (3) as Ac = 0, ie. 


of 
aa 0, (4) 
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Then (4) is a curve passing through the limit points. Eliminating 
¢ between (1) and (4), we obtain the equation of the required locus. 


Ex. Find the locus of the limit points on the straight lines represented by 
y — mez —av1+ m= 0, m being the variable parameter. 


First method. We first solve the equations 


y—me—avi+m=0, (1) 
y — (m+ Am)x — avi+ (m + Am)? ==), (2) 
Ao 
with the results «=a Vi+ m'§—V1+ Was are (3) 
Am 
Ni Amy — 
y=am pele ae?) + aVi+ m2. (4) 
Am 
Taking the limits of (8) and (4), as Am = 0, a 
we haye a 
eG A ep eS Bo 
dim V1+ m2 
a 
y= - (6) © 
4 AVA + m2 \ x 
the codrdinates of any limit point expressed in 
terms of m. 
Eliminating m, we have 
a2 + y2 = a2 (7) Fic. 116 


It is thus evident (fig. 116) that the locus is a circle tangent to each of the 
straight lines represented by the given equation. 
Second method. From (1), 
p 
Ue zee (8) 
em V1-+ m? 


Eliminating m from (1) and (8), we have 


v+y2—a=0, 


the locus of which is the circle found by the first method. 


180. In the illustrative example of the last article, the locus of 
the limit points of the family, as those curves approach coincidence, 
is a curve tangent to every curve of the family. Hence the question 
is suggested, Is the locus of limit points always tangent to every 
curve of the family ? To answer this question, we proceed as follows : 

Let («,, y,) be a limit point on one of the curves represented by 


S(#, Y ) = 9. (1) 
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Then its codrdinates satisfy (1) and 


of 
ce 9 
raat (2) 
The tangent to the curve of the family at (~,, y,) is 
@ of 
w—0)(7)+u-m(Z)=0 (3) 
of 
where the meaning of ce is as in Ex. 3, § 113. 


The equation of the locus of the limit points may be found theo- 
retically by substituting the value of ¢ in terms of # and y from (2) 
in (1). Then the equation of the tangent to the locus of the limit 
points at (x,, y,) 1s 


or (§ 113, Ex. 3) eg oes) pak m(5)= 2) 


oa [(SrEehro-n[OxZ8-« 0 


But since aia 0, (5) reduces to 


e— 0) (7) + -w(Z) =o (6) 


which is the same as (3). Hence, in general, the locus of the limit 
points is tangent to every curve of the family. 

There may be limit points, however, which lie on a locus that 
is not tangent to every curve of the family. For let each curve 
of the family have one or more singular points, i.e. points for 


4 é 
which (7)= 0, of = 0. Then such points will be a part of the 
Ox}, oy 


locus of the limit points : for, from (1), we have 
if of of 
(7) ax + ay), dy ae 7 a6 = = 0. 


But at a singular point the first terms vanish, and hence the codr- 
dinates of any singular point satisfy f(a, y, c)=0 and T 0, and 
c 


are limit points. But at a singular point the equation of the tan- 
gent becomes indeterminate, and hence the locus of the limit points 
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may or may not be tangent to each curve of the family. Accord- 
ingly, we shall separate that part of the locus of limit points which 
is tangent to each curve of the family, and give it the special name 
envelope. That is, the envelope* is that part of the locus of the limit 
points of a family of curves which is tangent to every curve of the 
family. Hence, in finding the equation of the envelope, it is neces- 
sary to find the locus of the limit points, throwing out any extra- 
neous factor brought in by the elimination, and also discarding any 
part of the locus which is not tangent to each curve of the family. 

181. The second method of finding the locus of limit points is 
exactly the method of determining the condition that f(z, y, c)=0, 
if it is an algebraic equation in ¢, shall have equal roots (I, § 64). 
Hence, if we form the discriminant of f(z, y, c) = 0, regarded as an 
equation in ¢, and place it equal to zero, the locus of the resulting 
equation will contain the envelope. If there are any additional 
loci, they are the loci of singular points, or correspond to extrane- 
ous factors brought in by the elimination. 


Ex. The equation of the example in § 179 may be written in the form 
(x? — a?) m? — 2aym + (y? — a?) = 0. 
The discriminant of this quadratic equation in m is (I, § 87) 
(— 2ay)? — 4 (a? — a?) (y? — a?) = 4a? (a? + y? — a?). 
Hence the condition for equal roots is 
a2 + y2—a2=0, 


and this is the equation of the envelope, since there are no extraneous factors. 


182. Singular solutions. Let 


S(% Y, 0) = 9 (1) 
be the general solution of a differential equation of the first order, 
(2, Y, p) = 9. (2) 


Then every curve of the family represented by (1) is such that 
the codrdinates of every point of it and the slope of the curve at 
that point satisfy (2). If the family of curves has an envelope, the 
slope of the envelope at each point is that of a curve of the family. 
It follows that the envelope is a curve, such that the coordinates 


* Some writers call the whole locus of the limit points the envelope, while other 
writers define the envelope asa curve tangent to every curve of the family. 
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of every point of it and the slope of the curve at that point sat- 
isfy (2). Hence the equation of the envelope is a solution of (2). 
It is not a particular case of the general solution, since it cannot 
be obtained from the general solution by giving the constant a 
particular value, and is called the singular solution. 

Accordingly, we may find the singular solution, if one exists, by 
finding the envelope of the family of curves represented by the 
general solution. This method requires us to find the general solu- 
tion first; but we may find the singular solution, without knowing 
the general solution, as follows: 

Let (1) and (2) (fig. 117) be two curves of the family represented 
by (1), intersecting at R(«,, y,), and having the respective slopes p, 
and p,. Then #,, ¥,, p,, and #,, y,, p, satisfy (2). As curves (1) 

and (2) approach coincidence, in general, Ff 


2 approaches a point of the envelope as a limit, 

(4) and p, and p, become equal. Hence the locus 
(2) of points for which (2), regarded as an equation 
Fre. 117 in p, has equal roots must include the envelope, 


if one exists. The equation of this locus may 
be found by placing the discriminant of the equation, regarded as 
an equation in p, equal to zero. 

As in the determination of envelopes, so here, extraneous factors 
may appear in the course of the work, and they can be eliminated 
most easily by testing them in the differential equation, to see if 
they satisfy it. 


Ex. 1. Find the singular solution, if one exists, of the differential equation 
y=pxr+avi+ p2 
First method. The general solution has been found to be (§ 177, Ex. 3) 
y=cen+avi-+ ec; 
and the envelope of this family of straight lines is (§ 179, Ex.) the circle 
x+y? —a?=0. Hence there is a singular solution, i.e. 
x2 + y2—a2=0. 
Second method. Writing the differential equation as a rational algebraic equa- 
tion in p, we have («2 — a2) p? — 2ayp + (y? — a) = 0, 
the discriminant of which is 4 a? (a2 + y? — a?). 


Since 2? + y? — a2 = 0 satisfies the differential equation, it is the singular 
solution, 


ORTHOGONAL TRAJECTORIES SUHE 


Ex. 2. In solving Clairaut’s equation (§ 177, Ex. 2), we neglected the factor 
x+f(p). The equation ¢ + /’(p) = 0, however, is the equation which would be 
derived if Clairaut’s equation were differentiated with respect to p. Hence the 
elimination of p between this and Clairaut’s equation would give us an equa- 
tion which would include the singular solution, if one exists. In Ex. 1 of § 177 
we found the solution 2aa +2yVa=0. This is now seen to be a singular 
solution of the given equation. 

183. Orthogonal trajectories. A curve which intersects each 
curve of the family represented by the equation 


I (2, y, €) = 9 (1) 
at a given angle is called a trajectory. In particular, if the given 
angle is a right angle, the curve is called an orthogonal trajectory. 
It is only this special class that we shall consider. 

To determine the equation of the family of orthogonal trajectories, 
we first find the differential equation of the family represented by 
(1) in the form (§ 173) dy 

F —)=0. 2 

( y, a (2) 
Since the trajectory and the curve of the family intersect at right 
angles, the slope of the curve of the family is minus the reciprocal 

: ; dy . 
of the slope of the trajectory. Hence, if we replace a in (2) by 


ge ae » the resulting equation 
dia 


F(a Np ae 0 (3) 


is the differential equation of the family of orthogonal trajectories. 
The solution of (3) is the equation of the orthogonal trajectories. 


Ex. Find the orthogonal trajectories of the family of hyperbolas zy = a?. 
The differential equation of this family of hyperbolas is 


dy 
a= Ah 
aa te 


Hence the differential equation of the orthogonal trajectories is 


ee 
dy ar,” 


the solution of which is v2 —y2=Cc, 

Hence the orthogonal trajectories are hyperbolas, concentric with the given 
hyperbolas and haying their common axis making an angle of 45° with the 
common axis of the given hyperbolas (fig. 118). 
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184. Differential equation of the first order in three variables. 
The integrable case. Any family of surfaces 


f(y % )=0 (1) 
satisfies a differential equation of the form 
Pdx + Qdy + Rdz = 0. (2) 
ib of of 


For, by § 114, or By og dg =O, 
and the elimination of ¢ from this equation by means of (1) 
gives (2). 

Conversely, we ask if an equation of the form (2) always has a 
solution of the form (1). To answer this question, we notice that 


(1) may be written Nee Ee 
op 


rs) 
whence — de + $ 


op 
ap ttt ay + a de = 0, (3) 


Oz 
which is an exact differential equation (§ 151). 

As (3) does not contain ¢, it must either be the equation (2) or 
differ from it by some factor. Hence equation (2) has an integral 
(1) only when it is exact or can be made exact by means of a 
factor, called an integrating factor. A special case of an exact 
differential equation is one in which the variables are separated. 
We shall accordingly consider three cases of equation (2), namely: 


Case I, equations in which the variables can be separated. 
Case II, exact equations. 
Case III, equations having integrating factors. 


Casx I. If the variables can be separated so that the equation 
may be written in the form 


S\(x) dx + f(y) dy + f,(2) dz = 0, (4) 


where any coefficient may reduce to a constant, the solution is 
evidently of the form 


[float + [ray + | fAede=o, (5) 


EQUATION IN THREE VARIABLES 399 


Ex. 1. (w+ a) yedu + (x — a) (y + b) zdy + (« — a) (2.+ c)ydz = 0. 
Dividing the equation by (« — a) yz, we have 
a+a y+ob z+ec 


dx + dy + dz=10) 
xe—a y 8 


Hence the solution is 


[haat fay + fa =i, 


x—a z 
or e+ 2alog(t—a)+y+blogy+z+clogz=k, 
or e+y+z++ log[(e — a)24ybze] = k. 


Cask II. The necessary and sufficient conditions that (2) shall 
be an exact differential equation are (§ 151) 


D2 ES COL DE ae 


oy ox 02 oy 0x 8602 (8) 
These conditions being fulfilled, equation (2) is of the form 
OH a 4 OF ay 4 Ob 
1x di =e if 
rate ag ee 0, (7) 


and the problem is to find @. 
If we omit from (2) one term, say dz, we have the equation 


Pdz + Qdy =9, (8) 


which, because of (6), is an exact differential equation (§ 147) 
obtained from (7) by considering z as constant. Therefore, if we 
integrate (8), holding z constant, we shall have all that part of ¢ 
which contains either « or y. The arbitrary constant in the solu- 
tion of (8) must be replaced by an arbitrary function of z, since 
“constant” in this connection means “independent of # and y.” 
If, then, the solution of (8) is 


$i (2 Ys 2) = Pe (2); 
where ¢, is a known and ¢, an unknown function, we have 
p = $,(#, Y, 2) — P,(2). 


Substituting in (7) we should have equation (2), and comparison 
with (2) will give an equation from which to determine ¢,(2). 


x 
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Ex. 2. (y? + 22) ada + (2? + x?) ydy + (x? + y*) zdz = 0. 
This equation is exact. 
Omitting the last term, we have the exact equation 


(y? + 2?) xd + (z2 + x?) ydy = 0, 

the solution of which is ay? + 22a? + y?z2 + F(z) =0. 

Forming an exact equation from this solution, we have 
2 (y? + 27) ada + 2 (22 + @*) ydy + [2 (y? + x) z2 + F’(z)]dz =0. 


Comparing this equation with the given equation, we have F'’(z) = 0, whence 
F(z)=c. Therefore the general solution is 


ery? ab. Z2g2 +. yz? —k. 
Cask III. If equation (2) has an integrating factor pw, then 
pPdz + pQdy + wRdz = 0 (9) 


is an exact differential equation, and therefore 
0 ty 0 0 Coen 
ath) = 5 ,(HO)> 5.(HO)= 5 (HR), 5 (uh) == (uP). (10) 
Equations (10) may be placed in the form 


(Cae le 


OY 0% 0x oy 
aQ_@R\_ pm _ poe 
dz ay) by dz 
p(2H 22) pie _ pM. 
Ch a 0z 0x 


Multiplying the first equation by R, the second equation by P, 
and the third equation by Q, and adding the three resulting 
equations, we have 


0) Ok Ook OP Clee 09) 
P(——— — —— + &( ———)=0. 11 
& aia Sit = ee 
This is then a necessary condition that must be fulfilled in order 
that (9) may be an exact differential equation or that (2) may 
have an integrating factor. It may be shown that the condition 


(11) is also sufficient; that is, if (11) is fulfilled, equation (2) has 
an integrating factor. 
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Let us now suppose that (11) is satisfied for a given equation of 
form (2). Then if it were possible to find the integrating factor 
#, we should form the equation (9), and, omitting the last term, 
should solve the exact differential equation 


pPdx + pQdy = 0, 
as in Case II. But since » is not known, we may solve the equiv- 
alent equation Pdx + Qdy = 0 


writing the solution in the form f(z, y, F(z)) = 0, where F(z) takes 
the place of the arbitrary constant. From this point on, the work 
is similar to that in Case IT. 


Ex. 3. yz*du + (yz — xz?) dy — y3dz = 0. 
This equation has an integrating factor. 
Regarding y as constant, we have the equation 


y2dz — y2dz = 0, 
2 
the solution of which is % + - + F(y) =0. 


From this solution we form the differential equation 


2 2 
da + [= u Fw) | dy — “az =0. 
z 2 
If we divide the given equation by yz?, we have 


Yom ee Ua = 
ax +|%— FE] ay —Yae=0, 


whence, by comparison, + : + F’(y) =0. 
Se Ue CY) 
But a + A + 5, 0, 
F 
so that Fy) — a = 0, 
whence F(y) = cy. 


Therefore the general solution of the given equation is 
y? 
x+ s + cy = 0, 
a 
or = + y +¢e=0. 
OG @ 
The student should notice the difference between the equations 


Max + Ndy =0 
and Pdx + Qdy + Rdz = 0. 


‘ 
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The former has always an integrating factor and a solution 
I (a, y, = 0 ($173). The latter has an integrating factor and a 
solution f(z, y, % ¢)= 0 only when condition (11) is satisfied. 

185. Two differential equations of the first order in three vari- 


ables. Let the two equations be 
Bdz + Q,dy + h,dz = 0, 


where Pf, Q,, R,, B, Y,, R, are functions of x, y, and 2, or constants. 
By I, § 8, we have 


Ds ; — Q tira fi, f, : F 0, 
da: dy:dz= Q, RAN etd ieee 6) My 
do _ dy _ dz, (2) 


where P=0. 4, — 0,7 Q=4,4,-—8,4, and hk =£0,-£20. 
Accordingly, we shall consider equations in form (2) only. 

Since dz:dy:dz gives a direction in space (§ 97), (2) assigns a 
specific direction at each point in space. Moving from point to 
point in the direction determined by (2), we trace a curve in space. 
Hence the solution of (2) consists of a family of space curves, and 
since it requires two simultaneous equations to represent such 
a curve (§ 89), it follows that the solution of (2) is a pair of 
simultaneous equations. are 

If the first of the equations (2), Le. Fa ai is independent of z, 


it is an equation in two variables, the solution of which may be 
written in the form 
Si (@ Y, 4) = 0. (3) 


Similarly, if the remaining equations of (2) are independent of « 
or of y, their solutions are respectively 


Ta (Yr 2 €) = 0, (4) 
and J (&; 2, ¢;) = 0, (5) 


Any two of the three equations (3), (4), (5) taken simultaneously 
constitute the solution of (2). 
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Ree eae 
LY z 
eed. 
From aS we have y = ¢,Z. 


ee OF : 
The equation o = “ may be written = = dy, whence 


XH = Coe¥. 
Therefore the complete solution consists of the equations 
Y= C12, x = CceeY 
taken simultaneously. : 

If only one of the equations (2) can be solved by the above 
method, we may proceed as follows: Suppose, for example, that 
we have solved the first of equations (2) with the result (3); we 
may then solve (3) for either « or y and substitute in one of the 
two remaining equations, thus forming an equation in y, z, and ¢, 
or 2, 2, and ¢,, which can be solved. This solution taken simul- 
taneously with (3) constitutes the solution of (2). 


LY Leyze” 
The solution of & = dy is y—cyx = 0. 


3 ed dz meen 
Equating the first and the third fractions, we have dx = aps Substituting 
; ‘ dz 
cya for y in this equation, we have cyxe™da = oe whence 
e1(@ — 1) e* = log cez. 
Therefore the complete solution consists of the equations 
y—cye = 0, €1(" — 1) e* — log coz = 0 


taken simultaneously. 


If both of the previous methods fail, we may proceed as follows : 
By the theory of proportion we may write 
de dy dz kdx«+kdy+k,dez 
P QQ R k&P+hQ+4h,R 
where k,, k,, k, are arbitrary functions of 2, y, and 2, or constants. 
There are three cases to consider : 


1. k,, k,, %, may be so chosen as to give between the fourth 
fraction and one of the original fractions an equation which can be 
solved (see Ex. 3). 
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2. ke, k,, k, may be so chosen as to make k,P+h,Q +h, = 0. 
Then k,dxz + k,dy + k,dz=0, and if this equation falls under one 
of the cases of § 184, its solution is one of the equations of the 
solution of the given differential equations (see Ex. 4). 

3. We may form a new equation 

k,da + kdy + kde _ kydu + kody + kde 
kP+kQ+h,R MP+KQO+hR 
so choosing the multipliers k,, k,, k,, ki, kj, kj as to make the new 
equation solvable by previous methods (see Ex. 5). 


. (Ck a) 2 
Ex. 3. Boies 
Let Ev Ove = ly kg — 1s 
Then dx dy dz dy — dz x d(y — 2) i 
G Cty +2 y¥—z y¥—2 
d. d(y — 
From © =“ —4), we find x= c1(y — 2). 
nica : : : dy dz 
Substituting this value of « in the equation ——— = » we have 
at+y «+2 
dy = dz 
(l+eaq)y—cz2 (l—«)2z+ cy 
the solution of whichis  log(z — y) = cz, — oe eS 
e1(% — ¥) 
Therefore the general solution consists of the two equations 
y 
C= Ca(y—z log (2 — y) = cg — ——— 
u(y — 2), B(z— y) = ee Rea 
taken simultaneously. 
Ex. 4. es — dy — da . 
Y+t2 —-& £+y+2 
Let k=l, kp =—1, kg =— 1. 
Then ki(y + 2) + ke(—@) + hg(a@ + y +z) =0, 
and hence kyda + kody + kgdz = 0. 
But this equation is dz — dy —dz=0, 
the solution of which is evidently G-—y-—Z2=¢4. 
Substituting the value of y + z from this equation in ae = dy » we have 
dz dy Y Ve ee 


= ——., the solution of which is 
w— Cy == ity, 

x + cy log (@ — ¢1)= ce — y. 
Hence the general solution consists of the equations 


t—y—Z=C, x + c; log (% — ¢1)= ce — y. 
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Te ee es 
yt2 240 x+y 
Let ky = ke = kg = 1. 
Then Pe a ee ys 2) 


Y+2 24+" ety WZe+y+z) 
Again, let ky = 1, k2 =— 1, ks = 0, and we obtain the equal fraction OMe 


) 


also, letting ky = 0, ke =1, ks = — 1, we obtain the equal fraction DY, 
z—y 


_Aety+2z)_d(@—y)_ d(y—2z) 


? 


“2@+y+2) y—x Z—-y 
whence Vey es Ste 
ey 
Vety+tz= 2 ¢ 
yY—2 


186. Differential equation of the first order in three variables. 
The nonintegrable case. Consider again the equation 


Pdz + Qdy + Rdz = 0. (1) 


Geometrically, the equation asserts that the direction dz: dy: dz 
is perpendicular to the direction P:@:. Consequently, the geo- 
metrical solution of (1) consists of loci perpendicular to the curves 
defined by the equations dx dy dz . 
We may therefore seek the solution of (1) first in a family of 
surfaces f(x, 4 % ¢) =, (3) 
which will be orthogonal to the curves (2). This is the form of 
the solution discussed in § 184, and does not always exist. This 
leads to the geometric theorem that it is not always possible to 
find a family of surfaces orthogonal to a given family of curves. 

When the solution of (1) in the form (3) does not exist, it is 
still possible to find curves which satisfy (1) and hence cut the 


curves (2) at right angles. In fact, we may find a family of such 
curves on any surface assumed at pleasure. For let 


P(x, y, )=0 (4) 
be the equation of any arbitrarily assumed surface. Then, from (4), 


Op ee dye de =O. (5) 
0x oy 0z 
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Equations (1) and (5) may then be taken simultaneously. Their 
solution will be a family of curves which lie on (4) and satisfy 
condition (1). 

Ex. zydx + ydy + zdz = 0. (1) 


This equation cannot be satisfied by a family of surfaces. It may, however, 
be satisfied by curves which lie on any assumed surface and cut at right angles 


the curves da dy _ dz ; @) 
Cy AY z 

or (Ex. 1, § 185), y= Cie, © = Coey, 

Let us assume the sphere e2 + y2 + 22= a. (3) 

Then edz + ydy + zdz=0, (4) 

and from (4) and (1), dx = 0, whence « = c. 


Hence the circles cut from the sphere «2 + y? + z2 = a® by the planes x = c 
satisfy (1). 
Again, let us assume the hyperbolic paraboloid 


z= vy. (5) 
Then ydx + «dy —dz=0, (6) 
and, from (6) and (1), = ae i (7) 


—y—az wytey wy—y? 


One solution of (6) is known to be z=ay. Using this, we have 


cde dy 
Lae i y 
whence (l+y)V14+a2=c. (8) 


\ 
Then the curves defined by (5) and (8) also satisfy (1), 


PROBLEMS 


Express the solution of each of the following equations in the form of a series: 


Hoyas, 2. ytawty, 8. Hat y 
Solve the following equations: 
4. p?—38p —10=0. 10. py? — 2 p'xy + p32? = 1. 
5. wy (p? + 1) — (a2 4+ y2)p=0. 11. y(1+ p?) —2px =0. 
6. 2p? + ayp — 2y2=0. 12. y = yp? + 2 pa. 
7. pi + 2 yp? — xp? — 2 22yp = 0. 13. (14+ y?) p? — 2eyp3 + xt = 1. 
8. p? (x? — a)? —4a2=0. 14. 2y —2p=p?. 
9. p? 4+ 2py ctna — y2=0. 15. »? —4ayp + 8y2=0. 


16. 
17, 
20. 
21. 
24. 
25. 
27. 
28. 
29. 
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apt — pL 0. 18. p2 + 2 p23 — 4 a2y. 
y(p+y)—pe=0. 19. p(w +y)?=1. 
x=4p2+ 4. OH). y = px +p. 


ayp? —a(r+y)p+(e—y)(@e+y)2?=0. .23. y= p2—2Qp. 
p? — (a? + xy + y?) p? + xy (a? + vy + y?) pp — x8y3 = 0, 

y +2 py — 2px = 0. 26. p?—2ap+a2+4+4y2=0. 
y* —Aaxy®p + 4 p2y2(a2=1)+1=0. (Let y?=z.) 

&z(p—1)+ p'e2tv=0. (Letey=v, e=1u.) 

py? (pe —y)ta=0. (Let y?=v, 22? =u) 


Find the general and the singular solutions of the following equations: 


30. 
31. 
32. 
33. 
37. 
38. 


802 —4ap + p?= 0. 35. a2 — y2 = py? 
(x? — a®) p? — 2ayp — a? =0. 36. x3p2 + 2yp + a = 0. 


y¥=— xp + xitp?. 
Find the singular solution of the equation p? — 4ayp + 8y? = 0. 


Find the singular and the general solutions of the equation y = px + 


Vb? + a?p?, and interpret them geometrically. 


Solve the following equations: 


39. 
40. 
41. 
42. 
43. 


44. 


45. 
46. 
47. 


(xy?z — xz) dx + (x2yz + yz) dy + (x*y? — 2? + y? —1)dz=0. 
(y+z2)(2ea+y+z)dx+ (2+2)(2y+2+a)dy+(a+y)(22+e+y)dz=0. 
8 wyzda + (2 y?z + z) dy + 2(y + yz") dz = 0. 
(ytz2—b-—c)de+(z2+u—c—a)dy+(e«+y—a—b)dz=0. 

(y? + yz) dx + (22 + zx) dy + (y? — xy) dz = 0. 


( —2)ae + (5-4) ay + (5-4) ae =o. 
ee Z y? ae 


(l+e+y)d~a+(l+a+y)dy+ (e+ y)dz=0. 
yeedx + (y2z — xz) dy — y2(y + z)dz=0. 
yzdu — zxedy +(x? + y?)dz= 0. 


Solve the following systems of simultaneous equations : 


49, 


oe dy de BO eee te 
48, Se toe oe — = P 4 s y x a Fs y 
y(a2+a) a(y2+b2) x(22+c%) z 
Qa,72] 2, 
ae ie Ripe eee oe 
ye 2 cy i: ev? 3 


52. 


an dy pal dz 
+l ay 4 (e241)! ytaz—aver+l 


338 DIFFERENTIAL EQUATIONS OF FIRST ORDER 


Ey LE eS 57 
Be  Giico rs: x ety? Bey («*—y)z 
d dz 
a aes NE Be ey gg, =. 
c 2e-—y 2-—«a“y Y¥—2 2-2 “4-y 
dx dy dz 
fi meatal oe ap 59, —“*§_=_“" _== 
e+y—z 2 Te Ue LY 
Ge OR 6 dz _ dy _ ae 
LoS ae ge ror 0. Sei ete 


61. Find the envelope of the family of lines y = 2ma-+ m4, m being the 
variable parameter. : 

62. Prove that each line of the family c2x + a?y — ac? = 0, a being the vari- 
able parameter, forms with the codrdinate axes a triangle of constant area, and 
find the envelope of the family. 

63. Find the envelope of the parabolas y? = a(x — a). 

64. A straight line moves so that the sum of its intercepts on the codrdinate 
axes is always equal to the constant ¢. Express the equation of the family of 
lines in terms of ¢ and the intercept on OX, and find their envelope. 


Dye) 
65. The semiaxes of the ellipse z + 5 = 1 vary so that ab = c2, where c is 
a2 


a constant. Express the equation of the ellipse in terms of @ as a variable 
parameter, and find the envelope of the family of ellipses thus defined. 


66. Find the envelope of the family of straight lines formed by varying the 
slope m in the equation y = mz — 2pm — pm. 

67. Find the envelope of a family of circles having their centers on the line 
y = 2a and tangent to the axis of y. 


68. Find the envelope of a family of circles which have the double ordinates 
of the parabola y? = 4 px as diameters. 


69. Find the envelope of a family of straight lines which move so that the 
portion of each of them included between the axes is always equal to the 
constant ec. 


70. Find the envelope of a family of circles which have their centers on the 
parabola y? = 4px and pass through the vertex of the parabola. 

71. Find the equation of a curve such that the tangent cuts off from the co- 
ordinate axes intercepts the sum of which is always equal to the constant k. 

72. Find a curve in which the projection upon OY of the perpendicular from 
the origin upon any tangent is always equal to the constant a. 

73. Find the equation of the curve in which the part of the tangent included 
between the codrdinate axes is always equal to the constant a. 

74. Determine the equation of a curve such that the portion of the axis of x 


intercepted by the tangent and the normal at any point of the curve is always 
equal to the constant k. 
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75. Find the polar equation of the curve in which the perpendicular from the 
pole upon any tangent is always equal to the constant k. 


76. Find the polar equation of a curve such that the perpendicular from the 
pole upon any tangent is k times the radius vector of the point of contact. 
77. Find the orthogonal trajectories of the family of parabolas y? = 4 pa. 
2 2 
78. Find the orthogonal trajectories of the family of ellipses A + al 
d being the variable parameter. i a 
2 2 
79. Find the orthogonal trajectories of the family of ellipses eS + Ay? = 
@” a 


1 


80. Find the orthogonal trajectories of the family of parabolas y2=4 ax+4 a2, 


81. Find the orthogonal trajectories of a family of circles each of which is 
tangent to the axis of y at the origin. 


82. Find the orthogonal trajectories of the family of circles each of which 
passes through the points (+ 1, 0). 


83. Ii f (" 6, a= 0 is the equation of a family of curves, prove that 


if (r, 6, — 7? =) = 0 is the equation of the orthogonal trajectories. 
iP 


84. Find the orthogonal trajectories of the family of lemniscates r? = 
2 a* cos 2 6. 


85. Find the orthogonal trajectories of the family of cardioids r=a(cos 6 +1). 


86. Find the orthogonal trajectories of the family of logarithmic spirals 
r= e, 


CHAPTER XVIII 
THE LINEAR DIFFERENTIAL EQUATION 


187. Definitions. The equation 


I" q'-} a 
ot Poet +P thy =F), (1) 


da” Ldn 


where 7, Poy ***> Pa—v Pn» and f(x) are independent of y, is a 
linear differential equation. If the coefficients p,, ~,, +--+; Py» Pn 
are constants, the equation becomes the linear differential equation 
with constant coefficients, 


d” qr} d \ 
+a, te +a, + ay =f (@); (2) 
where @,, @,, +--+, 4,3, 4, are constants. 


In both (1) and (2) f(x) is a function of «, which may reduce 
to a constant or even be zero. 
We shall begin with the study of (2). To do this, it is con- 
2 
venient to express ot by Dy, sa 
rewrite (2) in the form 


by D’y, - +>, ot by Dy, and to 


Dy +a, Dy +++ +4, _,Dy + ay =f (2); 
or, more compactly, 
OO Ce Sidi as a OE aC) (3) 


The expression in parenthesis in (3) is called an operator, and we 
are said to operate upon a quantity with it when we carry out the 
indicated operations of differentiation, multiplication, and addition. 
Thus, if we operate on sin # with D’— 2D°+ 3D—5, we have 


(D’— 2 D?+ 3D—5)sin« =—cosa+2sinz+ 3cosa—5sineg 
= 2cos#—3 sing. 
340 
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Also, the solution of (2) or (3) is expressed by the equation 


1 
ey ao Dis a a Dt an 


y J (2); (4) 


where the expression on the right hand of this equation is not to 
be considered as a fraction but simply as a symbol to express the 
solution of (3). Thus if (3) is the very simple equation Dy = f(z), 


then (4) becomes 1 
(9=5f@)= | Sean 


: 1 ; 
In this case p means integration with respect to 2 What the 


more complicated symbol (4) may mean, we are now to study. 


188. The equation of the first order with constant coefficients. 
The linear equation of the first order with constant coefficients is 


Yay =f(2), 
or, symbolically, (D—a)y= f(z). (1) 
This is a special case of the linear equation discussed in § 80, and 
we have only to place f(x) =— a, f,(«)=/(z) in formula (5) of 
§ 80 to obtain the solution. We have in this way 


J (a) = ce + ot fe mf (at) da. (2) 


Ua pia 


The solution (2) consists of two parts. The first part, ce, contains 
an arbitrary constant, does not contain /(x), and, if taken alone, 
is not a solution of (1) unless f(z) is zero. The second part, 


e* | « f(x) dx, contains f(x), and, taken alone, is a solution of 
(1), since (1) is satisfied by (2) when ¢ has any value including 0. 
Hence e” fh ef (a) da is called a particular integral of (1), and, 


in distinction to this, ce* is called the complementary function. 
The sum of the complementary function and the particular inte- 
gral is the general solution (2). The complementary function can 
be written down from the left-hand member of equation (1), but 
the determination of the particular integral requires integration. 
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Ex. 1. Solve dy + 38y = 523. 

da 
The complementary function is ce-8*, The particular integral is 

be- 8 [ etratda = §28— §a27+ 104% — 39. 

Hence the general solution is y = ce~8* + 823 — 8a? + 10a — 49. 
Ex. 2. Solve dy +y=sing. 

dx 
The complementary function is ce-*. The particular integral is 

e~* f ersinadz = }sinz — 4 cos x. (§ 19, Ex. 5) 


Therefore the general solution is y = ce~* + } sina — } cosa. 


1 : : ‘ 
189. The operator ae The solution of linear equations of 


higher order with constant coefficients depends upon the solution 
of the equation of the first order. Hence a knowledge of the oper- 


is of prime importance. We give a few of the results 


ator 


obtained by operating with 


upon certain elementary func- 
sia p yi 


tions which occur frequently in practice. In writing these formulas 
the complementary function, which is ce“ in all cases, is omitted. 


iy 1 
feu Ome . (1) 
(Utv+twt+:---)= wut : ot - w+ 2 
iD =a D—a D—a D—a aa 
LAR Ce MM oes ; 
Pee =—(F 4 te +---)) unless a= 0 (3) 
1 gmtl 
Ts — m+i1 @ 
1 foe ek 
ee =F’ Unless | EESGF (5) 
cL ax ax 
Te ee (6) 
Lge ge. mma 
D—a k—a_ (k—ay)? (k — a)? 
unless k = a. 
il gimtl 
ame — pr (8) 


D—a mes 
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—asinkx—k cos kx 


i k = ? =: hy) 
pags CLE unlessa=+hi. (9) 
esi hind a ae 10 
D—ki VS a eae ON 

—acoskx+ksinkax : 

Hite ’ = % 
Dug 8 e+e unlessa=+hi, (11) 

1 er we 

ye = : 2 
Dien ee wai ee 


These formulas may all be proved by substituting the special 
functions concerned in the general formula (§ 188, (2)). For (3), 
(7), (9), and (11) the student may refer to Exs. 4, 5, and 6, § 19. 
The derivation of (10) is as follows: By § 188, (2), 


D— kr 


If we attempt to use the Pend of Ex. 5, § 19, it fails to work, 
but by replacing sin kx by its value in terms of the exponential 
functions (§ 169, (5)) we have 


keias kin — kix 
: é - xe é 
sin k= 5 [ (let )da oT 
4 


sin ka = e* ab e-** sin ka da. 


D—ki 
Formula (12) is derived in a similar manner. 


190. The equation of the second order with constant coeffi- 
cients. The symbol (D—a)(D—b)y means that y is to be operated 
on with D—b and the result operated on with D—a. Now 


(D—b)y= zs — by, and hence 


oo 


= we (a+ ne + ably 
=(D'+ pD + 4)¥, (1) 
where p =— (a+), q=ab. 
This result, obtained by considering the real meaning of the 
operators, is the same as if the operators D—a and D—Od had 
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been multiplied together, regarding D as an algebraic quantity. 
Similarly, we find 

(D —b)(D—a)y =[D?—(a +) D + ably =(D— a) (D—D)y. 
That is, the order in which the two operators D — a and D—} are 
used does not affect the result. 

Moreover, if (D?+ pD + q)y is given, it is possible to find a and 
b so that (1) is satisfied. In fact, we have simply to factor D* + 
pD + q, considering D as an algebraic quantity. 

This gives a method of solving the linear equation of the second 
order with constant coefficients. For such an equation has the form 


a”, d 
ie at Ps ty =S(t), 
or, what is the same thing, 
(D+ pD + gy =f (2), (2) 


where p and g are constants and’ /(«) is a function of # which may 
reduce to a constant or be zero. : 
Equation (2) may be written 


D—a)(D—b)y=f(@) 
whence, by § 188, (2), 
(D—b)y= ae eeraret AG Seas om fem f(a)da. 


Again applying § 188, (2), we have 


— i | au 2, —ax - 
y= 55 (« +-@ fe te) aa) 
== Gn6 = fren fi on(¢ Te tae ip Ca f(a) de) dx. (3) 


There are now two cases to be distinguished : 
I. If a#), (3) becomes 


y = ce" + ce? + oe (Bere je oF Cae) 7) di. (4) 
Il. If a =, (3) becomes 


Y =(€,+ €,x) e+ om [fe=s() dx’. (5) 
In each case the solution consists of two parts. The one is the 


complementary function ce + ce" or (c,+ ¢,7)e™, involving two 
arbitrary constants but not involving f(x). It can be written down 
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from the left-hand member of the equation, and is, in fact, the solu- 
tion of the equation (D—a)(D—b)y=0. The other part of the 
general solution is the particular integral, and involves f(z). Its 
computation by (4) or (5) necessitates two integrations. 

Formula (4) holds whether a and 6 are real or complex. But 
when @ and 6 are conjugate complex, it is convenient to modify 
the complementary function as follows: Let us place 

a=m+in, b=m—m. 
Then the complementary function is 
ee et ee 
pe e™(¢,en* + Ce) 
= ec, (cos NX + 71 8in nx) + ¢,(cos nx — 7 sin nx)] 
_=e™"(C, cos nx + C, sin nx), (6) 

where C,=c,+¢,, C,=1(c,—¢,). Since ¢, and ¢, are arbitrary con- 
stants, so also are C, and C,, and we obtain all real forms of the 
complementary function by giving real values to C, and C,. 

The form (6) may also be modified as follows: Whatever be the 
values of C, and C, we may always find an angle @ such that 


COS & = a eta sina = Ase Then (6) becomes 
ke™ cos (nv — @), (7) 
where @ and k=Vv C?+ C} are new arbitrary constants. Or, we may 
; -- C" 
find an angle #, such that sin 8 = a cos 8 = are 
Then (6) becomes Cr+ C; Cr+ CO 
ke™ sin (nz — B). (8) 
ay | -dy a 
p<, i, a Pre vac 


This equation may be written 
(D + 2) (D+ 8)y= e. 
The complementary function is therefore cye—2* + cye—8%, To find the par- 
ticular integral, we proceed as follows : 


1 
= co — p—2xr 3 x — —e, 
(D+ 8)y= ew=—e fe De ee 


D+2 


1 iD if 1 
— ~er)— —8a = of x gs = — e*, 
4 ali ) See 12 


Therefore the general solution is 
ae 
Yy = Cye—2* + coe 8% + 5h, e*, 


4, 
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This eeeet may be written (D + 1)?y = 2. 
Therefore the complementary function is (c, + cev)e-*. To find the partic- 
ular integral, we proceed as follows : 


(D+1l)y= a= e-* [nerd = 2-1. 


ane 
D ‘ 1 
*—1)=e- xz —ljedz =x — 2. 
y=p q@-Neerfe-v 
Therefore the general solution is 
= (€j + Cot) e—* + & — 2. 


Ex. 3. Consider the motion of a particle of unit mass acted on by an attract- 
ing force directed toward a center and proportional to the distance of the par- 
ticle from the center, the motion being resisted by a force proportional to the 
velocity of the particle. ; 

If we take s as the distance of the particie from the center of force, the 


: : eae ‘ ds 
attracting force is — ks and the resisting force is — h—, where k and h are 
positive constants, Hence the equation of motion is 


2 
d Se ie ree 
di? dt 
or (D? + AD + k)s=0. (1) 


a3 rye 
The factors of the operator in (1) are(D +2 + Mee Vie = 4k 9 *\( + : + vi 5 zh 


We have therefore to consider three cases : 


I, h?—4k<0. The solution of (1) is then 


alt JA = he 4k — h2 
S =e *(c1c0stt= sy G,sin AE= Ms), 
2 2 
= iP 
or $= ae srg eS s). 


The graph of s has the general shape of that shown in I, § 155, fig. 161. The 
particle makes an infinite number of oscillations with decreasing amplitudes, 
which approach zero as a limit as ¢ becomes infinite. 


Il. 42—4k>0. The solution of (1) is then 
h Wh2—4k h, Vie—4k 
s= nels 2 e + net 2 Je 
The particle makes no oscillations, but approaches rest as t becomes infinite, 
II. h?-—-4k=0. The solution of (1) is 


8 = (cy + Cote 2°, 


The particle approaches rest as ¢ becomes infinite, 
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191. Solution by partial fractions. Another method of solving 
the equation 
i (D+ pD + q)y=S(2), (1) 


when the factors of the operator are unequal, is as follows: 
We may express the solution in the form 


i i 


1" Depp ey! O~ Bao) 


Now we have seen that in many ways the operator D may be 
handled as if it were an algebraic quantity. This raises the ques- 
tion whether it i to separate ———_———— into partial 

ion w r it is proper STi (TF) into parti 
fractions. Algebraically we have, of course, 


1 net! ( Lite eo! ) 
(DEW) (DEt) saee\D=a D—d/ 
and the question is, Is 
| 1 


yea (ss -plo (2) 


a solution of equation (1) ? 
The way to answer this question is to substitute this value of y 
in (1) and observe the result. We have then, on the left-hand side 


ota 1); : ; 
14 
(D- a) (D-b|  *— f)- 5 S| 


1 PE AR ce a a 
=| -9@-9 5 f0- 0-90-55 | 


= [(D-)) f(@)-(D— 9 /@)] 


= Ie) + af] 
= (0). 


Consequently (2) is a solution of (1). 
Writing (2) out in full, we have 


. sem [emf ayaa 


a 


1 ; 
y = 0,0" +0,0 + Let fe sloyde. 8) 


a 
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It is to be noted that the complementary function is the same 
as in § 190, (4), but the particular integral appears in another form. 
This method fails if a = 0. 


Since this equation may be written 
; (D — 2)(D+ 3)y= e*, 
the complementary function is cye2* + cge—8*. To find the particular integral, 
we proceed as follows: 1 
bie iar 


=1] 1 1 Jes 
6LD—2 D+8 
= pee [dx — fer 8 f ebedn 


= & nox = Lae 
5 


25 


2 xe 


Therefore the general solution is 


aD 1 
= ce?” + Coe 8% —e2xr _ __ @2a, 
Yes Git 2 Te 26 


192. The general equation with constant coefficients. The 
methods of solving a linear equation of the second order with 
constant coefficients are readily extended to an equation of the 
nth order with constant coefficients. Such an equation is 


a" Gan d 
Ze age bo Teg t SF), (1) 
or, symbolically written, 
(D'+a,D°"+-+--+4, ,D+4,)y =f (2). (2) 


The first step is to separate the operator in (2) into its linear 
factors and to write (2) as 
(D—1,)(D—7).-.(D= 7) =f(2), (3) 
where 7,, 7,,-+-, 7, are the roots of the algebraic equation 
(ie a a, ,r+a,=0. 


It may be shown, as in § 190, that the left-hand members of 
(2) and (3) are equivalent, and that the order of the factors in 
(3) is immaterial. 
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The general solution of (1) consists now of two parts, the com- 
plementary function and the particular integral. 

The complementary function is written down from the factored 
form of the left-hand side of (3), and is the solution of (1) in the 
special case in which f(a) is zero. If 7,, 7,,+--, 7, are all distinct, 
the complementary function consists of the n terms 


ce + ce + +--+ 6,6, (4) 


where ¢,, ¢,, +--+, ¢, are arbitrary constants. 


If, however, D—vr,; appears as a k-fold factor in (3), & of the 
terms of (4) must be replaced by the terms 


(6, + c,@ + ¢,07+ +++ ¢,0*-) e*, 


Also, if two factors of (3) are conjugate complex numbers, the 
corresponding terms of (4) may be replaced by terms involving 
sines and cosines, as in (6), § 190. 

The particular integral is found by evaluating 


1 
=r) D—r)-D=ny 2 
This may be done in two ways: 
1. The expression (5) may be evaluated by applying the opera- 
tors —+—_, ees +++ in succession from right to left. This 


ae) ry 
leads to a multiple integral of the form 


PCR OAS : fens) da". (6) 


2. The operator in (5) may be separated into partial frac- 
tions. When the factors of (5) are all distinct, this leads to an 
integral of the type 


A,e* if eo f(a)dut+ Ae™ | ef (x)dx+--: 
+ Are fem floyie () 


If some of the factors of (3) are repeated, the previous method 
must be combined with this. 


x 
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In evaluating (6) and (7) the constants of integration may be 
omitted, since they are taken care of in the complementary 
function. 

The general solution is the sum of the epra peat function 
and the particular integral. 

193. Solution by undetermined coefficients. The work of find- 
ing the particular integral may be much simplified when the form 
of the integral can be anticipated. The particular integral may 
then be written with unknown, or wndetermined, coefficients, and 
the coefficients determined by direct substitution in the differential 
equation. Since both (6) and (7), § 192, consist of successive appli- 


cations of the operator 2 . » we may apply the formulas of § 189 
D—«a : 


in many cases. From (2), § 189, it follows that if f(z) consists of 
an aggregate of terms, the particular integral is the sum of the 
parts obtained by taking each term by itself. From (1), § 189, it 
follows that the coefficient of a term of f(z) affects only the coeffi- 
cient of the corresponding part of the particular integral. From 
the other formulas of § 189 we can deduce the following: 


1. When / (x)= a,2"+ a,a"-*+---+4,:,2+4,, (m a positive 
integer), the particular integral is of the form 4,v”"+ A,a™~*+ +... 
A,,_,©+A,,, unless the left-hand member of the differential equa- 
tion contains the factor D’ In the latter case the particular 
solution is of the form 2(4,2"+A,a"~'+.+--.+A,,_,0+A,,), while 
terms of the form 4,,,27-*+---+4,,,_,0+A,,,, occur in the 
complementary function, and hence need not be assumed as part 
of the particular integral. 

2. When /(x) = ae™, the particular integral is of the form Ae™, 
unless the left-hand member of the differential equation contains 
a factor (D—k)". In the latter case the particular integral is of the 
form Axe, while terms of the form (4,2"~'+-.++A,_,¢+,)e 
occur in the complementary function, and hence need not be 
assumed in the particular integral. 

3. When f(z) =a sin kz or a cos ka, the particular integral is of 
the form A sinkz +B cos kz, unless the left-hand member of the 
differential equation contains the factor (D?+ %*)". In the latter 
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case the particular integral is of the form a” (A sin kx + B cos kz), 
while terms of the form x"~*(A, sinkx+ B, coska)+--.+(A,sin ka 
+ B, cos kx) occur in the complementary function, and hence need 
not be assumed in the particular integral. 

4. When f(x) = axe (m a positive integer), the particular inte- 
gral is of the form (4,a”"+ A,a"-*+.-..+4,_,0+A,)e™, unless 
the left-hand member of the differential equation contains a fac- 
tor (D—k)". In the latter case the particular integral is of the 
form a” (4,"+ A,a"-14+...+4, ,2+A,)e*, while terms of the 
forms (A pa aid eects ,c+A,,,,)¢" occur in the comple- 
mentary function, and hence need not be assumed 1 in the partic- 
ular integral. 


The above statements may all be summed up in the following 
rule, which may also be sometimes used when /(z) is not one of 
the forms mentioned above: 


Lf u is a term of f(x), and if UU, Uy, +++, U, are all the distinct 
Junctions (disregarding constant coefficients) which can be obtained 
Srom wu by successive differentiation, then the corresponding part 
of the particular integral is of the form Au+A,u,+--+-+A,uU,, 
unless wu is a term of the complementary function, or such a 
term multiplied by an integral power of x. In the latter case the 
corresponding part of the particular integral is of the form 
a (Au+Aju,+---+A,u,), where r is the number of times the 
factor, which gives in the complementary function the term w, or 
u divided by an integral power of x, appears in the left-hand 
member of the differential equation. 


The above rule is of course valueless unless the functions w,, “,, 

-, u, are finite in number. In applying it to functions other than 
those already discussed, the student should consider that he is mak- 
ing an experiment. If a function assumed in accordance with the 
rule is found to satisfy the differential equation, the use of the rule 
is justified. When it fails, recourse may always be had to the gen- 
eral formulas (6) and (7), § 192. 

When f(x) = ep(x), the work of finding the particular integral 
may be lightened by substituting y = ¢‘*z in the differential equa- 
tion. Then, since all derivatives of e*z contain the factor e, the 


\ 
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new differential equation may be divided by e*”, and there is left 
an equation for z in which the left-hand member is ¢(z). When 
this equation is solved for z, y is readily found (see Ex. 2). 


3 2 d 
xo Yr SU ee 
dx dx? dz 
This may be written D(D —1)?y = we2” + e%, 
whence the complementary function is c, + (cz + csv) e*. The term ze?*, if suc- 
cessively differentiated, gives only the new form e2%. Hence the corresponding 
part of the particular integral has the form Awe?* + Be?*, The term e” gives no 
new form if differentiated ; but since it appears in the complementary function 
corresponding to the double factor (D — 1)?, the corresponding part of the par- 
ticular integral is Cxz*ev. Substituting 


y = Axe?t + Ber= + Cxrer 


we2ze + ex, 


in the differential equation, we have 
2 Axe? + (5A + 2 B)e?* + 2 Cer = xe2™ + e%, 


Then 2A=1, 6A+2B=0, 2C=1, 


whence A=} Bash, C= 


The general solution of the differential equation is, accordingly, 
Y = Cy + (C2 + Cau) e* + £ ve2?™ — Bere + 3 ger, 
d?y 


Ex. 2. — = Leo" Slade 
dx? +y 
We place y = ez. There results 
d? d 
ae = 6 +10z=asina. 


The complementary function is e~**(c, sing + c,cosa). For the particular 
integral we assume 


z= Agsing + Brcosex + Csinz + E cosa, 
and, on substitution, have 
(94 —6B)xsing + (64 +9 B)xcosx + (64 —-2B+49C—62)sina 
+(2A44+6B+4+6C+9E) cose =asing. 

Therefore 9A—6B=1, 

6A+9B=0, 
6A—2B+9C—6EHE=0 
24+6B4+6C4+9H=0 


whence A=y,,, B=-— #y, C=-— 785, E= $2. 


% 


’ 


Therefore the general solution of the original equation is 


= ¢,sin Ba (1 Banter BY af : 
y =c sing + cecosz + é€ (qs @ sin x ay & COS & téy sing + +$3+ cosa). 
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194. Systems of linear differential equations with constant 
coefficients. The operators of the previous articles may be employed 
in solving a system of two or more linear differential equations 
with constant coefficients, when the equations involve only one 
independent variable and a number of dependent variables equal 
to the number of the equations. The method by which this may 
be done can best be explained by an example. 


ax dy : 
Ex. ae etn Gh hg sin 2, 
d?y dz 
ais + Be +4y=cos2t. 
These equations may be written 
(D2 + 4)” — 3 Dy = sin 2t, (1) 
3 Dx + (D? + 4) y = cos2t. (2) 


We may now eliminate y from the equations in a manner analogous to that 
used in solving two algebraic equations. We first operate on (i) with D? + 4, 
the coefficient of y in (2), and have 

(Dt + 8 D? + 16)% —8(D§ + 4 D)y = 0, . (8) 


since (D? + 4)sin2¢=— 4sin2¢t+4sin2t=0. We then operate on (2) with 
3D, the coefficient of y in (1), and have 


9D + 3(D? + 4 D)y =— 6sin 21, (4) 
since 8 Dcos2¢=— 6sin2¢. By adding (8) and (4) we have 
(Dt + 17 D? + 16)% = — 6sin2t, (5) 


the solution of which is 
x = ¢,sin4t + cy, cos4t + cg sint + cy cost + d sin 2t. (6) 
Similarly, by operating on (1) with 8 D and on (2) with D?+ 4, and sub- 
tracting the result of the former operation from that of the latter, we have 


(Dt + 17 D? + 16) y =— 6 cos 2¢, (7) 
the solution of which is 


y = cs sin4dt + cg cos4t + ec; sint + cg cost + 3 cos2t. (8) 
The constants in (6) and (8) are, however, not all independent, for the values 


_ of x and y given in (6) and (8), if substituted in (1) and (2), must reduce the 
latter equations to identities. Making these substitutions, we have 


12 (cg — cy) sin 4t —12 (cs + ce) cos4t + 3 (cg + cg) sint 
— 8(c7 — c4) cost + sin2¢ = sin 2t. 


— 12 (cg — cy)cos4t¢ — 12 (cs + ce) sin 4¢ + 3 (cg + cg) cost 
+ 8 (cz — c4)sint + cos2t = cos 2¢- 


\ 
304 THE LINEAR DIFFERENTIAL EQUATION 


In order that these equations may be identically satisfied, we must have 
C= A, € =— Co, C3 —=— Ca) C7 — Ca. 
Hence the solutions of (1) and (2) are 
x = Cc, sin4dt + cp cos4t + cg sint + cq cost + } sin 2t, (9) 
y =— cgsin4t + c; cos4t + cy sint — cg cost + } cos 2t, (10) 
The method of solving may be modified as follows: Having found as before 
the value of a in (6), we may substitute this value in (1). We have then 
Dy =— 4c, sin4t — 4c, cos4t + cg sint + cy cost — sin 2¢, 
whence y = cy cos4t — co sin4t — cg cost + cysint + } cos2¢+ C, 


The constant C is found to be zero by substitution «in (2), and we have again 
the solution (10). 


195. The linear differential equation with variable coefficients. 
The equation 


d 
josadiyPcds easy =f (2); (1) 


where the coefficients p,, ~,,-++, Prx_1 p, are functions of x, can 
rarely be solved in terms of elementary functions. In fact, such 
an equation usually defines a new transcendental function. We 
may, however, easily deduce certain simple properties of the solu- 


tion of (1). Consider first the equation ~ 
a" a *y dy 
a De ty a0, (2) 


which differs from (1) in that the right-hand side is zero. 


Tf x Yas ** +9 Yn—v Y, Ore nv linearly independent * solutions of 
(2), then the general solution of (2) ws 


Y = OY AAC Yach te ats Op yg aes (3) 


Where C,, Cy, +++, C,_4, €, are arbitrary constants. 


The fact that (3) is a solution of (2) may easily be verified by direct 
substitution in (2). That (3) is the general solution of (2) depends 
upon the fact that it contains 7 arbitrary constants, and the number 
of constants in the general solution of a differential equation is equal 
to the order of the equation. This statement we shall not prove, 

* The n functions y,, ¥, -*+, Y¥n—1, Yn are said to be linearly independent if there 
exists no relation of the form 


AY; + BY + > +> + An—1Yn—1 + Gnyn=0, 
where 4, d,, --*, An—1; Mm are constants, and = means “‘ identically equal.”’ 
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Returning now to (1), we may say: 


Tf Ya) Yoo ***s Yn» Yn Ore N linearly independent solutions of (2), 
and u is any particular solution of (1), then the general solution 


ee) Y = CY, + Cat +694 % (4) 


where ¢,, €,,+++, ¢, are arbitrary constants. 


The fact that (4) is a solution of (1) may be verified by substi- 
tution. The fact that it is the general solution we shall accept 
without proof. 

It appears now that the complementary function and the partic- 
ular integral of § 192 are only special cases of (4). There exists, 
however, no general method of finding the solution (4) when the 
coefficients of (1) are not constant. 

Methods of solution may, however, exist in special cases, and 
we shall notice especially the equation 
d"y d"—ty 


d 
ree dan-1 3 pipe ay" a, tr a,Y =f (2), (5) 


ae Ge 


where @,, @,,-++, @_,, 4, are constants. This equation has the 
peculiarity that each derivative is multiplied by a power of # 
equal to the order of the derivative. It can be reduced to a linear 
equation with constant coefficients, by placing 


tee 
dy dy dz _, ay Ra. 
a ee 74 —¢@*Dy, 
por da dede ae ees 
dy —2 d ey —22z avy 2, 4Y 
dx? 2 dz ( ) =a dz" : dz 
= ¢**(D?— D)y, 
ay —z d —2z dy le 22 4Y 
dx AC dz* e dz : dz 
= aly 3 nar BY 9} a2 ly 
me. de dz” poe dz 
= Ges (Di — bees 2D)y, 
: ; ; : : A 
where Ta 


az 
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d 
Hence etd F 
ax 
a’4 
ae aa =(D*—D)y, 
d 


3 
a 5 = (DI 3 D+ 2 D)y. 


dy dy 


tse 


3 
Ex. wo! + bat +32 
xe 


dx? dx : 
Placing x = e?, and making the substitution as above, we have 
(D3 + 2D?) y = €2, 


a Cg i 
h = —22 1 _ @2z—¢ log'g))  — +- 72, 
whence y = C1 + Coz + Ce vee 1+ Ce (log Vaeadra 


196. Solution by series. The solution of a linear differential 
equation can usually be expanded into a Taylor’s or a Maclaurin’s 
series. This is, in fact, an important and powerful method of 
investigating the function defined by the equation. We shall limit 
ourselves, however, to showing by examples how the series may be 
obtained. The method consists in assuming a series of the form 


Y= ae" + aan tt aot? Sy, 
where m and the coefficients a,, a,, a,, +--+ are undetermined. This 


series is then substituted in the differential equation, and m and the 
coefficients are so determined that the equation is identically satisfied. 


d?y dy 
Vp, Il, ape L—6)— —2y7 = 0: 
a a me 


We assume a series of the form given above, and write the expression for each 
term of the differential equation, placing like powers of « under each other. 
We have then 


d2y 
toa = m(m—1) aox™—1+ (m+1)mayam+ +++ + (M+r+1)(MH7) ap TMI T+ ++, 
dy 
fae MApL™+ +++ — (M+7)A,-E"MtT +4 66, 
dy 
- a = — 3 mar — 38(m+1)ayur—..- — 8(m+r+1)a,p10mtr— oe, 
—2y= —2aoum—.-- —Qa,amtr—... 


Adding these results, we have an expression which must be identically equal to 
zero, since the assumed series satisfies the differential equation. Equating to 
zero the coefficient of x"—1, we have 


m(m — 4) ao = 0. (1) 
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Equating to zero the coefficient of a, we have 

(m + 1) (m — 8) a1 + (m — 2) a9 = 0. (2) 
Finally, equating to zero the coefficient of +7, we have the more general 
ze aHOn (m+ r+1)(m+r—8)de4. + (m+r—2)a, = 0. (3) 


We shall gain nothing by placing ao = 0 in equation (1), since agx™ is assumed 
as the first term of the series. Hence to satisfy (1) we must have either 


jo =O O28 Ges. 


Taking the first of these possibilities, namely m = 0, we have, from (2), 


a =— 2a, 
r—2 


"+03 . 


and from (8), te 
This last formula (4) enables us to compute any coefficient, a,+41, when we know 
the previous one, a,. Thus we find a = — 4 a, =} do, ag = 0, and therefore all 
coefficients after az equal to zero. 

Hence we have as one solution of the differential equation the polynomial 


Yi = a(1—22+4+ 42%). (5) 


Returning now to the second of the two possibilities for the value of m, we 
take m= 4. Then (2) becomes 
5a, + 2a) = 0, 
r+2 
~ (r+ 5)(r +1) 
Computing from this the coefficients of the first four terms of the series, we 


h th luti 
ave the solution 3 4 


2 
= 4 6 nal al, Sato Vis 7 
ie to(¢ GOMES oe RIOT A Q 


Gy. (6) 


and (3) becomes Opus 


We have now in (5) and (7) two independent solutions of the differential equa- 
tion. Hence, by § 195, the general solution is 


Y = C1Y1 + CoYo. 


Ex. 2. Legendre’s equation. (1 — x?) ey 2 +n(n+1)y=0. 
. 2. Leg ”q 5 aa dz 
Assuming the general form of the series, we have 
2. 
ee = m(m — 1) aox™—-2 + (m + 1) maya") + (m + 2)(m +1) age" + +++, 
a 
sage at aes — m(m — 1) au" —.--, 
dx? 
io ue: —2mapr™ — +--+, 
dx 


n(n+1)y= n(n +1) aor" +++. 
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Equating to zero the coefficients of a@—2, a—1, and 2, we have 


m(m — 1) a = 0, (1) 
(m + 1) ma; = 0, (2) 
(m + 2) (m + 1) az —(m — n)(m +n + 1) a = 0. (3) 


To find a general law for the coefficients, we will find the term containing 
gm+r—-2in each of the above expansions, this term being chosen because it con- 
tains a, in the first expansion. We have 


d2y ee 
—= -oe + (m+r)(m+r—1jaamtr—2+..-, 
dx 
2 
pe hae oe Ia (m +r —2)(m + 7 —8)a,_2umt7—2 —.---, 
dx? 
ag el ee +++ —2(m +7 — 2)a,-_ormt7—2% —.---, 
dx 
n(n+1l)y= s+ n(n + 1)a,-—oumtr—24 +6, 


The sum of these coefficients equated to zero gives 
(m+ r)(m +r —1)a,—(m—n+r—2)(m4+n+7r—1)a,-2=0. (4) 


We may satisfy (1) either by placing m = 0 or by placing m=1. We shall 
take m=0. Then, from (2), a; is arbitrary; from (8) 


_ n+), 


ag = 
2 


05 (5) 


(n—r+2)(n+r—1) 
r(r —1) Regen’ (6) 


and from (4) Cn 


By means of (6) we determine the solution 


y = ao(1— BE De 4 BOTA + 1) (m + 8) 4 >) 


[2 [4 
(n= 1)(m+2) 15 be Ne Ns (7) 


Since a and a; are arbitrary, we have in (7) the general solution of the dif- 
ferential equation. In fact, the student will find that if he takes the value 
m = 1 from (1), he will obtain again the second series in (7). 

Particular interest attaches to the cases in which one of the series in (7) 
reduces to a polynomial. This evidently happens to the first series when n 
is an even integer, and to the second series when n is an odd integer. By 
giving to a or a; such numerical values in each case that the polynomial 


+ ay (« 
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is equal to unity when & equals unity, we obtain from the series in (7) the 
polynomials 


IB = a9. 
ig aa 
2 2” 
5 8 
iLak toms 
7-5 5-8 3-1 
(Pa fh Gee ! 
its VERSE oe Tee 
9-7 7.5 Bas 
P= 5_ 9 8 
ae F9°° 43 


each of which satisfies a Legendre’s differential equation in which n has the 
_ value indicated by the suffix of P. These polynomials are called Legendre’s 
coefficients. 
2 d 
Ex. 3. Bessel’s equation. go EY + @ ee 
da? dx 


Assuming the series for y in the usual form, we haye 


+ (22 — n*)y = 0. 


Peaaa =m (m — 1) aou™ + (m +11) maya™+1 + (m + 2) (m + 1) aqam™+2+4..-, 


dx? 
dy 1 2 
t—= maou™ + (m+ 1l)ayam+ + (m+ 2)agam+24..., 
da 
—ny = — neagu™ — naam +1 — Wagrm+2—..-., 
x2y = Ayam + 2 4... 


Equating to zero the sum of the coefficients of the first three powers of x, we 


Paye (m? — n?) do = 0, (1) 
[(m +1)? — n2]a = 0, (2) 
[(m + 2) = nd + a= 0. (8) 
To obtain the general expression for the coefficients, we have 
2 
gee =s-+(m+r)(m+r—1)aa™tr+.--, 
da? 
dy . 
Ct— = see (m+ ry apamtr tees, 
dx 
= ney = ake n2a,0m +r ey 
vy = see tb Ap —gt™Mtrt... 


Equating to zero the sum of these coefficients, we have 
[(m + r)? — n?]a, + a-—2 = 0. (4) 


Equation (1) may be satisfied by m=+n. We will take first m=n. Then 


from (2), (3), and (4) we have 
ao Oy —~ 2 


=() ee 
Reel 1D (7 1.102) r(2n+7) 
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By use of these results we obtain the series 


x xt ) 
ue ase( 2Qn+2)12:4.Qn+2(Qn4+4 (6) 
Similarly, by placing m = — n, we obtain the series 
a? xt ) 
=_ —nf{ 1 Bao 0 ie 6 
cuits ( YT =e) er er °) 


If, now, n is any number except an integer or zero, each of the series (5) and 
(6) converges and the two series are distinct from each other. Hence in this 
case the general solution of the differential equation is 


Y = CyY1 + Co¥2.- 


If n = 0, the two series (5) and (6) are identical. If n is a positive integer, 
series (6) is meaningless, since some of the coefficients become infinite. Ifnisa- 
negative integer, series (5) is meaningless, since some of the coefficients become 
infinite. Hence, if n is zero or an integer, we have in (5) and (6) only one par- 
ticular solution of the differential equation, and another particular solution must 
be found before the general solution is known. The manner in which this may 
be done cannot, however, be taken up here. 

The series (5) and (6) define new transcendental functions of «# called Bessel’s 
functions. They are important in many applications to mathematical physics. 


PROBLEMS 


Solve the following equations : 


ib sat 4 2y=0. 10, 4% 4.80% 4 6y =o. 

2. oY 4 8y =08 + bosinz, itil. ant Oy =0. 

3. wy =e + e® COS. 12. wt 6! + 18y=0. 

4. OY yy =8e-* + aee ils, oY 4 20H _ ayn at_ouh+ ba, 
5. ot + dy = sine, 14. oe _ y = Asinte, 

6. =o 15. we + 30h 10y =2 cosBe. 

7. oY _ 2y = sin2xcos8e. 16. w+ 3eH sy =6. 

8. we + 2c! sy =0, 17, we + 3c =a + 4a2+1, 

9. ae nooo 18, VY OF 6 y= eabui ean 


dx? ie dz2 dz 


SC 


20. 


ai. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


“S44 44y = 5esinde, 


d2y 


d?y 
da? 
d2y 
dx? 


ay 


dx? 
d2y 
da? 
d2y 
da? 
dy 
da? 
d?y 
da? 
dy 
da 
dy 


32. — 


33. 


34. — 


35. 


36. 


37. 


38. 


PROBLEMS 


Re 4 
dx (2 — 8)? 


dx 


+4y =e sin22. 
+y=2sin5esin3«a. 
+4y=4cos2e. 


+8y=a sine. 


d 
ae ae sin 3a. 
d 
Ma yalte. 
dx 


dy 
+ pr ae 4 eb, 


d 
~My =8at+4e—1. 
dx 


39. 


40. 


41. 


42. — 


43, — 


44. 


45. 


46. 


47, — 


48, —— 


49. —-— 


50. 
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eg ete 


dty | ody 
SON Qiao = isi 
me + a + 16y = }sin2a. 


qd? 
4 Y dy =38er 4+ 4. 
dx 


dx dy 
pats a4 — = 
tgs a 2—3y=0. 


dy 
a + 2Y 


wen 8e-2# 
dt? dt at 
a ey =O 


: \ 
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ay 20 sae 54. goed 3a OY gt = ak 
Bere ei ae due dis 
2eY = 4 grt oe A ee 
52. x ee + 1a + 18y= x log x. 55. wot Te ler ibn yee 
1K oie = 2 3d’y 3 gUU yt! ale x38 
53.07 oe +4y = (logz)2. 56. x ae aes Ae MS 


Solve the following equations by means of series: 


d2y dy d7y 
. e2— — 2x7) — —9y=0. 60. «2 +a 2 —= 0) fi Os 
57 Dee CALE y OF ae orl \y 
dy 
58. oot se res CRS 61. oY + ny = 0. 
ax 
dy dy 
— 7? —+6y=0. 62. (1 2) —_— SS =a) 
59. (a we U4 68 ot y ea are le ny 


63. A particle of unit mass moving in a straight line is acted on by an 
attracting force in its line of motion directed toward a center and proportional 
to the distance of the particle from the center, and also by a periodic force equal 
to acoskt. Determine its motion. 


64. A particle of unit mass moving in a straight line is acted on by three 
forces, —an attracting force in its line of motion directed toward a center and 
proportional to the distance of the particle from the center, a resisting force 
proportional to the velocity of the particle, and a periodic force equal to a cos kt. 
Determine the motion of the particle. 


65. Under what conditions will the motion of the particle in Ex. 64 consist of 
oscillations the amplitudes of which increase without limit as the time increases 
without limit ? 


CHAPTER XIX 
PARTIAL DIFFERENTIAL EQUATIONS 


197. Introduction. A partial differential equation is an equa- 
tion which involves partial derivatives, The general solution of 
such an equation involves one or more arbitrary functions. Thus 


z=f(x—y, y—) is a solution of the equation Set ee = 
0“ oy 

(§ 113, Kx. 1), no matter what is the form of the function /. Also 
AP, a2, 

z=f (e«+at)+ f,(%—at) is a solution of the equation = = at 


(§ 118, Kx. 2), no matter what are the forms of the functions /, and /,. 

Only in comparatively few cases can the solution of a partial 
differential equation be written down explicitly. In general, the 
nature and the properties of functions defined by such equations 
must be studied by the methods of advanced mathematics. In a 
practical application, the problem is usually to determine a func- 
tion which will satisfy the differential equation and at the same 
time meet the other conditions of the practical problem. 


198. Special forms of partial differential equations. Partial 
differential equations sometimes occur which can be readily solved 
by successive integration with respect to each of the variables, or 
which can be otherwise solved by elementary methods. No general 
discussion can very well be given for such equations, but the fol- 
lowing examples will illustrate them. 


By integration with respect to y, we have 
2 
Ox 


Pi (x), 


where ¢, is an arbitrary function. Integrating with respect to 7, we have 
% = pa (%) + hs(¥), 


where both dg and 3 are arbitrary functions. 
868 


4 
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2 
Ex. 2. Gs =— az. 
ox? 


If z were the only independent variable, the solution of this equation would be 
Z= (sin ax + ce cosaz. 

This solution will also hold for the partial differential equation if we simply 

impose upon ¢; and cz the condition to be independent of x but not necessarily 


independent of the other variables. That is, if z is a function of # and y, we 
have tor the solution of the differential equation 


2= oi(y)sin ax + ¢2(y) cos ax, 
where ¢1(y) and ¢9(y) are arbitrary functions. 


Ex. 3. — — a?—=0. 

oy? Ox? 

Placing x + ay = u, and x — ay = v, we have (§ 118) 
Gee 0 gt Oy he, 
oy? ou? oudv ov? 
02202 O2ZemO2Z 


eee ot 42 
ont out dudv " dv?’ 
and the differential equation becomes 
02z 


duev. 


the solution of which (Ex. 1) is 

2 = $1(u) + $2(2). 
Hence the solution of the given equation is 

z= o1(& + ay) + o2(x — ay). 
When a? =— 1, wehave z= ¢;(x + iy) + ¢o(x — iy) 


a2 2 
as the solution of the equation oe oe = 
0x2 = Gy 


199. The linear partial differential equation of the first order. 
Consider the equation 


ee hoe , (1) 


where P, Q, and #& are constants or functions of one or more of 
the variables x, y, and z. The solution of (1) is a function 


z= f(x, y); (2) 


which, substituted in (1), reduces it to an identity. 
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Now equation (2) represents a surface, the normal at any point 
0z 


of which has the direction “5 :—1(§ 112). Equation (1) there- 
way, 
fore asserts that the normal to (2) at any point is perpendicular to 
the direction P:Q:R (§ 98, (5)). Consequently we may start 
from any point on (2) and, moving in the direction P:Q: R, remain 
always on the surface. That is, the surface (2) is covered by a 
family of curves each of which is a solution of the simultaneous 
equations 
dn _ dy _de 6 
Pe O° R a 
Now (2) is any solution of (1), and hence we reach the conclu- 
sion that the solution of (1) consists of all surfaces which are cov- 
ered by a family of curves each of which is a solution of (3). 
We may proceed to find these surfaces as follows: Let us solve 
(3), obtaining, as in § 185, the solution 


U(d, Y, 2) =, ~ V(k, Y, 2) = C,. (4) 
Then, if we form the equation 


$(u, v) = 0, (5) 
where ¢ is any function whatever, we have a surface which is 
covered by curves represented by (4).. For if in (4) we give ¢, and 
c, such values that $(c,, ¢,) = 0, the corresponding curve lies on (5). 
That is, by means of (5) we have assembled the curves (4) into 
surfaces, and have therefore the solution of (1). We may formu- 
late our result into the following rule: 


; z 0 
To solve the equation P oe +@ Ss Tes 
0x oy 


: an dy dz 
solve first the equations = 5 = 
Jor the solution U=C, UV=C,. 
Then the equation p(u, v) = 0, 


where b is an arbitrary function, is the solution of the partial dif- 
JSerential equation. 


\ 
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0z 
Ex. (ny — m2) + (lz — as = me — ly. (1) 


: da dy dz 
We form the equations = = ’ (2) 
ny—mz lz—ne mx —ly 


the solutions of which are 
} x? + y? + 247 = C1, le + my + nz = Cg. (3) 
Hence the solution of (1) is. 
p (a2 + y? + 2%, le + my + nz) = 0. (4) 


Geometrically, the first equation of (8) represents all spheres with their cen- 
ters at the origin, and the second equation of (3) represents all planes which 
are normal to the line 

pice mee oe (5) 
Uo Tih © 0 
Hence the two equations (8) taken simultaneously represent all circles whose 
centers are in the line (5) and whose planes are perpendicular to (5). Equation 
(4), then, represents all surfaces which can be formed out of these circles ; that 
is, all surfaces of revolution which have the line (5) for an axis. These surfaces 
of revolution form the solution of (1). 


200. Laplace’s equation in the plane. Solutions of Laplace’s 


equation in the plane, : 
tae a NE 1) 
Cie, ae ( 


have already been found in §§ 172, 198. Another method of 
dealing with this equation is as follows: Let us place V= YY, 
where X is a function of # alone and Y is a function of y alone, 
and ask if it is possible to determine Y and Y so that Laplace’s 
equation may be satisfied. Substituting in the given equation 
and dividing by YY, we have 


Mowe laa 


aoe See a = 0 
Rett WETS : 
which may be put in the form 
1 @X A 
Lax 1ay. a 
DEM f= Y dy’ 


According to the hypothesis, the left-hand member of (2) cannot 
contain y and the right-hand member cannot contain x. Hence 
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they are each equal to some constant, which we will denote by a’. 
Then (2) breaks up into two ordinary differential equations, 


d’x . 
dit OP eh 1) 
iy, 


By § 190, the solution of (3) is 
X =A + Ag, 
and the solution of (4) is 
Y= B, cos ay + B, sin ay. 
Hence V=ecosay, V=eé*sin ay, 
V=e” copay, Vee sinay, 
are particular solutions of the given equation. 
If the value of the constant had been denoted by — a’, we should 
have obtained the particular solutions 
V = & cos ax, V =e" gin on, 
V =o cop av, VY =e“ gin az. 
The particular solutions thus obtained are, in fact, the real and 
the imaginary parts of the functions ¢%, e~”, e~'*, and e' (§ 172). 
The sum of two or more particular solutions of (1), each multi- 
plied by an arbitrary constant, is also a solution of (1), as is easily 
verified. Hence we may form the particular solutions 


Tn we Mas 1 

V = A, +> A,,¢~™Y sin mx +> Be ™” cos Ma, (5) 
mm 1 mal 
m" wn iim D 

V = A+ bay A," sin ma +> B,,0"" Cos ma, (6) 
Mee 1 ms= 1 


Solution (5) has the property of reducing to 4, when y = «, while 
solution (6) becomes infinite with y. 


x. Find the permanent temperature at any point of a thin rectangular plate 
of breadth m and of infinite length, the end being kept at the temperature unity 
and the long edges being kept at the temperature zero. 

If u is the temperature, it is known that wu satisfies the differential equation 

ou, Ht = 0, () 
On? ~— On? 


4 
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If we take the end of the plate as the axis of x, and one of the long edges as 
the axis of y, we have to solve (1) subject to the conditions : 


ue a= UN), ua, (2) 
Lier Cana =). (8) 
he ap y=), (4) 
iy =.05 hes ike, (5) 
Condition (4) is satisfied by the solution 
Ue 3, Ame ™Y sin me + > Bye ™Y cos mx. 
m=1 m=1 
m= 
By condition (2), 0= > Ben ™ 
m=1 


for all values of y, and hence B,, = 0 for all values of m. Our solution is now 
reduced to m= 
= > A,,e- ™Y sin mx, 
m=1 


which satisfies (2), (8), and (4). In order that it may satisfy (5), we must so 
determine the coefficients A,, that 


m=n 
1 =D) An sin ma. (6) 
m=1 


But (6) is a special form of a Fourier’s series ($$ 159, 160). Accordingly, we 


multiply (6) by sinmada, and integrate from 0 to 7. As a result, we have 


— co: 4 
AG =(——""), whence Ay =—, 42=0, As = $ ‘ Lt -++, Therefore 
7 m Tv 7 3 


4 : 1 4 1 : 
Oe c(evsine + —e—8’sin3a + —e-5ysin5dae4+.- ‘ 
7 3 5 
is the solution of our problem, since it satisfies all the conditions. 
201. Laplace’s equation in three dimensions. The general form 
of Laplace’s equation in rectangular codrdinates is 
OV ey, 13 av 1) 
7 nC) ( 
If cylindrical coérdinates are used, (1) becomes 


GAY . ALGIF i GAY. GAY 
byt tpt op 7k AGIA ae (2) 


and in polar codrdinates (1) becomes 


Ot OV UL, re i Yale 
a =) tang ag oon) * aang ae O (2) 
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The general discussion of these equations is beyond the limits 
of this text. We shall, however, consider particular solutions of 
(3) in the special case in which V is independent of the diedral 


angle 6. In that case a 


= G eae sin d ap \ sa(s $ 5g) 7° (4) 


Letting V = R®, where # is a function of r alone and ® is a 
function of ¢ alone, we may replace (4) by the two ordinary dif- 


= 0, and (3) reduces to 


- ferential equations a dR 
Oe es 5 
i. ¢ a a 0, ( ) 
One ae aD. 2 
ae sate b=0, 6 
ee (6) 


where a’ is an arbitrary constant. 
Expanding (5), we have 


the solution of which is, by § 195, 
Ba Apgiht VAR 4g Ag tH VE 4 ng At 


pm’ 


where m= — +/a7+ 4. From this value of m we have 
a’ =m (m +1), and (6) becomes 
i @& 


ioe Ess 
wage n big) tm + 1)@ = 0. (7) 


Changing the independent variable from ¢ to ¢, where ¢ = cos ¢, 
we have Legendre’s equation (§ 196, Ex. 2), 
Re ad® 
Ce ae eg =O (8) 
In the particular case in which m is an integer, we may choose for 
® Legendre’s coefficient P(t) =F, (cos ¢). 
Therefore the particular solutions of (4) are 
WV = 7" (e0s8 p), 
7 Balcos $) 


yn +1 
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Ex. Find the potential due to a circular ring of small cross section and radius a. 


If the center of the ring is taken as the origin of codrdinates, and the axis 
OZ is perpendicular to the plane of the ring, a oe equation assumes the 


form a/v eee 
2 0 1 
or +a (a in p< a= @) 


| since, from the symmetry of the problem, V is independent of 6. 
‘This equation is satisfied by 


B 
v= (4 mrm + a) Pn (C08 ¢), (2) 
ymtl 
n= 
where A, and B, are arbitrary constants. 
At any point on the axis OZ distant r from the origin 
M 
Vite (3) 
Va? + 7? 
where M is the mass of the ring, as shown by the method of Ex. 9, p. 99. 
Then, when ¢=0, cos¢=1, and by § 196, Ex. 2, P,(cos¢?)=1. At the 
same time the right-hand members of (2) and (8) must be equal, i.e. 


nue = = (Ano 46 ao ) ’ 
0 


Va? +12 ao qa 
and the coefficients A, and B,, must be chosen so as to satisfy this equation. 
Ifr<a (§31, Ex. 4), M mM a tie. 1 O54 
ae | 2a2 2-4 a4 ‘), 
and if r>a, mut == (7 sateqaccy 
Vatapt. <a \r 28 2.4 75 


Hence if r<a, we place all the B’s equal to zero, Ap = a A; =0, Ag= 


iil 
Sey ees CLG: ,; and obtain the solution 


susie M iG 
v=>(1 15 5 Pa(cosd) + 3-4" Py (cos) —- ) 


a 2a 
and if r>a, we place all the A’s equal to zero, Bo = a (hy Wag =A) 18% = 
a 


AYE pl 
— —.—-a,---, and obtain the solution 


M 1 5 
B= a PRC Ys 3 “Ps (cos sé) + 5a =; Ps (cos ¢) — vs). 


PROBLEMS 
Solve the following equations ; 
Oz e2 02 
. = are. ete ory fata a ERI 
6x? ox? eax oy? a] 
Oz 0z 022 0z 62 
Se & +6z=0. 6 ery, 


on ox on? 0x Ouey 


PROBLEMS ial 


022 oz 0z 
7 = 224 y?, 13. (72 eae (Se 64) = 1, 
aS; ( Se Drei + ne 
0z 0z ; 
8. —+4+—=1. deg eye 
OL CY 0x oy 
02 62 Oz 02 
9. L— — 7 — — 0; 15. Vie es — 2 
oy fos zs ay he pi 
é a 
10. 2 20 +22 Lees 16. AICS Naps pleat oy 
Ox cy ox cy 
0% a }: 
11. (+2) —@+ye=y-«. ee eee ey, 
oy ox Ox a] 
02 0z Oz Oz 
ey — 18. y—+(@4+2)—=~y. 
oe oy esa ct ey 4 


; : : 5 CF) DM. : 
19. Find particular solutions of the equation ae = aa in terms of trigo- 


nometric functions of x and t. Ae oe 


20. Find particular solutions of Laplace’s equation in the plane in polar 


ae: eV ile = 1 ev 
coobrdinates + = 
or2 or Or =r?’ «062 


21. Find the permanent temperature at any point in a semicircular plate of 
radius unity, the circumference of which is kept at the temperature unity and 
the bounding diameter of which is kept at the temperature 0, given that the 
temperature u satisfies the differential equation of Ex. 20. 

5 07u 


° : +, OU : 
22. The equation for the linear flow of heat is a = @—_, where u is the 
Co OL 


temperature at any time ¢, and a is measured parallel to the direction in which 

_ the heat flows. If aslab of thickness 7 is originally at the temperature unity 
throughout, and both faces are then kept at a temperature 0, find the tempera- 
ture at any point of the slab, the slab being so large that only the flow of heat 
normal to its bounding faces need be considered, 


ANSWERS 


(The answers to some problems are intentionally omitted.) 
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ave 2 A Be 1d eee ee, 
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1 
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30. wv log (1 + eC); 39. “ae lctn? (a2 ote a?) 

g 2 2 
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61. On the axis of the cone, two thirds of the distance from the vertex to the 


base. 


62. On the radius of the hemisphere perpendicular to the base, two thirds 
of the distance from the base to the vertex. 
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sina costa | 2cost’e 2 ~ ; 
stab + 2 log (csc  — ctn 2). 
2sin?a 2 - 
1 33 fl 3 85 2sin?a — 1 
oie Me ‘th x. : Sa WaT 
ee #8 Ob A “log (esc 2a —ctn22), ° 
4sin?2¢ 4 
139 
: =a 2. a2 
4 hv h? — a®+ Biogas 
Bue (Oce 6)" 92. +8. 97. 3(44 7) a. 
15 ce 93. 37a. 98. m (a2 + 0?) 
ma. 94. 2 mab. an 
a 95. 37a’. 99. 3 mab. 
80 96. 4 (4 — m)a?. 100. $a’. 
4 (7 — 2) a2. 
slam van +14 log (27 +V4x2 + 1)]. 
4V2a. 105. 2703, 
5 7?a3, 106. za tan 0. 
4 703, 107. 1 ha(3 mb +8V2a). 
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Page 140 
108. (za, $a). 111 (— sae): 
109. (za, $a). "\315 x" 3157, 
a 5a a ; 
110. =e 112. (; Rael 0): 
Corcacal 3 ); 


CHAPTER VIII 


Page 154 
1. 8224 228 — 392278 =c. y 
2. e’siny =c. Cree ce 
3. Vilte2t4+v1+y=ce. be, x? = 2cy + c2. 
Bern Tae COL 8. 2 logs + (sin-12) = @. 
ST eat x 
pee ease ha 9. cosasiny =c. 
Page 155 
poy 25. y=ccose — 2 cos?z. 
aa peas 26. 22+ 3ay + 2y2?= ce. 
y my 1 a+1 
Af? A ees es) ve = pre 
38x 
12. (x + y)§ =cyter. 28. Coats Oe 
18, 224+ 42y —y?-—6x—-2y=¢. 29. A Rea ee 
14. (y+ 8)(e+y+1)=c. 2 ee 
15. (w+ y)?+2y=c. 30. y = Cae 
16. 2y =sine — cosa + ce-*. etn 2 + ¢ 
17. y=(u+12(e* +0). 81. a2(1— y2) =¢(1+ 2%). 

18, y= (e241)? +¢e@+1). 32. x log a? + (x? + ys)i CIs 
ae! 33. y(e7=+1)=e7+ a+. 
19.%=ce % 84. (seca + tang) (1+ y-8)=a-+e. 

20. y=e(1—z) +e. 35. 4y = ce — (202+ 2241). 
x x 36. y = (@ + c) er. 
21. logay +} (@— y?)=c¢. sin aa 
22. w2 = c? + 2cy. 37. y=— + C1@ + Ce 
23. y=14+e24+cV14 22. 38. y = ev (a — 2) + ce 4 Co. 
24. y=1+c(a—V1+2%). 39. y= 42 loga — gy a8 + cia + Co 


1 F one 
40. y = 45 (2 Ve? — 22+ ¢? sin-1) 4 C2. 
1 
41. y = cx? + Cp. ci (Ee —C 
(~—a)? 46. yoo ear 
+ €2. Crier 
4c, Z—ec 
43. (y + 1)? = cya 4+ Ce. 47. YEG) OE ey 


44. y+ cq log(y—c)+2%=¢p. 


42. y = log (« a) 


4 cPeci@ + ¢2) 


C2 ae 482697 
45. Ye ad CIE TCO Y (1 — e+ 2))2 
4 3 
1 te 
49. y= 5 let V ca? —1— log (eye + Ve2a2 — es C2. 
1 


50. y = ¢,sin[k (w — ¢y)]. 51. y = cy cosh[k (x + ce)]. 


Page 
52. 
53. 


54. 


55. 
62. 
64. 


65. 
66. 
67. 


69. 
70. 


pth oe 
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156 
y(x — 4)2=9, : 56, y =— 1 + er—2. 
tan 5 = ex—1, Mls WCE, 
58. y=ax?+0. 
Y _ pgxav2 
nan os CO 59. r =csinné. 
4y3 = 9(kx + c)2. : 60. c=nlogy+e. 
1 
— i cosh[k(% —c)]. (k is the constant ratio.) 63. 2? 4 y? = cx. 
y = acosh~—*. (a ig the constant length.) 
We 8xa—k2 1 
y= : sin- 1 “ + ee 422+ c. (kis the constant ratio.) 
y =k cosh” —*. (k is the constant ratio.) 
is a QU (20 alt Same 
Ely =— w(|— — —). 68. Bly = ; 
Fs GE 4 ; al al a ) 
2 8 
Ely =~ (F = 5): 
2\4 6 


(@ — cy)? + (y — ce)? = c%.._ (c is the given constant.) 
2 


c 
. cy? — a (x + ¢,)?=1. (kis the constant ratio.) 


157 


. Harmonic motion. 


a a. 22% —@ . : 

eer (v ax — x? 5 sin-1 ) » where kis the constant ratio, 
a 

=a when v = 0. 


. Same velocity as if the body fell freely. 75. About 7 miles per second. 


CHAPTER X 


195 

. (1, — 2, 2). Be Gora ee ers 
. mt y2+ 223-24 —4y —22—43=0. 1 

. $4 glogsd. 7. e—-- 


.wV2+402 + log (w V2 +V 2724+ 1). 
1 


eC OSm: c 13) 24 —37 +62 +421= 0, 
V24+2 a 

196 

.e+y+2—6=0. 16. ay +kz=0. 


. we —2y —22+27=0. L 
. (a — et) — ety — e-*) +-V2(z —t-V2) = 0. 


.e+2y+32-6=0. 25. 27—2y+2+6=0. 
9 7 3 26. sin—113. 
V139 V139 139 27. (1, 2, 1), (4, 4, 4)- 


.e—2+2=0. 29. lla+ 13y — 37 =0, 874 13824 10=0. 
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30. 
31. 


32. 


33. 


34. 
35. 


36. 


Page 
10. 
12. 


13. 
18, 
21. 
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197 
(22 1.2)3 ST leas 
eee eee 39. 2+16y+72+8=0. 
3 4 40. 8a—2y—z+4=0, 
totale: o 41. 24+1ly+5z=0. 
ache y —e-t 2—tv2 42.2-6y+2-—-2=0, 
i ee ee oe 32447 +82 —1=0. 
2—2=0,¥=0. 43° % — 2 — 0), 
2y+z2=0. 44, 93% —46y +1382 —179 =0. 
CO8- 1a, Costa 46. (1, — 2, 4), (3, 33", 49"). 
Vis 72 V13 47, (0, 1, 2), (F%%, Aap}, — 2p). 
CHAPTER XI 
218 
AA = .396 sq. in., dA =.398'sq. in. 1) AL =-057 ins, dL = .057 im: 


AV = 5.11 cu. ft., dV = 5.09) cu. it. 

sin B dh h on B cos(a@ + B) nite hsina 
sin (@ + B) sin? (@ + B) sin?(@ + £) 
we + yiy — (41 — a) (2 —a) = 0. 


dg. 


( ad bd rs cd ) 
e+ete @+eic  at+ete 


22. (a, a, a), (— a, —a, a), (— a, a, — a), (a, —a, — a). 
23. Point of intersection of the medians, 
24. Vee, apt ere eS sae 2b ire 2 CEG : 
3/3 a2 + b2 + 2 a? + 02 + ¢? a? + 02 + ¢2 
Page 219 
2 _ h2 2 
go, Mt WAY | Zz _ 38. 0°. 89. cess 
a? b2 C2 2 ac 
Page 220 
On Ou dy Oy Oz ez — 
44. w— @y eS UY aeuil = Z-% , AB a ee 
ny1 Mey (Bi Tee een — LITE Yrz1 — 2101 U1Y1 
b2 C2 2 a2 a2 b2 


46 acln 
V (a2l2 + b?m*) (a2l? + b?m? + c2n?) 


47. 


61. 


8 bemn c V atl? + b2m? 
V (a2l2 + 2m?) (a212 + bm? + cn?) Va2l2 + bm? + Cn? 
2) g2 
Ce Te PR a SE 49. 0°, 
rv a? + Kk? 
OV 02s ov OV OV 
xy | —~ — + (x2 — y? _ r—. 
ee ) \ Y) Fe0 Ye oy 
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Page 221 — 
of cig mo of 
68, == F’ (a woth / 2 Wa 
aa? Le sale el Vo = (x). 
Lev Sra? 
tO Oe merge 71. log(a +1). 
CHAPTER XII 
Page 234 
1. 4log2 —11. 4. 3(log2 —1). 7. Laa?. 
2. 2. 5. drat. Ae 
3. $02? + har]. 6. 6, eee 
Page 235 
9. 47202, 11. 7, a8 13. 48, ma? 
10. log V2. Lone. 14, 1a. 
CHAPTER XIII 
Page 253 
1. 4. 6404 Va 
— ——(110%?+ a 
2. 8 Vab(a + b)(5a2 + 2ab + 50%), sions eT: 
4, 18 atv3. 8. 1 rat, 12. 45 at, 
5. a), mat. 9. 17a. 13 64 a Va 
6. 35 mat, 10. 3 zat. "3465 63 
7. ima. 11. 55, wa‘. 14. 3,(8+ 37) a4. 
Page 254 
15. Zl3at. 21. 1 (mr — 2) a2. 24. 8a. 
16. (107 — &4) at. 22. +, a2 (8m — 8); 25. 2a?(r — 2). 
17. (1,5 — log 4) a’. ps @ (37 — 8); 26. 22 7a. 
18. (27 — 4) a’. 4 a? (37 + 8). 27. 8a. 
IG), Oe V3 A 28. 2a%csc2a. 
20. 8 (a + b)Vab. PS ele 
29. a2 + (y + z tan a)? = a?; 2a2(ctna + a csc?a). 
30. 3 (20 — 87). 31. 2a? (m — 2). 32. 2 a? (20 — 387). 
Page 255 
83. 16a?[4r —V2 — log(1+V2)]. 
34. (2a, Za). 37 (= a.) ae aa) 
35, (0, 32087 +8) “\iba’ 857 3154 8157 
so b(Gor 24) Ja iS —_ 
86. (2a, 0). W5a 1157 
: B8asina ,. : 
40. On the axis of the sector, —_—— distant from the center of the circle. 
ry 128-V2a. 42. (Sa, 0). 44. (3a, 30, 90). 
1057 43. (17a, 0). 
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45. (=, 0, et). 46. (Gs 18, 186), 41. (5: 26 a) 
4 8 15 157 157 3x 38 Or 


48. On the axis of the cone, 


7 


® distant from its vertex. 


a 


49. On the axis of the cone, 2 of distance from vertex to base. 


Page 256 


50. (Za, 2a, 2a), the center of the sphere being at the origin, and the octant 
being in the “first octant bounded by the codrdinate planes. 
51. On the axis of the cone, midway between the vertex and the base. 


52. aI, a3. 59. 31. 65. at 7d. 
53. a3 (ko — ky). 60. 97. 66. .3, zabt. 
54. 8 mabe. 61. Lact (5a + b). 67. : a, 
55. 53, 62. 3mat 68. v3 Tas. 
56. 4 (7 + 2) a’. 325 69. abo as, 
57. Lab. 63. 4 7a’. 70. =, a8 (3m — 4), 
58. (1% — log 4) a’. 64. 2a3(3m — 4). 
Page 257 
ak, “s as, 72. 87?a3. 73. 545 mpabc (b? + c?). 74. Lapath. 
75. ay Be tanta. (k is the constant ratio.) 
76. gee kerr (k is the coefficient of variation. ) 
17. 45 m er — rp). 
78. Ska®. (k is the coefficient of variation.) 
79. 6M (1 — cosa) - 80. mpa (2b — a) 
h? tan2a b 
4M : : 
81. a (M is the mass of the hemisphere. ) 
a 
82. 4M (7 —4V2) (M is the mass of the hemisphere.) 
15a? 
Mv: 
83. £V8 (M is the mass of the ring.) 
12 a? 
CHAPTER XIV 
Page 276 
3 Ta ra? 
1. —7a?. 2, —(8b— 2a). 35 : 
3 7 ( ) 5 (2a + 3b) 
Page 277 
k : 
5. 2. 6. 0. lie aie (k is the constant ratio, r is the distance.) 
8. — klogr (k and r as in Ex. 7). 14, 22+ 42 -—ay+a—y=c. 
10. 3; 2; 4; 0. 15. 14 y24 oy? = ca?. 
11. 8; 3; —4. 16. (@+ y)®+2y8=c. 
12, 30.5 27, IOs y= Oa) SS ee 
18. — 10; — $5; 0. 18. log (2? + y%) — tan-1 =e, 
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Page 278 
19. 23+ 3ay? = cy?. 24, 25 — ay 4 x22, 
20. coil = 
ee aba F Ae 25. 2%+sin2”2+4ycosz=c. 
21, ¢. 7+ log oe 26. log cos? (« + y) + y? =c. 
22. lo —_ = 
gato 27. tor ee fe 
ry 2a2y? 
23. ay + log” =e. 
x 28. 12y(e +1) — 423 — 82t=c. 
CHAPTER XV 
Page 302 
14. —l<¢ <1. 18. All values of z. Ula = Ne aa al, 
ele p<a's 19. All values of z. 29 a a 
Ch, nie 20. —1<2 <1. SEAN Sia eens 
Vie reels 
x2 bat 61 «6 a. ot 
23. 14 OY Ghee gyi ee ee oe 
eae BRT a 
eh ad 
24. l+atatt oe +. Hh AS CBS aaa a 
2 8 4 2 4 6 8 
Ps ip ee a PY ype a ce Seca Pa 
D, Gumel2 2 12 45 2520 
2 
29. one oe cos 8a -). 
3 12 22 32 
30 sinh aw eel cos & cos 2 a ) 
aw 7 12+a? 224 a2 
ee Qsin2a2 ssin38a ) 
7 Wt+a2 224 q2 ° 324 Q2 f 
31. (52 sin3da . sindz .). 
i 3 5 
39 T = (* CUS Is ROO ) ee sin2a2 sin3z ) 
(4 w\ 12 32 52 1 2 3 
33. 37 2 cos%  cos38a e+) 
4 a\ 12 32 52 
4 ‘en sin2e 38sin3az Bees ) 
1 2 3 4 : 
Tr COsS% Cos 28 cosoe 
84, — — 2] - toe 


Page 
35, — sina. 38. log“. 
36. 1. b 
387. — 39. 0 


+E 3 )sing 
we\1 18 2 
303 


wT? 4 1? 
sin 2a —_——— sin8a———sin4da 
ae | 4 ue “| 


40. — 2. 43, 5. 46. 0. 
41, — 44. 0. 47. 0. 
42, 2. 45. 0. 48. 0. 


oor wo %~ 


oO 


10. 
ial 
12. 


Page 


16. 
17, 
18. 
19. 


22. 


23. 


24. 
25. 


26. 
27. 
28. 
30. 
31. 
32. 


33. 


34, 
38. 
39. 
41. 
42. 
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ao 52. 0. 56. —1. 60. 1. 63. 1 
a G68 53. 00. 57. 1. 61. 1. 64. e 
2) 54. —1. 58. 1. ne 1 65. e% 
.-. 55, 4. 59. 1. on tes 66. 1 
CHAPTER XVII 
336 
Ly = ty tage + (af — Bat + (ad — De® + (ad — yy ad) + 
1 1 1 
, = o x? — —{ at + wr — eee, 
ears, Pea, 4a? 5a? 
Ysa tazx + ase? + aft + (ap + 1)at+---. 
. ¥—b2 +c) (y+2x+4+e)=0. 6. (x2y — c) (y — cx) = 0. 
. (y — cx) (y? — 2% — c?) = 0. 7%. (y—c)(y—ce-”) (8 y—23 —c) =0. 
. [e-—a—c(e@+a)e’][t-—a—c(x@+a)e—¥] =0. 
. y*sin?a + 2cy +c? = 0. 
cy? —2 cary + cia? = 1. 13. c2?(1+4 y?) — 2c8ey + ctx? = 1. 
y? = 2cx — c?, 14, 2%—logp-+p+ey=pttp* 
y? = 2cx + c?, 15. y=c(c — &)?. 
337 
x? = sin? (y + C). es 
y =plog Vep, « = (1+ log Vep) log Vep. 
PMO Sie 20. 9(7 + 2y+c)?=4(e% + 1)% 
%+y=ctn(c — y). 21. (y — a log cx) (2a2y?— at —c)=0. 
= ] 20 — 3 2log 
Fp ee AAA TN cet OP a Sa 
(p — 1) (Dial) 


(14Vy +1)? = ce-2#2Vv41, 


x2 
(c, _ e2 (a —8y+c)(ty+cy4+1)=0. 
SS GIy 00 = At + 2p) e2P, 


(l—4y)?+ 42% -—2c[(l1—4y)cos2a” +4 2asin2a]+c2=0. 
(y? — cx)? —c2 +1=0. 

ev = cer + C8, 
y=crt+V1— 0%, y2— 22 =1. 
(2y —3a2+c)(2y —2%?+c)=0, c=0. 
x* = 2cy + c? + a®, a2 4+ y? = ar 


y=“ to, 1+44a%y=0. 


29. y2 = ce? + 2 


35. (x _ c)? +y2= a2, y? = a. 
36. c?+cry+a3x=0, ry2—4a3=0. 


(y+ cx)2?=c, 4ey—1=0. 87. 27y— 423 =0. 

bx? + ary? — ab? = 0, y= cu + Vb2 + arc, 

(x? + 1) (y2?—1)z22=c. 40. (@+y)(y+z)(2+%)=¢. 
v8 + y2? + 224 logyz2=c. 


cy + yz+ zz —(b+c)x—(c+a)y—(a+b)z=k. 
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43. y(w+2z)+e(y+2z)=0. 
he Be 
44. fee 


x 


y 
6. Zire ae 
4 + ; logz=c. 


eee, 
Gere ey he pes =o. 47. logz = tan ato 
y 
1 


48. x24 a? = ky (y? + 0%), Lee UP tan-1~ — ke. 
b b- ¢ c 


1 


49, 22 — y2=—¢, y2? — 22 = cy. a8 i 
51. e *+e-P=c1, €e *—e€ *=Cy, 


50. e=2+¢), y2=2x2 + Co. 
52. y= (& + ¢1) Va? 4-1, z= (ec, tan—1z + ce) Va? +1. 


Page 338 
58. 724 22=c? ég ec los : 
1) War 2 2 Fpl Cy 
54, 2? -—ay=c1, 2+ 2?-—cot+eo=0. 
55. e+y=cye?, 2y = 274 Ce. 


64. 274 y? =c}. 


2 2 65. 2ay=+c%. 
56.2 —y=cye?, y=eoe 2. 66. 27 py? = 4 (x — 2p)3. 
St 2 — Y= C12, 2 — Y= coy. 67. 322-—42y = 0. 
58. e+y4+2=0, 4+ Y4 2=c2. 68. y27=4 px +4 p?. 
59. a ty+2z2=c, © —Y = Co2?, 69. 28 + yi = ci}, 
60. y= cz, 2 + y? + 22 = Coz. 70. e+ (x +2p)y2=0. 
61. 16y23 + 2744 = 0. ; W1. («—y)*-2k(e+y)+h=0. 
62. 4xy = c?. 72. a—4da(a—y)=0. 
63. x2 —4y2=0. 18. 284 yi = al. 


74. 2(% —c) = klog(k + Vk? — 4y?) Vie? — 472. 


Page 339 


(6) GP 17, 202 + y?2 = c?, Ds WS Ces 


Vi-k ; 
8. + y2?=2a2 . 80. y= 2, 
mB p= cee Q 78. e+ y?=2a? loge +c yy=4ax+4a 


81. A family of circles tangent to OX at O. 
82. 22+ y2-—cxr+1=0. 
84. A family of lemniscates having the line @ = 5 for a common axis. 


85. r= c(1—cos8). CDs GS 


CHAPTER XVIII 


l. y=ce 3, 

2. y=ce-8% + Lar— Ba + 27 + gly (B8inx — cosz). 

8. y = ce?* + e8* + 3 et (sin — cosa). 

4. y=(c+3az)e-7 +} (2a —1)e. 

5. y =ce-4*% + 3 — 3, (2cos2ax + sin 22). 

6. y=et[c + 2x — log (e?* + 1)]. 

1. y=ce — xl, (28in52+ 5 cos52) + 415 (2sing + cosz). 


%, 
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8. y= cye2* + Coe 4%, 2 105 y= (ent C2) e— 4%, 
9. y = ce + Ce. 11. y=cysin38z + c2c0s3@. 
12. y = (cy cos2@ + cgsin22). 
18. y = ce + coe 8* — Lat — 228 —16 22 — lade — 338, 
14. y = cye™ + cge~* — 2 + 2 C0822. 
15. y = cye?* + coe 5" + 3, (9sind x — 19 cos8 2). 
16. y = cye® + Coe— **% — 3. 
17. y= cy + coe 8% + at + ha8— dar + Bo. 
18. y=(c1+ $28 — g2— 2x)e27 + cge— 8%, 


Page 361 
19. y = (¢1 + cow + $27) e* + 40%”, 
20. y = (c1 + cox) e-* + #8 — 6a? + 18% — 25. 
21. y = [¢1 + cow — log (x — 3)] 8*. 
2 x 
22. y = (cr + com) e- 2" + al sin 3.x — 24 cos), 


2 x 
23. y= cysin2z + c,cos2ez +S (sind — 2cos2 2). 


24. y=csing + cecosa — }.cos2% + gl, cos8 a. 

25. y = c,cos2e + (ce + &) sin2 a. 

26. y =c, cosa V3 + cgsing V3 + 1a + }acos2e—2sin2a. 
27. y= @[cysin3a + (ce — 42) cos3a]. 


A Z 
28. y=1 thet o3(ce0st + cgsin= *). 

3 2 2 
29. y =e-"(c,cos2a + cosin 2a) + (La? —L)e-* + gl, e2, 


a V3 ae, 
+ C2 sin 


30. y = e(ey-008 vA) 48084 10048, 


31. y = cy + Cot + Cge3%, 
32. y= c1 + Co cosa + cg Sing. 


an, He 
+ C3 Sin 


x 
33. y= cer + &3(e cos 


84. y = (c1 + Cox) cose + (cz + C4x) Sina. 
35. y= a? + e144 Co + cg cose + cy sine. 


1 oe, 
36207) = ri (em — e-*) 4+ wa cos 7 + cg sin a 


TE Ay a 
+e Vile cos —— + c,4sin =) 
V2 V2 


37.-y = ce=* -- Ala cos 8 + ¢3 sin | 


+ $e*(2sinz — cosz) + 7, e—*(2sinx + 3 cosz), 
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38. y = e* V3 (c, cos 2@ + cg sin 22) + e-* V3 (cs cos 2x + cq sin 2 2) 
+ apt? — ohh 1% — aby ee 

39. Y = Cy + Coe + (£23 — 242 + Tax 4+ Cz) e. 

40. y = (c1 + cox) cos 2a + (cg + eye — gy v*) sin 2a. 

41. y= C1 + @ +4 (Co + cge + 3 x2) €2*, 

42. y=cye—* + Co + cat — 822 4+ a8 —lLat+ J, a. 


g if 
43. x = ce, y = ce. 
5t bt 
44. 4 = ce? + 2 et Qe2t, y = ce? — Bede — Pt, 
45. x = cye3t + coe-2¢ 4+ Let + gl (5cos2t+sin2?), * 
y =— 8cy,e8t — coe 24 + 2 et — 21, (17 cos 2¢ + 19 sin 2). 
46. x= cyet + coe? +l, y = cet — 2 coet? + h. 
47. x = cye3t + coett 4+ 3, y = 2cye8* + coett 4+ 2. 
48. c= cy + coe?! + cge-? + Lt — $4 188, 
y =2¢, + § — 2coe?* + coe-? + BtE— Ft? + 408. 
49, & = cy, + coe?? + cge-* + BL — SP + LEB, 
y = ¢; — #3 + dcge—* — Fe-2t + Gt — 307 + B. 
a t t Sal et t 
a a 4 @ =A a a 
50. x=ev2 C1 cOS —= + Ce sin =) +e Vi(cs cos —— + c,sin S 
( v2 v2 v2 r2)) 
—/ : at at}. -— att at 
= eNa Fon) Va(casin Ze en) 
y = e4 cz cos —= — cysin —]+ e Cg Sin —= — C4 cos —— }. 
( v2 2 v2 v2 
Page 362 
51. y = ce + cot? + 3.23. 
4 Lo 
2 E [ex cos (log @?) + cg sin (log #?)] + —— (5 loga — 2). 
Oe 100 
53. y = c, cos (2 log) + cz sin (2 log) + 3 (log x)? — }. 
54. y=1a?+ cy (log x)? + eg log x + ¢s. 
4 1 
55. y = cx + Co cos (log x) + cg sin (log x) — ress 
c 3 
56. Yy = 01 + Cox? + = — = (loga)?. 
aes ts} 
De arc! Dri Sad Bos. (hee 
“BT. y = cyu8 (1 + ——@ + ——— a? 4 +--+ = Sd 
ae (oe ‘7-8 [r-7-8-9---(r + 6) 
+ 2 (15 + 18 + 92% + 20%). 
x! 
58. y=¢c1(6 —4a% + a?) + cont (1 Pees a 
es ae PEREDRO BOOT 
r+ 1 ) 
Ae; == anKe ——_—____—_<— 7" +55). 
ze aa ose ee epee pester 


59. y = 01 (35 — 42.0 4 210? — 403) + 2 (8 — 14 + 212%). 
x 
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con ae 
61. y= a, 1- mone Ta Lee 
eet (ey hte 2 naty ++ | 
+ ean] 1 — 5 (nah) +> (nx)? “Ty oe? 
SA eae a a Ap 
02, ya[1+ pare SO Dn, oe 
joo ee ea as Ora er] 
sea[ie eter PHD gy ODEO 2 a 
eS 


68. s=c, cosht + cgsinht + j g 2 coskt. (h? is the constant ratio.) 
a —S 


s = c, cos kt + cosin kt + = sin ké, ifh =k. 


lt tV/2— 4h2 trv/2— 412 
64. s=e 2\cye 2 + C2é 2 


a(h? — k?) cos kt + akl sin kt 

(A? — k?)? + (Uk)? 
2 ( tV4h2 — 2 
¢1 COs en oar 


, if L>2h; 


3s= e724 + cgsin 


_ t V4 he — B 
2 
a (h? — k?) cos kt + akl sin kt 
(h? — k?)? + (1k)? 
a(h? — k?) coskt + 2 akh sin kt 


(h? — k?)? + (2 hk)? 
(A? and J are the constant ratios. ) 


— 


,ifl<2h; 


8 = (C1 + Cot) em M4 


eel SON) 


Gomes 


CHAPTER XIX 
Page 370 


We gily)e™ 4 pay)e- ea 8. domes prlyje ae d2(y). 
get 

2 ee 
a + 


i PY) + 2(y). 4. z= gy (y)e8* + go(y)e2*. 
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Page 371 

5. z= e-2"[ g(a) cosy + a (x) siny]. 

6. z= Lary? + oily) + G2(c). 18. p[e-9*(2a—y), e-9*(42 +y)]=0. 
1. z=} (wy + xy?) + o1(y) + $2(2). 14. o(%, ) = 0; 

8. p(@—y, y—2) =0. “i <5 

9. p(a? + y2, z) =0. 15. (2, a _ xyz) =10) 
10. o(% =)=0. 16. ot, sy — 28) = : 
11. p@+yt+2, 224 y?—2)=0. 17. ¢ (a2 — y?, y2— 2) =0. 
12. o(z +x z+ tan-3¥) — 0, 18. es uz -") —= {0}, 


21. i Se (rsinae+ 5rtsin da + Boel bane ), 
T 8 5 


PPA Wh 3 (ce*sinz + ; e-9@¢t sin 8a + =e 2a%tsinbBa-+-- ). 
Tv ' 


INDEX 


(The Roman numerals refer to the volume, the Arabic to the page.) 


Abscissa, I, 36 
Absolute convergence, IT, 283 
Absolute value of complex number, 
II, 805 
Absolute value of real number, II, 283 
Acceleration, I, 202 
Adiabatic line, Ii, 267 
Algebraic equations (see Equations) 
Algebraic functions, classification, I, 43 
graphs, I, 121 
differentiation, I, 178 
implicit, I, 188 
integration, II, 26, 118, 119 
Amplitude of complex number, IT, 305 
Analytic function, II, 311 
Angle between normal and focal radii 
of ellipse, I, 191 
between plane curves, I, 211 
between planes, IT, 186 
between space curyes, IT, 184 
between straight lines in plane, I, 
57 
between straight lines in space, IT, 
183 
between tangent and radius vector, 
I, 845 
eccentric,, of ellipse, I, 804 
vectorial, I, 329 
Are, derivatives in plane polar coérdi- 
nates, I, 347 
derivatives in plane rectangular 
coordinates, I, 196 
differential in plane polar coérdi- 
nates, II, 79 
differential in plane rectangular 
cobrdinates, II, 78 
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Arc, differential in space rectangular 
coordinates, II, 180 
length defined, I, 195 
length in plane polar codrdinates, 
IO hes 
length in plane rectangular coérdi- 
nates, II, 75 
length in space rectangular coérdi- 
nates, II, 179 
limit of ratio to chord, I, 195 
Archimedes, spiral of, I, 832 
Area, center of gravity by single in- 
tegration, II, 94, 96 
center of gravity by double inte- 
gration, II, 246 
derivative in polar codrdinates, I, 
348 
derivative in rectangular coérdi- 
nates, I, 204 ; II, 47 
determination by double integra- 
tion, II, 289, 240 
determination by line integral, IT, 
260 
determination in oblique coérdi- 
nates, II, 66 
determination 
nates, II, 67 
determination in rectangular co- 
ordinates, II, 64 
moment of inertia, II, 236 
of any surface, II, 241 
of ellipse, I, 3804; II, 65, 66, 
261 
of lemniscate, I, 348 
of parabolic segment, I, 216; II, 
95 


in polar codrdi- 
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Area of rose of three leaves, IT, 69 
of sphere, II, 242 
of surface of revolution, I, 79 
projection of, II, 177 


representing definite integral, I, 


41 
Argument of complex number, I, 305 
Asymptote, defined and illustrated, I, 
128 
of hyperbola, I, 145 
of hyperbolic spiral, I, 833 
Attraction, by multiple integration, I, 
252 
by single integration, II, 86 
of cylinder, IT, 252 
of wire, IT, 87 
Auxiliary circle of ellipse, I, 304 
Axes of codrdinates (see Codrdinates) 
of ellipse, I, 141 
of hyperbola, I, 146 
Axis of parabola, I, 147 
of revolution, IT, 69 
of symmetry, I, 121 
radical, I, 175 


Beams, bending moment of, IT, 149 
Bernouilli’s equation, IT, 148 
Bessel’s equation, IT, 359 

Bessel’s functions, IZ, 360 
Binomial theorem, IT, 59 

Bisection of straight line, I, 89 
Boyle-Mariotte’s law, I, 48 


Cardioid, I, 337 
radius of curvature, I, 362 
Cassini, ovals of, I, 338 
Catenary, equation and graph, I, 281 
equation derived, II, 148 
property of, IT, 152 
Center of circle, I, 134 
of conic, I, 288 
of curvature, I, 356 
Center of gravity, defined in plane, IT, 
90 
defined in space, IT, 245 
of elliptic segment, IT, 96, 247 
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Center of gravity, of parabolic seg- 
ment, II, 95 
of plane area by single integra- 
tion I, 94 
of plane area by double integra- 
tion, IT, 246 
of plane curve, IT, 92 
of quarter circumference, IT, 98 
of solid, IT, 248 
of solid or surface of revolution, 
I, 96 
of spherical segment, IT, 97 
Center of pressure, IT, 98 
of pressure of circle, IT, 98 
Change of codrdinates (see Codrdinates) 
of limits in definite integral, IT, 49 
Chord of contact, I, 248 
supplemental, I, 264 
Circle, auxiliary of ellipse, I, 304 
center of gravity of quarter cir- 
cumference, II, 93 
definition and general equation, I, 
134 
involute of, I, 311 
of curvature, I, 354 
parametric equations, I, 308 
polar equation, I, 342 
pressure on, IT, 89, 98 
special case of conic, I, 149 
special case of ellipse, I, 142 
tangent to known line, I, 186 
through known point, I, 136 
through three known points, I, 188 
with center on Known line, I, 187 
Cissoid, I, 151 
polar equation, I, 341 
Clairaut’s equation, IT, 321 
Coefficient, differential, IT, 7 
of element of a determinant, I, 8 
undetermined, in differential equa- 
tions, IT, 350 
undetermined, in partial fractions, 
IT, 104 
Collinear points in a plane, I, 88 
in space, IT, 188 
Comparison test for convergence, IT,280 


INDEX 


Complex numbers, argument, IT, 805 
conjugate, I, 32 
defined, I, 81; II, 804 
functions of, II, 307 
graphical representation, IT, 804 
modulus of, II, 305 
operations with, I, 82 ; II, 305 
Complementary function, II, 349 
Components of force, I, 34 
of velocity, I, 200 
Concavity of plane curve, I, 112 
Conchoid, I, 334 
Cone, II, 165 
Conics, classification, I, 287 
definition, I, 148 
diameter, I, 252 
general equation, I, 229 
in oblique coérdinates, I, 244 
limiting cases, I, 234 
polar, I, 247 
polar equation, I, 348 
tangent, I, 246 
through five points, I, 241 
treatment of numerical equations, 
I, 240 
See also Ellipse, Hyperbola, Pa- 
rabola 
Conjugate axis of hyperbola, I, 145 
Conjugate complex numbers, I, 32 
Conjugate diameters of conic, I, 258 
Conjugate functions, II, 313 
Conjugate hyperbolas, I, 262 
Conoid, II, 178 
Constant, defined, I, 40 
of integration, I, 206; IT, 12 
Contact, chord of, I, 248 
point of, I, 105 
Continuity of function of one variable, 
Hi, sth 
of function of two variables, IT, 
200 
Convergence, absolute, II, 283 
comparison test, II, 280 
definition, II, 279 
ratio test, II, 281 
region of, IT, 285 
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Coordinates, Cartesian, I, 224 
change from plane rectangular to 
oblique, I, 224 
change from plane rectangular to 
polar, I, 341 
change from space rectangular to 
cylindrical, II, 231 
change from space rectangular to 
polar, II, 281 
change in multiple integrals, II, 
234 
change in partial derivatives, II, 
208 
change of direction of plane axes, 
I, 221 
change of direction of space axes, 
II, 193 
change of plane origin, I, 217 
change of space origin, IT, 193 
cylindrical, II, 231 
oblique in plane, I, 223 
oblique in space, II, 159 
polar in plane, I, 329 
polar in space, II, 231 
rectangular in plane, I, 35 
rectangular in space, II, 158 
Curvature, center of, I, 356 
circle of, I, 354 
definition, I, 353 
radius of, in parametric form, I, 
860 
radius of, in polar coédrdinates, I, 
361 
radius of, in rectangular codrdi- 
nates, I, 354 
Curve, Cartesian equation of plane 
curve, I, 44 
center of gravity, II, 92 
degree, I, 166 
direction of space curve, II, 182 
equations of space curve, IT, 170 
parametric equations of plane 
curve, I, 302 
polar equation of plane curve, I, 
330 
second-degree curyes, I, 229 
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Curve, slope of plane curve, I, 99 
tangent to plane curve, I, 104 
tangent to space curve, II, 189 
with given slope, I, 207 
See also Arc, Area, Curvature 

Curves, family of, II, 316 
intersection of, I, 161 
with common points of intersec- 

tion, ty lil 

Cycloid, I, 305 
radius of curvature, I, 361 
tangent to, I, 315 

Cylinders, II, 169 

Cylindroid, IT, 173 


Definite integrals, applications to 
geometry, II, 64, 236 
applications to mechanics, II, 86, 
236 
change of codrdinates, II, 234 
change of limits, II, 49 
defined, II, 39 
differentiation, II, 216 
double, II, 222 
element, II, 64 
evaluation, II, 47 
graphical representation, II, 41 
limits of, II, 40 
properties, II, 45 
triple, II, 230. 
with infinite integrand, IT, 53 
with infinite limits, II, 52 
Degree of plane curve, I, 166 
Derivative, applications, I, 202, 203 
application to velocity, I, 198 
defined, I, 102 
higher, I, 111, 187 
higher partial, II, 212, 214 
illustrations of, I, 203 
illustration of partial, II, 199 
of f(x, y) when x and y are func- 
tions of s and ¢, II, 206, 214 
of f(x, y) when « and y are func- 
tions of ¢, II, 202, 214 
of polar codrdinates with respect 
to plane arc, I, 347 


INDEX 


Derivative of rectangular codrdinates 
with respect to plane arc, I, 196 
of rectangular coédrdinates with 
respect to space arc, II, 182 
partial, II, 198 
second, I, 110 
sign of first, I, 106 
sign of second, I, 111 
theorems on, I, 179 
See also Differentiation 
Descartes’ folium, I, 132 
Descartes’ rule of signs, I, 87 
Determinants, defined, I, 4 
elements, I, 4 
expansion, I, 8 
minors, I, 4 
properties, I, 6 
solution of equations, I, 1, 12-23 
Diameters, conjugate, I, 258-262 
of conic, I, 252 
of ellipse, I, 256 
of hyperbola, I, 257 
of parabola, I, 254 
Differential, defined for one independ- 
ent variable, II, 6 
defined for several independent 
variables, II, 201 
exact, II, 269 
formulas, II, 10 
graphical representation for one 
independent variable, II, 8 
graphical representation for two 
independent variables, IT, 206 
higher order, II, 10 
of plane are, II, 78 
of space arc, IL, 180 
partial, II, 202 
total, II, 200 
when equal to zero, IT, 209 
Differential equations, (a,x + byy + ¢1) 
dx + (dou + boy + Cc) dy =0, II, 
146 
Bernoulli’s, II, 148 
Bessel’s, II, 359 
Clairaut’s, II,.821 
defined, II, 141 


INDEX 


Differentia) eqiations, first order, ex- 


istence of solution, II, 316 

first order not of first degree, II, 
518 

Laplace’s, in plane, II, 866 j 

Laplace’s, in three dimensions, II, 
368 

Legendre’s, II, 35 

linear, II, 340 

linear, constant coefficients, any 
order, II, 848 

linear, constant coefficients, first 
order, II, 341 

linear, constant coefficients, second 
order, II, 343 

linear, constant coefficients, solu- 
tion by partial fractions, II, 847 

linear, constant coefficients, solu- 
tion by undetermined coeffi- 
cients, II, 250 

Jinear, variable coefficients, IL, 364 

Mdz + Ndy = 90, exact, IL, 270 

Mdz 4+ Ndy = 0, homogeneous, II, 
145 

Mdz + Ndy = 0, linear, II, 146 

Mdz + Ndy = 0, résumé, II, 317 

Mdz + Ndy=9, variables sepa- 
rable, II, 144 

order of, II, 143 

partial, II, 363 

partial, linear of first order, IT, 364 

Pdz + Qdy 4+ Rdz = 0, integrable 
case, II, 328 

Pd + Qdy + Rdz=0, noninte- 
grable case, IT, 335 

problems in geometry, II, 141, 
161, 327 

problems in mechanics, II, 142, 
149, 153, 846, 867, 370 

second order, special cases, II, 149 

singular solutions, II, 325 

simultaneous of first order, II, 
332 

simultaneous, linear, constant 
coefficients, IT, 353 

solution by series, II, 318, 356 
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Differentiation, collected formulas, II, 


10 

defined, I, 102 

general formulas, I, 184 

of algebraic functions, I, 178 

of definite integrals, II, 216 

of exponential functions, I, 284 

of hyperbolic functions, I, 290 

of implicit functions, I, 188; II, 
210 

of inverse hyperbolic functions, I, 
292 

of inverse trigonometric func- 
tions, I, 276 

of logarithmic functions, I, 284 

of polynomials, I, 108 

of trigonometric functions, I, 272 

of w", I, 185 

partial, II, 198 

partial, independent of order, II, 
213 

successive, I, 187 

use of logarithm, I, 288 

See also Derivative, Differential 


Direction, cosines defined, II, 180 


cosines found from two equations 
of line, II, 186 

of normal to plane, IT, 184 

of plane curve in polar coérdi- 
nates, I, 345 . 

of plane curve in rectangular co- 
ordinates, I, 197 

of space curve, IT, 182 

of straight line in space, II, 180 


Directrix of circle, I, 149 


of conic, I, 148 

of ellipse, I, 149 

of hyperbola, I, 149 
of parabola, I, 146 


Discontinuity defined, I, 101 


examples of, I, 41, 128, 268, 282, 
288 ; II, 292, 294 
finite defined, IT, 291 


Discriminant defined, I, 117 


of cubic equation, I, 114, 117 
of quadratic equation, I, 78, 117 
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Discriminant of quadratic equation in 
two variables, I, 286 
Distance between two points in plane, 
I, 386 
between two points in space, II, 178 
of point from plane, II, 191 
of point from straight line, I, 68 
Divergence, II, 279 


e, the number, I, 280 
Eccentric angle of ellipse, I, 804 
Eccentricity of conic, I, 148 
Elasticity, I, 204 
Element of definite integral, II, 64 
of determinant, I, 4 
Eliminant, I, 23 
Elimination, I, 1 
Ellipse, angle between normal and 
focal radii, I, 191 
area, I, 304; II, 65, 66, 261 
center of curvature, I, 357 
center of gravity of segment, II, 
96, 247 
definition and simplest equation, 
I, 189 
evolute, I, 358 
expressed by general equation of 
second degree, I, 281, 285 
length, II, 77 
parametric equations, I, 303 
special case of conic, I, 148 
radius of curvature, I, 355 
referred to conjugate diameters, 
I, 259 
Ellipsoid, equation, II, 165 
volume, II, 73, 249 
Energy, kinetic, I, 203 
Entropy, I, 272 
Envelopes, II, 322 
Epicycloid, I, 307 
Epitrochoid, I, 309 
Equations, complex roots, I, 82 
depression of, I, 79 
differential (see Differential equa- 
tions) 
discriminant, I, 117 
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Equations, fractional roots, I, 90 
first degree in two variables, I, 52 
first degree in three variables, I, 
161 

irrational roots, I, 92 

multiple roots, I, 116 

Newton’s method of solution, I, 114 

number of roots, I, 80 

rational roots, I, 89 

second degree in two variables, I, 
229 

simultaneous, I, 161 

simultaneous linear, I, 12 

simultaneous linear homogeneous, 
I, 21 

solution by factoring, I, 77 

sum and product of roots, I, 82 

transcendental, I, 293 

with given roots, I, 79 

Evolute, I, 357 
of ellipse, I, 358 

Exact differential in three variables, 

II, 276 
in two variables, II, 269 

Expansion, coefficient, I, 204 

Exponential equations, I, 295 

Exponential function, differentiation, 

I, 284 
expansion, IT, 58, 808 
integrals, II, 25 
of complex number, II, 807 
of real number, I, 279 


Factoring of quadratic polynomial, 1,79 
solution of equations by, I, 77 
Factors, integrating, II, 271, 828 
list of integrating, II, 273 
of polynomial, I, 81, 88 
Families of curves, II, 316 
orthogonal, II, 314, 327 
Flow of liquid, II, 259, 266 
Focus of conic, I, 148 
of ellipse, I, 189 
of hyperbola, I, 142 
of parabola, I, 146 
Folium of Descartes, I, 182 


INDEX 


Force, I, 202 
function, II, 266 
Forms, indeterminate, II, 295 
Fourier’s series, II, 290 
Fractions, differentiation, I, 182 
integration, II, 113 
partial, II, 104 
Functions, analytic, II, 311 
Bessel’s, II, 360 
classes, I, 43 
complementary, II, 349 
conjugate, II, 313 
continuous, one variable, I, 101 


continuous, several variables, IT, « 


200 

decreasing, I, 106 

defined, one variable, I, 40 

defined, several variables, IT, 158 

defined by equation of second de- 
gree, I, 127 

graphical representation, one vari- 
able, I, 44 

graphical representation, two vari- 
ables, II, 159 

implicit, I, 188; II, 210 

increasing, I, 106 

increment, one variable, I, 100 

increment, several variables, II, 200 

involving fractions, I, 128 

mean value, IT, 54 

notation, I, 44 

periodic, II, 290 

total differential, II, 200 

See also Algebraic, Exponential, 
Hyperbolic, Logarithmic, Trans- 
cendental, Trigonometric func- 
tions 


Gas, graph of Boyle-Mariotte’s law, 

I, 48 

illustrating differential, II, 8 

illustrating function, II, 158 

illustrating partial derivative, II, 
199 

temperature-pressure-volume sur- 
face, II, 168 
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General solution, linear differential 
equation, II, 350 

Generators, rectilinear, II, 172 

Graph, I, 40 

Gravity (see Center of gravity) 


Harmonie division of line, I, 250 
Harmonic motion, I, 275 
Harmonic property of polars, I, 249 
Heat, as line integral, II, 260 
dependent on path, II, 267 
derivatives, II, 269 
entropy, II, 272 
Helix, direction, II, 182 
equation, II, 172 
length, II, 180 
Homogeneous differential equation, IT, 
145 
Homogeneous equations, I, 21 
Homogeneous functions, IT, 145 
Horner’s method referred to, I, 92 
Hyperbola, conjugate, I, 262 
definition and simplest equation, 
I, 142 
equilateral, I, 146 
expressed by general equation of 
second degree, I, 231, 235 
referred to asymptotes, I, 224 
referred to conjugate diameters, 
I, 259 
special case of conic, I, 149 
Hyperbolic functions, defined, I, 288 
differentiation, I, 290 
differentiation of inverse, I, 292 
expansion, II, 63 
integrals leading to inverse, IT, 24 
inverse, I, 291 
Hyperbolic spiral, I, 882 
Hyperboloid of one sheet, II, 168 
of two sheets, II, 165 
Hypocycloid, I, 309 
four-cusped, I, 1382 


Imaginary numbers (see Complex num- 
Imaginary surfaces, II, 160 [ bers) 
Imaginary unit, I, 31 
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Implicit functions, general discussion, 
II, 210 
special case, I, 188 
Increment of function of one variable, 
I, 100 
of functions of several variables, 
II, 200 
Indefinite integral, defined, II, 41 
containing Va + (gid AOL, PE), TN 
containing Va + br + x2, II, 121 
containing Va + ba — «2, IT, 122 
* containing V a? — a?, IT, 29 
containing Va? + a2, II, 29 
containing V2? — a®, II, 29 
fundamental formulas, II, 26 


of CEE SORT] 05 


(Aa + B)Vaa? + br +e 
dx dx 
a+bcose’ a+bsina’ 
sen Saal ER) 
acosx + bsing 
of e* sin ba dx, e cos ba da, II, 
31 
of rational fractions, II, 118 
of sec"x dx, csc"x dx, II, 127 
of sin"a dx, cos"# dx, II, 123 
of sina cos"x dx, II, 124, 185 
of tan"x dx, ctn"x dx, II, 126 
of tan” sectxdax, ctn™x csc"ada, 
II, 128 
of Va? — a? dx, II, 28 
of Va? + a2 dx, II, 32 
of u”, II, 14 
of a (a + bu")Pdx, II, 120, 130 
reduction formulas, II, 180, 185 
See also Integration 
Indeterminate forms, II, 295-301 
Indicator diagram, II, 48, 54 
Inertia (see Moment of inertia) 
Infinitesimal, defined, II, 1 
Infinitesimals, fundamental theorems 
on, II, 4 
order of, II, 1 
Infinity, I, 29 
Inflection, point of, IT, 112, 194 
Integral, particular, II, 349 
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See also Definite, Indefinite, and 
Line integrals 
Integrand, defined, II, 12 
infinite, II, 53 
Integrating factors, II, 273 
Integration, by parts, II, 50, 51 
by substitution (see Substitution) 
constant of, II, 12 
definition, II, 12 
elementary formulas, II, 26 
fundamental formulas, II, 13 
of rational fractions, IT, 113 
of simple differential. equations, 
TI, 141. 
possibility of, II, 32 
preliminary discussion, I, 205 
special methods of, II, 119 
See also Definite and Indefinite 
integrals 
Intercepts, I, 53 
Intersection, curves with: common 
points, I, 171 
number of points, I, 169 
of plane curves, I, 161 
Involute, I, 357 
of circle, I, 311. 
Isolated points, examples, I, 126; I1,292 


Kinetic energy, I, 203 


Laplace’s equation, in plane, II, 366 
in three dimensions, II, 868 
Latus rectum, I, 211 
Legendre’s coefficients, II, 359 
Legendre’s equation, II, 357 
Lemniscate, I, 340 
area, I, 348 ; 
Cartesian equation, I, 341 
Length (see Are and Distance) 
Limagon, I, 386 


‘ Limit, approached by variable, defined, 


iy eel 
of ratio of are to chord, I, 195 
Limits of = i and Lees be I, 270 
1 Ai 5 
of (1+ h)* and , I, 288 


INDEX 


Limits, theorems relating to, I, 178 
Limits of definite integral, change of, 
II, 49 
defined, II, 40 
infinite, II, 52 
Line, adiabatic, II, 267 
Line integral, defined, IT, 258 
dependent on path, II, 267 
independent of path, II, 263 
related to double integral, II, 261 
Line, ‘straight, determined by two 
points in plane, I, 60 
determined by two points in space, 
II, 187 
determined by point and direction 
in plane, I, 58 
determined by point and direction 
in space, II, 190 © 
- direction cosines, II, 186 
direetion in plane, I, 55 
direction in space, IT, 180 
equation in plane, I, 50 
equations in space, II, 170 
intersection in plane, I, 61 
normal equation in plane, I, 64 
parallel lines in plane, I, 56 
parallel lines in space, II, 183 
parametric equations in plane, I, 302 
perpendicular lines in plane, I, 57 
perpendicular lines in space, II, 
183 
polar equation in plane, I, 342 
satisfying two conditions in plane, 
I, 58 
tangent to plane curve, I, 104 
tangent to space curve, II, 189 
Linear algebraic equations, I, 1 
Linear differential equations, II, 146,540 
Linear partial differential equations, 
II, 364 
See also Equations and Differential 
equations 
Liquid, flow of, II, 259, 266 
Locus, I, 45 
problems, I, 316 
Logarithm, Naperian, I, 280 
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Logarithmic function, differentiation 
of, I, 284 
expansion, II, 59 
of complex number, II, 310 
of real number, I, 279 


Maclaurin’s series, II, 55, 287 
Maxima and minima defined, I, 108 
discussed by Taylor’s theorem, II, 
60 
for functions of two variables, IT, 
205 , 
problems, I, 192, 275 
test by first derivative, I, 108 
test by second derivative, I, 112 
Mean value of function, I, 54 
Mechanics and physics problems, ac- 
celeration, I, 202 
adiabatic lines, II, 267 
attraction of wire, II, 87 
attraction of cylinder, II, 252 
beams, bending moment, II, 149 
Boyle-Mariotte’s law, I, 48 
catenary, II, 142 
center of gravity, II, 90, 245 
center of pressure, IT, 98 
coefficient of expansion, I, 204 
components of force, I, 34, 35 
components of velocity, I, 200 
damped vibrations, II, 346 
deflection of girder, I, 110 
elasticity, I, 204 
-flow of liquid, II, 259, 266 
force, I, 202 
gas (see Gas) 
harmonic motion, I, 275 
heat (see Heat) 
height of atmosphere, I, 287 
indicator diagram, II, 43 
kinetic energy, I, 203 
lever, I, 192 
mean velocity, II, 54 
moment of inertia, II, 286, 251 
momentum, I, 203 
motion of particle (see Motion) 
pendulum, IT, 153 
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Mechanics and physics problems, po- 
tential, II, 203 
potential due to ring, II, 370 
pressure, II, 88 
pressure-temperature-volume sur- 
face, II, 168 
projectile, I, 314 
refraction of light, I, 192 
saturated steam, I, 42 
temperature in long plate, II, 867 
uniform motion, I, 199 
velocity, I, 198 
work (see Work) 
Minima (see Maxima) 
Minors of determinant, I, 4 
Modulus of complex number, II, 305 
Moment, bending, II, 149 
Moment of inertia, defined, II, 236 
any plane area, II, 236 
rectangle, II, 224 
solid, II, 251 
sphere, II, 251 
Momentum, I, 203 
Motion of particle, falling in resisting 
medium, I, 292 
harmonic, I, 275 
in circle, I, 314 
in ellipse, I, 314 
path of, I, 313 
projected upwards, I, 203 
uniform, I, 199 
vibrating in resisting medium, II, 
346 
with given velocity and accelera- 
tion, I, 207 


Newton’s solution of equations, I, 114 
Normal equation, of plane, II, 185 
of straight line, I, 64 
Normal, to plane, II, 184° 
to plane.curve, I, 191 
to straight line, I, 59 
to surface, II, 204, 211 
Numbers, classification, I, 28 
complex, I, 31; II, 304 
irrational, I, 28 
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Numbers, rational, I, 28 

real, I, 29 

See also Complex numbers 
Operator, differential, II, 840 
, II, 342 


formulas for 
—@ 


Order of differential equation, II, 148 
of infinitesimal, II, 1 

Ordinate, I, 36 

Orthogonal trajectories, II, 827 

Ovals of Cassini, I, 838 


Parabola, area of segment, I, 216; II, 95 
center of gravity of segment, II, 95 
cubical, I, 74 
definition and simplest equation, I, 
146 

expressed by general equation of 
second degree, I, 231, 285 

length, II, 77 

path of projectile, I, 314 

referred to diameter and tangent, 
I, 255 

referred to tangents at end of 
latus rectum, I, 132 

semicubical, I, 131 / 

special case of conic, I, 148 

Paraboloid, elliptic, II, 162 
hyperbolic, II, 166 
tangent plane, II, 205 

Parametric equations, I, 302 
differentiation, I, 315 

Partial derivative, II, 198 

Partial differential, II, 202 

Partial differential equations, II, 363 

Partial fractions, II, 104 

Particular integral, II, 349 

Parts, integration by, II, 30, 51 

Pedal curves, I, 319 

Pendulum, II, 153 

Periodic function, II, 290 

Physics (see Mechanics) 

Plane determined by normal and point, 

II, 184 
determined by three points, IT, 190 
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Plane, direction of normal, II, 184 
distance of point from, II, 191 
equation, II, 161 
normal equation, II, 185 
parallel planes, II, 183 
perpendicular planes, II, 183 
tangent, ITI, 204, 211 
through given straight line, IT, 192 

Polars, I, 247 
reciprocal, I, 251 

Pole of straight line, I, 247 
of system of coérdinates, I, 829 

Polynomial, defined, I, 48 
derivative of, I, 97 
factors, I, 81, 83 
first degree, I, 50 
nth degree, I, 74 
second degree, I, 70 
square root of, I, 121 

Potential due to ring, II, 370 
rate of change, II, 208 

Pressure, II, 88 
center of, IT, 98 
on circle, IT, 89, 98 

Prismoid, II, 75 

Prismoidal formula, II, 74, 173 

Products, graphs of, I, 83 

Projectile, path of, I, 314 

Projection in plane, I, 34 
in space, II, 176 


Radius of curvature in parametric 
form, I, 860 
of curvature in polar coérdinates, 
I, 861 
of curvature in rectangular co- 
ordinates, I, 354 
vector, I, 329 
Rate of change, I, 208 
Ratio test for convergence, II, 281 
Rationalization of integrals, II, 119 
Reduction formulas, algebraic, II, 180 
trigonometric, II, 134 
Region of convergence, IT, 285 
Resultant, I, 23 
Revolution, area of surface, II, 79 
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Revolution, center of gravity of sur- 
face or solid, II, 96 
equation of surface, II, 168 
volume of solid, II, 69 
Ring-surface, area, II, 80 
volume, II, 71 
Roots, complex, I, 82 
fractional, I, 90 
irrational, I, 92, 114 
location, I, 86 
multiple, I, 116 
number of, I, 80 
of unity, I, 307 
rational, I, 89 
relation to factors, I, 78 
sum and product, I, 82 
Rose of three leaves, I, 331 
area, II, 69 
Ruled surfaces, II, 172 


Segments of line, addition of, I, 32 
Series, convergent, II, 279 
divergent, II, 279 
Fourier’s, II, 290 
geometric, II, 279 
harmonic, II, 280 
Maclaurin’s, IT, 55, 287 
operations with, II, 59, 286 
power, II, 284 
solution of differential equations 
by, II, 318, 356 
Taylor’s, II, 55, 287 
Sine, graphical construction, I, 267 
Singular points of curve, II, 324 
Singular solution of differential equa- 
tion, IT, 825 
Slope of plane curve, I, 99 
of straight line, I, 54 
Solid (see Center of gravity, Moment 
of inertia, and Volume) 
Space coérdinates (see Codrdinates) 
Sphere, area, II, 242 
center of gravity of segment, II, 97 
equation, II, 178 
moment of inertia, II, 251 
Spiral of Archimedes, I, 332 
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Spiral, hyperbolic, I, 332 
logarithmic, I, 338 
Statistics, graphs, I, 41 
Stokes’s theorem, II, 274 
Straight line (see Line) 
Strophoid, I, 152 
Subnormal, I, 210 
polar, I, 351 
Substitution, integration by,-II, 27 
general discussion, II, 119 
in definite integrals, II, 49 
suggestions for, II, 29 
Subtangent, I, 210 
polar, I, 351 
Successive differentiation, I, 187 
Supplemental chords, I, 264 
Surface, normal line, II, 204, 211 
of second order, II, 162-168 
of revolution, II, 168 
ruled, II, 172 
tangent plane to, II, 204, 211 
See also Area, Center of gravity, 
Moment of inertia, Volume 
Sylvester’s method of elimination, I, 24 
Symmetry, axis of, I, 121 


Tangent to circle, I, 190 
to conics, simplest equations, I, 190 
to conics, general equation, I, 246 
to plane curve, I, 104; II, 210 
to space curves, II, 189, 212 
to surface, II, 204, 211 
with given slope, I, 163 
Taylor’ s series for one variable, II, 
55, 287 
for several variables, IT, 288 
Temperature of long plate, II, 367 
Time as parameter, I, 313 . 
Total differential, II, 200 
Tractrix, II, 142 
Trajectories, orthogonal, II, 327 
Transcendental equations, I, 293 
Transcendental functions of complex 
number, IT, 807-311 
Transcendental functions of real num- 
ber, I, 266 
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Transformation of coérdinates (see Co- 
ordinates) 
Trigonometric equations, I, 298 
Trigonometric functions, differentia- 
tion, I, 272 
differentiation of inverse, I, 276 
expansion, II, 58, 62, 308 
integrals leading to inverse, IT, 19 
integration, II, 123 
inverse, I, 269 
inverse, expansion, II, 59, 62. 
of complex number, II, 307 
of real number, I, 266 
Trochoid, I, 306 


Undetermined coefficients (see Co- 
efficients) 


Value (see Absolute and Mean value) 
Variable, defined, I, 40 
Variation of sign in polynomial, I, 87 
Vector, II, 804 

radius, I, 329 
Vectorial angle, I, 329 
Velocity, I, 198 

components, I, 200 
Vertex of ellipse, I, 141 

of hyperbola, I, 144 

of parabola, I, 147 
Volume, any solid, II, 249 
common to two cylinders, II, 74 
cylindrical coédrdinates, II, 232 
ellipsoid, II, 73, 249 
polar coérdinates, II, 283 
prismoidal formula, II, 74 
solid of revolution, II, 69 
solid with parallel bases, II, 72 
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Witch, I, 149 
points of inflection, I, 194 

Work, defined, II, 40 
dependent on path, II, 267 
expressed by indicator diagram, 

II, 43 

expressed as line integral, II, 259 
independent of path, II, 266 


Zero, I, 29 
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